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PREFACE 

This volume is a continuation of the Higher Algebra by the same authors, 

and is intended for the mathematical specialist. Its scope has been 

determined by what is necessary for Honours degrees at the Universities : 

and we think that such parts of Advanced Algebra, as Matrices, Sets 

of Points, etc., should be dealt with by experts in these subjects in 
special texts. 

Sections on Homographic and Linear Transformations, Cross Ratios, 
Involution, Projection and Plane Perspective are given : the authors 
think that the contents of these sections are more suitably given in texts 
on Algebra, rather than in those on Geometry. 

is continued from Higher Algebra, and leads to 
sections on Elimination, Invariants, Covariants and Canonical Forms. 
Also the Theory of Infinite Series is continued in two chapters on (i) Double 
Senes, (ii) Uniform Convergence : these include articles on Quotient of 
two Power Series, Reversion, Multiplication, Differentiation and Integra¬ 
tion of Power Series, Bernoulli's Theorem and Euler^s Constant. 

Quadratic residues and primitive roots lead up to Euler’s Criterion 
Gauss’s Lemma and Lange’s proof of the Law of Quadratic Reciprocity ! 
there are also articles on the sums of two or more squares and methods 
of factorizing large numbers. 

For convenience, a chapter on the expression of a Quadratic Surd 
as a Continued Fraction is repeated from Higher Algebra ; and this leads 
to a discussion of the general solution in integers of the Indeterminate 
Equations of the Second Degree ; there is also a chapter on the general 
theory of Continued Fractions, including Gauss’s Transformation for the 
quotient of two Hypergeometric Series. 

Other subjects discussed are the Complex Variable, Exponential and 
Logarithmic Functions, Probability of Causes, Life Contingencies and 
Insurance, and Gauss’ solution of a;” -1 = 0. 

Some theorems, and certain simplified proofs, such as the H(anaj^_Jb^)^ 
tet for continued fractions, and the expression for, and evaluation ”of 
Euler s Constant, are original; but so much has been done in the last few 
years, that the authors hesitate to claim such theorems or proofs as new. 

M(^t of the examples are from the Mathematical Tripos, Parts I and II, 
and Examinations for Oxford Senior and Junior Mathematical Scholar¬ 
ships ; but a considerable number are original, these being usually of a 

f ^ former. Some of those on Probability are taken 

trorn Whitworth’s Choice and Chance ; while many of the most interesting 
are due to Dr. G. T. Bennett, to whom the authors are also under deep 
obligation for much valuable advice and assistance throughout the work. 
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PREFACE 


Among the books to which the authors have made reference are : Brom¬ 
wich, Theory of Infinite Series] Chrystal, Algebra; Whitworth, Choice 
and Chance ; Hardy, Pure Mathanatics ; Gauss, Pecherches Arithmeliques ; 
Salmon, Higher Algebra; Serrot, Algebrc Superieure; Tannery, Legoiis 
TAlgl'bre et TAnalyse] Wertheim, Anfangsgrunde der ZahlenlehTc. 

Best thanks are gladly given to Sir Richard Gregory for his helpful 
advice ; and to Messrs. Macmillan and Messrs. MacLehose for the great 
])ains they have taken in the difficult task of illustrating and printing a 
l)ook of this kind. 

In working out solutions to such a large number of Examples, the authors 
cannot hope that all answers will bo correct : they would esteem highly 
notification of errors, or of misprints in either the text or the answers. 

S. BARNARD. 

J. M. CHILD. 
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CHAPTER I 


THE HOMOGRAPHIC RELATION 


1. Homographic Substitution. (1) Let the variables z, Z (which 

may be complex numbers) be connected by the equation 


IZ-^m 
VZ + m'^ 


which is the same as I'zZ + m'z-lZ-m = 0. 

If r^Oj this may be written 


(A) 

(B) 



Im' — I'm 



When Z are complex variables, we may represent them by points z, Z 
in two planes oxy, OX Y, If z = Z/i, then Z = co , and the point Z may be 
any point on the line at infinity in the Z plane. If Z = - m'/V, then 
2: = co , and the point z may be any point at oo in the z plane. 

Apart from these special cases, a single value of Z corresponds to any 
value of z, and vice versa. Thus, if the point z describes a curve in its 
plane, then Z describes a corresponding curve in its plane. 

Equation (A) is called a homographic (or bilinear) substitution ; the change 
from the variable z to the variable Z is a homographic transfonnation. 

(2) A homographic substitution, which changes z^, z^ into Z^, Zg respectively, 
is of the form 

z-Zj y Z-Z^ 

. 

where k is a constant. 

For if the substitution is z = {IZ + m)l{VZ + m'), then 

^ _ ^Z + m IZ^ + m (Im' ~ I'm) (Z-Z-i) 

* ‘^~l’Z + m’~ I'Z^ + m'^ (I'Z + m') (I'Z^ + m')’ 

with a similar value for z - Zg. Hence 




Z-Zg ^-Zg 


where 


Z'Zg + m' 
rz^ + m' ■ 


A 


B.O.A. n. 







J)OUBLK POINTS 


f:j) The homixjraphiv subsfitu/iot} irhtch changes 2,, Co' “3 ^3 


~ - - 7-7 7-7 

^ iC'j — *N*.> ^ I ^”^2 

z — z.y :. Cj Z — Zg Z3 — Zj 


(B) 


For the vuliie of in equation (A) is obtained by putting 2 = 23 , Z = Z 3 . 
2. Double Points of the Substitution. (!) Let 2 and Z be 

connected by tlie e<jiiation 

2 = (/Z4///)/(/'Z + m').(A) 

Suf)posc that the 2 and Z planes coincide and that the points 2 , Z are 
referred to the same axes. 

In general, there are two points which are unaltered by the substitution. 
These arc called tin* double, or self-corresponding, points, and they are to 
be found by j)utting Z = 2 in equation (A), giving tlie quadratic 

rz--(l~in')z-in = 0, . (B) 

whoso roots a, ^ correspond to the doubh' points. 

(2) If the doable points a, /3 are distinct, the substitution (A) can be written 

in the form z-a , Z-rr , , . 

0 = ^' r, tchere k is a constant .(C. 

z~p 

The value of k is gircn bu k -■ ^ - =- = - - _ 

^ /'a t-/a' /'a r m' /'/5 - / ’ 

This follows from Art. 1, (2), on putting ;, = Zi=a and 

Again, ecpiation (C) may be written 

[ z ~af Z-a 

and since I-/, =/'(«-^)/(/a + nd) and (his is equivalent to 


which is tlie same as 


A- I _ r 

2 - a Z - a l a -{- in' ’ 


I'P + m' l'oc + m‘ I'oc-I I'cc + m' „ 

~ .W 

('^) U double points (a. p) coincide, the substitution (A) can be written 
in the form ^ ^ 

z-~(x~ Z ~a ^(' is a constant .(E) 

The value of c is given by c = 2/'^(/+ m'). 

For expiation (D) Isolds however small a~p may bo, and the form of 
equation shows that it also holds in the limiting case when cc = p. 


z -a 


0 - a 


=/', 


(D) 


(E) 


p may bo, and the form of 









TRANSFORMATION OF CIRCLE 


and then from equation (B), 2 l'oi = l-m' and 2 ( 2 'a + w') = Z + w'; which 
gives the result in question. 

3. Special Transformations. (1) A homographic substitution con¬ 
verts a circle c in the z plane into a circle 0 in the Z plane or, in a special 
casCy into a straight line. 

Choose a pair of points 23 which are inverse with regard to the circle c, 

and let Zj, be the corresponding points. The substitution can be 
expressed in the form 

2-22 Z-Z2* 

If 2 is any point on the circle c, we have 



where k' is a constant, for the left-hand side is the ratio of the lengths 
zzj, zzj, therefore 

Z-Zi k' 

Z-Z2 ~\k\' 

Therefore the ratio of the lengths ZZ^, ZZg is equal to k'/\k\. Hence 
the locus of Z is a circle of which Z^, Zg are inverse points, unless k' — \ k\. 
In this case Z describes the perpendicular bisector of ZjZg. 

( 2 ) A circle c in the z plane is converted into a straight line by the substitution 

IZ-hm 

’'~VZ + m' . 

if, and only if , the point z = IjV lies on the circle c. 

For any point at co in the Z plane corresponds to the point z — ljV, 
Hence the Z locus has a real point at 00 when, and only when, the point 
2 = Z/r is on the circle c. In this case the Z locus cannot be a circle, and is 
therefore a straight line. 

( 3 ) If the substitution (A) converts a circle c into a circle C, then the part 

of the 2 plane inside the circle c corresponds to the part of the Z plane inside 

or outside the circle C according as the point z=^ljV is outside or inside the 
circle c. 

Let p be any point inside c, and let P be the corresponding point. 

Suppose that the point 2 moves along a continuous path from p to the 

point Ijl ; then the point Z moves along a continuous path from P to 

some point at co . If the 2 path crosses the circle c, the Z path crosses 

the circle G. Hence P is inside or outside C according as the point 2 = IjV 
is outside or inside c. 




4 SIMILAR FIGURES 

{ () }f the substitotinn (A) coitverts a styaujhi line u into a circle C, theti 
the 'pmt of the z j>hi}ie on the sole of }( remote from the 'point z ^ Ijl con esponds 
to the port <f the Z plone ntsnle the arele ( . 

'J'lio jiroof is similar to that in § {o). 


4. If Jifjiire s os converted into o Jkjutc hij the suhstitntion z IZ + nij 
then s and S are directhj similar and the magnification is \ 1//1. 

Also if I is real and positive, the figures are similarlg situated. 

For, if Cp Co, arc anv throe j)oiiits iii s, and Z^, Z^y Z.^ are the corre¬ 
sponding [)oints in S, then 



and the triangles ZyZ.^z.^y are directly similar. {H.A., p. SO, Ex. 14.) 

Moreover, 2i - ^2 = - ^ 2 ) i therefore the length c^Co is equal to 

times the length Z^Z.,, that is to say, the magnification is | 1//|. 
Again, if I is real and positive, am(c, - Co) = am(Zj - Zo), therefore 
corresponding linos in s and N are parallel and are drawn in the same sense. 
Therefore the figures are siinilarlv situated. 



EXERCISE I 

1. Prove that the substitution c = l,'Z converts the straight lino ax + 6y + c = 0 
* into the circle 

c{A'= ( y-)-\ aX -bY=0. 

Show also that the part of llie c plane, on the same side of the line as the point 
2 = 0, corresponds to the part of the Z plane o\itside the circle. 

[Put a: = A7(A'=*+ Y^), g= - )7tA' = + 1'=).] 

2. If z is any point on the circle x- + g- = a~, then 

I Lz ~a- I —a . 1 r - /*■ 1. 
where k is any real nuinher except 0 or a. 

[The points z — k\ z -a’lk arc invei-se points.] 

3. The substitution z — (Z 1)/(Z t-1) transforms the circle = into 

the circle 

A = -f.y2_2 A' 1-1=0, 

or, if a = l, into the )*-axis. 


4. Show that the substitution z = i(Z+1)/(Z - 1) 

f g^ - X = 0 

into tlic circle 

A-f )■- { 2.V -2 ) -} 1 - 0, 


transforms the circle 


5. Express the relation 


2 --{aZ - 4)/{2Z - 1) in the form 



where a, K are consUmts. 



IMAGINAKY POINTS AND LINES 5 

6. With regard to the circle whose equation is 3(x^ + i/^) = 4x, prove that 
2 = 1, 2=2 are inverse points, and that if 2 is any point on the circle, then 

I 2-2 1=2 I 2-1 |. 

Hence show that the substitution 2 = {5Z-4)/(2Z - 1) transforms the circle 
into the circle whose equation is 35 + Y^) - 68 X + 32 = 0. 

7. In questions 3, 4 and 6 , show that the part of the 2 plane inside the first 
circle corresponds to the part of the Z plane inside the second circle. 

8 . Given two directly similar figures 2 ^, 2 *, ... and Zy^y Z^, , prove that 

(i) The first may be transformed into the second by a substitution of the form 

z—aZ-\-h. 

(ii) The point 2 = 6/(1 - a) may be regarded as belonging to both figures, and 
is called the double point or the centre of similitude, 

(iii) Prove the following construction for the double point S : Take two pairs 
of corresponding points z^y Zy and 22 , Z 2 ^ Join z^Z^y z^Z^y meeting in O, then the 
circles Zyzfiy ZyZ^C meet in S, 

[Take any other pair of corresponding points as 23 , Z 3 , Let ABC be the 
triangle formed by the lines ZyZ^y z^Z^y 23 ^ 3 . The ‘ point 0 theorem ’ shows that 
the triangles Sz^Ziy Sz^Z^y Sz^Z^ are directly similar.] 

9. If 2 is any point on the circle 

+ 3 /^ + 2gx + 2fy + c= 0 , 

then z + Hg + ^S) ^ 

z 

where lc=cl{g^-¥p), unless ff =0 and /= 0 . 

[The points 2 = 0 , z = — k{g-\-Lf) are inverse points.] 

5. Imaginary Points and Lines. In order that the corre¬ 
spondence between the language of geometry and that of algebra may be 
more complete, we extend the meanings of the words ‘ point ^ and ‘ line.’ 

( 1 ) Points on a Ihie, The reader is familiar with the mode of representing 
real numbers by points on a line. This notion is extended as follows : 

Definition. To every complex number (x) there corresponds a point 
(P) on a given line. This point P is real or imaginary according as x is 
real or imaginary. 

( 2 ) Points on a plane. A point P in a plane is determined by its coordi¬ 
nates Xy yy referred to given axes, rectangular or oblique. If ax -t- 63/ -f- c = 0 , 
the point (x, y) lies on a straight line, of which this is the equation. 

These ideas are extended as follows : 

Definitions. To every pair of numbers (x, 3/) there corresponds a point P 
in a given plane. This point is real if both x and y are real, and imaginary 
if one or both of x, y are imaginary. The coordinates of P are x, y. 
If a, 6, c are constants, the equation ax-\‘by-\-c —0 represents a straight 



6 CONJUGATE POINTS AND LINES 

line which is the aggregate of all the points, real or imaginary, whose 
coordinates satisfy the equation. The line is real if both c/a, c/6 are real, 
and imaginary if at least one of them is imaginary. 

( 3 ) If (a, a'), (6,6'), (c, c'), (d, d') are the coordinates of four real 
points A, B, Cy D which are in the same straight line, then 

AB b-a b'—a 
CD ^ J^c ^ d'~^' ‘ 

We take these equations as defining the meaning of the ratio of two collinear 
segments AB, CD when any of A, B, C, D are imaginary. 


6. Conjugate Points and Lines. ( 1 ) If a, 6, c, a', b\ c' are real, 
the points ^ ^ ^ ^ 

are called conjugate qmnts, and the lines 

ax + 6^ + c ± t (ax + b'y + c') = 0 
are called conjugate lines. 


( 2 ) An imaginary line contains only one real point (M’6tc/i may be at 
infinity). This point also lies on the conjugate line. 

For the equation to the line is of the form 

ax + by + c-\-1 (a'x -t- b'y + c) — 0. 

The only real point on it is given by 

ax + 6y + c = 0, a'x + b’y + c' = 0. 

Also, this point lies on the conjugate line. 

( 3 ) One and only one real line passes through an imaginary pohit, and 
this lute contains the conjugate point. 

For if the line px-\-qy-\- r = 0 contains the point (a + m', 6 + t6'), where 
Pt q, r are real numbers, then 


p{a-\- la) + q(b+ ib') + r = 0; 

7)a + (/6 + r = 0 and ya' + (/6' = 0; 


• • 


p_ q 


-r 


6' -a' a6'-a'6' 

Therefore the only real line through {a + ta', 6+ t6') is 

b'x~a'y = ab'-ab, 

and this contains the point (a - in', b~~ ib'). 

Ex. 1. If two imaginary lines /, hj mnZ at A and the conjugate tines hi' med at .4', 
l/icn A, A' arc conjugate points. 

lor the equations of m' are dorivetl from those of I, m by changing t into 
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7. The Circular Points at Infinity. The points at infinity on the 

circle 2 gx-h 2 fy + c = 0 satisfy the equation x^ + y^ = 0 . Therefore 

every circle is to be regarded as passing through two fijxed points, namely 
the points at infinity on the lines y~ 6 ztx. 

These are called the circular points at infinity. 

8. The Harmonic Relation. Let A,ByA',B' be points on a 

line corresponding to the numbers a, a', /S', no two of which are equal. 


Fig. 1. 



We say that AB is divided harmonically at A\ B' if 


AA'IA'B^ ^AB'jB'B. 



This equation may be written in any of the following forms : 


A'AIAB'= -A'BIBB'y . (B) 

(a-a')(iS-/ 3 ')=-(a-i 3 ')(j 8 -a'), .■.(C) 

2 (ai 3 + a') 3 ') = (a + / 3 )(a' + i 3 '), .(D) 

{a-i(a + / 3)}2 = {a'-i(a + i 3 )}{iS'-i(a + j8)}.(E) 


Comparing (A) and (B) we see that A'B' is divided harinonically at Ay B. 
Again, equation (D) is symmetric with regard to a, /S and with regard to 
a', jS', therefore the relation still holds if we interchange either A and By 
or A' and B’. 

From equation (E) it follows that, if G is the mid-point of ABy then 

GA^^GA'.GB' .(F) 

Also from equation (C), 


_ 1 _ 1 __ 1 

a -/3 a-a' a-/ 3 ' a —/S cc-p oc-a'^ oc-p'* 


and therefore 


2 1 1 
AB~AA'~^AB'’ 


(G) 

(H) 


showing that AB is the harmonic mean between AA' and AB'. 

The relation (A) is expressed by saying that the pairs (Ay B), (A', B') 
are harmonicy or that the ‘ range ^ (ABy A'B') is harmonicy or that Ay B 
are harmonic conjugates with regard to A', B', 

Converselyy if no two of a, j8, a', p' are equal and any one of the above 
equations holds, then (ABy A'B') is harmonic. 
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THE SIX CROSS-HATIOS 


+ 


+ 


o 


A B 
Fig. 2. 


C~D 


9. Cross-ratios. (1) Let A, B, C, D be four points in a straight 
line, corrcs{)onding to the numbers a, 6, c, d. 

The cro.^s-ratio denoted by {AB, CD) is de¬ 
fined as the ratio of the ratios in which the 
points C, D divide the segment AB\ which is 
the same as the ratio in which the points A, B divide CD, Thus 

(AB {a-c)(h~d) 

^ ^ CB DB AD'BD \a~d)(b~c)' 

More generally, if 2 j, z.j arc numbers wliich may be complex, or 

the points represented by them, the cross-ratio {z^Zoy z^z^) is defined by 

(^I “-.l) f^2 ~ ^ 


(Z,22, 2324) =-h 3 -^ 


Z ^-^^ 20-2, (2 i - m )(?2-23) 



The points in question may be real points in the 
plane Oxy (Fig. 3), or they may be real or imaginary 
points on an axis. 

(2) It is easily verified that ( 2120 , 232 ,,) is unaltered 

by the interchange of any two of 2 j, 20 , 23 , 2 .|, jirovided that the other two 
are also interchanged. Tlius 

( 2 j 22 , 232 ,) = ( 232 ,, 2 j 22 ) = ( 2 o 2 i, 2 .^ 23 ) = ( 2 ^ 23 , 

Hence corresponding to the 2-t permutations of 2 „ 2 o, 23 , 2 ^, there are 
24 cross-ratios which 7nay be arranged in six groups of four equal cross-ratios. 

Also it should be noticed that the single interchange of 2 j, 2 ^ or of 23 , 2 ^ 
converts ( 2 j 22 , z^z_^) into its reciprocal. 

10 . Relations between the six different Cross-ratios. We 

have 

( 2023 , 2 i 2 ,,) = (- 3-3 + - l^l ) ~ ( - 3-1 + 

(~2 “ m) ("3 ~ - l) (- 3-3 + - { 2 i 22 -t- 232 j) * 

Let A -2223 + 2 i 2 ,, ^ = 232 ^ + 232 .,, »’ = 2 j 22 + 232 |, aiid obscrvc that the 

process of changing 1 to 2, 2 to 3, 3 to 1 (called the cyclic substitution (1 2 3)) 
changes A totor, r to A. 

Denoting any one of tlic cross-ratios, r,r^) siiy, by p, wc have 
and, interchanging the first two mimhers in each of these, 

1*|/ > = “ ^ ^ m \ _ I _ A 

p V I ^ 4' p — \ ^ ^ P* 



HOMOGRAPHIC SUBSTITUTION 
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Hence if any one of the six cross-ratios is denoted hy p, the complete set {in 
the above order) is 

I I I n 

, 1 -p. 


1 1 1 P 

p’l-p’p’p-i 


It follows that if one of the cross-ratios of 23, z^ is real, then all are 

real, and if one is imaginary, all are imaginary, 

11. Special Cases of great importance arise if two of the set of six 
cross-ratios mentioned in Axt. 10 are equal. 

Let p = (z2^^,z^zfj, then it will be found that all possible cases are 
included in the following : 

( 1 ) Let p = l/^, so that p=d=l. 

If p = l, the values of the six cross-ratios in the order of Art. 2 are 
respectively 

1, 0, 00, 1, 00, 0. 

And since = it follows that z^ = z^ or z^=z^. 

//p=-l, then (2223,2124) is harmonic. 

We conclude that if {z^z^, 2^24) is unaltered by the interchange 0/either 
23, 23 or of 2j, 24, then either (z^z^, z-^zf^ is harmonic or dse one of the pairs 
(^2) 23), (Zi, 24) consists of coincident points. 

i^) Let p = l—, then p^ —p + l =0 and p^—oj, where co is an imagi¬ 
nary cube root of unity. In this case, the values of the six cross-ratios 
in the above order are 

— a>, —CO, —CO, — — co^, —0)2, 

and the system z^, 23, 23, 24 is said to be equi-anharmonic. 

12. Homographic Substitution. ( 1 ) If Zj^, z^, 23,24 are any four 

values of a variable z, the value of {z^z^, 2^24) is unaltered by the homographic 

substitution Mn^rj 

z^(lZ + m)l{lZ + m). 

For if Zj, Zg, Z3, Z4 are the corresponding values of Z, as in Art. 1 , 

(Im' -Vm)(Z^-Z^) 

“ (i'Zi + m') {I'Z^ + m') ’ 

with similar equations. It follows that 

{2i 22, 2324) = (ZjZg, Z3Z4). 

( 2 ) If a cross-ratio of A, B, C, D is equal to a cross-ratio of A', B', 
C', D', then any two corresponding cross-ratios are equal, and we say that 
the two sets of points are equi-cross* This is indicated by writing 

[ABCD)=^{A^B'C'U). 


•Also called equi-aoliaxmonic bj some authors^ 



IQ K.AJNfJES AND PENCILS 

13, The Biquadratic. If p is one of the six cross-ratios deter¬ 
mined hi/a, /3, y, S, the roots of » +-l^x^ + Gcx^ + 4f7x + e-0, 

then + l)"(p - 2)-(p - = 27J“(p^ - p + 1)^, .(A) 

irhich is equivalent to 

IJ {p^ -p + \f = 27/V ip-^f .(B) 

For suppose that 

,n c-, {P-a)(y-&) 

p = (^y,aS) = ^^-g~— 

wliere A = /Sy + a8, p. = yoc + pS, ;^ = a^ + yS. 

It follows from //,/!., XII, 10, that p = (^i — 
whore ^ 2 ’ ^3 roots of 

.l/3_/, +.(C) 

Let 2 = p-Hp”\ then using the equations 

= 0 , /jVjj = - j;i, 4^1 ^=III - Jy 

it is easy to show that 

36^3 9(/^,-J) 

3 J z — \ 

and therefore t\=~^ ' T- ^ . 

Substituting this value for t in equation (C), we find that 

P 27J2 p - 27J‘^ 

4(2-iy*“(2c-5)-(c + 2)“27(c-2)* 

Since 2 = p + p~^ and A = P ~ 27J-, equations (A) and (B) follow at once. 


Hence the following conclusions : 

(i) If /— 0 and then p = co or a>“, and the points a, / 3 , y, S 

are e</ai-a«/iari« 07 i/c. 

(ii) If J = 0 and 1 ^ 0 ^ then p= - 1 , 2 or and the points a, y, 
8 ore harmonic. 

(iii) The cross-ra/ios are all real or all imaginary according as and 

in the first case the points a, y, 8 lie on a circle or they are coUinear. 

For ^2, ^3 are all real or only one is real, accordins; as zl 7 !j 0 , 

14 . Ranges and Pencils. A set of collinear points is called a 
range . the line on whicli they lie is the axis of the range. 

A set of concurrent lines is called a pencil : the point at which they meet 
is the vertex of the ])encil. 
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15 . Cross-ratio of a Pencil. { 1 ) If the pencil of four lines 

y=fMjX, y^fi^Xy y^p^x 

is cut hy any transversal ax-\-hy-\-c = 0 at P^y P^y P^y P^y then 
For if (xi, yi)y etc., are the coordinates of P^, etc., 

/p D DP \ _-^ 1-^3 * -^2^4 (^1 ~ ^3) (^2 “ ^4) / __ \ 

- P,P, . P,P 3 =’ 


3/1 %Vo C 


^1= 

a + biMs) 




(a + bui) (a + 6/X3) ’ 


and .. 

a -f 6/Lti 

with similar equations. 

Therefore {XiX^y x^xf) = » and the result follows. 

The ratio (P-iP^y -^3-^4)* which is the same for all transversals, is called 
a cross-ratio of ike pencily and is denoted by 0 (P^P 2 y P3P4), where 0 is the 
vertex of the pencil. 

If OCPiPg.PgP^) = -1, we say that the pencil is harmonicy and that 
OPj, OPg and OP3, OP4 are pairs of conjugate rays. 

(2) It follows that the cross-ratio of the pencil formed by the four lines 
OAy OBy OCy OD is given by 

n/jp ^-in\ sin ^00. sin POP* 

0{AByCD)= . — . , 

sin AOD . sin BOC 

where AOO is the least angle through which 
OA must be turned in order that it may coin¬ 
cide with OG {H.A.y V, 11) : and so for the 
other angles. 

For denoting the angles xOAy xOBy xOCy xOD by a, JS, y, 8, we have 

^ ^ sin(a-y) sin ^00 

Ml — M-i—tan a — tan y — ---, 

' cos a cos y cos a cos y 

with similar equations. Hence 0 {AByCD)y which is equal to (miM 2»M3M4)> 
has the value stated above. 

(3) Or geometrically thus : Let p be the length of the perpendicular from 
0 to ADy then 

AG . p = 2 A A 0 G = 0 A . OG sin AOG. 

Using this and similar equations, we have 

/AT? riTw AG.BD sin .400 . sin POP 
(ABy LV) = = sin ^OP . sin BOG ’ 

This is the same for all transversals, and is called the cross-ratio of the 
pencily and is denoted hy 0(.4P, OP). 

• This is frequently taken as the definition of the cross-ratio of a pencil. 
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VANISHING POINTS 


16. Homographic Ranges. (1) Lot the variables x, z'(which may 

be complex) be connected by tlje hoinographic relation 

pxx -\-qx-\- rx -{- — 0.(A) 

Let the values of z, x' be represented by j)oints JV, X' on the same or on 
difTerent axes. 

If (a, a), (6 ,are pairs of corresponding values of z, x\ the 
corresponding points being (A, A'), (B, B ), ... , then the ranges 

(AB... A'...), (A'B' ... A'...) 

arc said to be homograpliic. This is expressed by writing 

(AB ... X ...)== (A'B' ... A'') or simply (X) = (X'). 

(2) It follows from Art. 12, (1), that am/ four 'points of o?te range are 
equi-cross with the corresponding points of the other. 

(3) Conversely, if a correspondence exists such that any four pomts 
A,n,C, X of one range and the corresponding points A\B\ C', X' of another 
range are equi-crosSy then the ranges are ho}noqraphic* 

For wo may regard A, A' as variable and the other points as fixed, then, 
since (XA,BC) = (X'A\B'C'), we have 


x^h a~c x'-b' a-c 

x~c' a~~b~V^'' a~-b'' . 

and this equation reduces to one of the same form as (A). 



17. Vanishing Points. 


If p^O, equation (A) can be written 



r 


/' V p- V 


that is to say, IX . J'X' = {qr - ps) 'p\ 

where I, J' are the points x= - rip, .r'= -q’p. 


(D) 

(E) 





The points /, r are called the vanishing points, and if oo , oo ' aro the 

y an_^( s, / corresponds to » ' and J' to oo . 

are nn t] Same Axis. (1) If two hoinographic ranges 

IZli ri “■ »' corUpcid. 10 

lose ore tlio 

> in Roometry, this stntemoni Is taken as the UeUnition of homoRraphIc rang^. 
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The origin being the same for both ranges, G are given by 

J?x2 + (g' + r)a: + s = 0, .(F) 

therefore OF-\-OG= -(q + r)/p = 01 + OJ\ 

so that FG and IJ’ have the same mid-pointy 



Fig. 6. 


(2) If Xy X' are corresponding points, since F corresponds to F and 
G to Gy by equation (E), 


IX. J’T = IF . J^F = IG . J'G . 

We also have such equations as 

(FAy BC) = (FA'y BV')y (XAy FG) = (X'A'y FG). 
Again, since (XAy FG) = (X'A'y FG), it follows that 

(■^X'y FG) = (AA'y FG) = a constant, . 

and therefore 

(XX', FG) = (loo ’,FG)=^4<=- ^. 

IG pf+q 

where / is a root of equation (F). 


.(G) 

.(H) 

..(I) 

(K) 


19. Involution. (1) Suppose that two homographic ranges have the 
following property: 

A pair of non-coincident corresponding points A, A' exists such that A 
rmy he supposed to belong to the first range and A' to the second, or A to the 
second and A' to the first. 

We shall prove that every pair of corresponding points (X, X') may be 
so regarded, and we say that the ranges form an involution. 

Let the homographic relation be pxx' + qx + rx' +s = 0. 

In this we may have a:=a, x'= a' and also x = a'y = therefore 


paa' + qa + ra' + s = Oy paa* + + ra + s = 0 ; 

hence (g'-r)(a-a') = 0; and thus g=r, for a^a'. 

Hence the homographic relation is 

pxx' + q(x + x') + s = 0y .(A) 

which is symmetrical with regard to x, x', and the result follows. 

(2) Thus it follows from Art. 16, (2), that if (A, A'), (B, B'), ... (X, X')... 
are pairs of corresponding points in an involution, then 


(AA'BB'... XX'...) = (A'AB'B... X'X...) 
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HOMOGRAPHIC PENCILS 


20. Centre and Double Points of an Involution. 

(1) If equation (A) of Art. 19 may be written 

+ . 

V' p/ Ji ' 

The point a:= -- is called the centre of the involution, and if this 

P 

point is taken as the origin 0, the equation is of the form 

xx' = ky .(D) 

where ^ is a constant. 

(2) The double points or foci Fy G are given by x^ = ky and if {Ay A'), 
(By B') ... are pairs of corresponding points, 

0F^ = 0G'^ = 0A . OA' = OB . 0B' = ... =k .(E) 

Therefore Fy G divide AA'y BB\ ... harmonically. 

(3) Distinct cases arise according as k . 'O. 

"t I-H-1-1 \ -H-1 1-(-(— 

Q o ABFBA^ a' b'oA B 

J’la- 7- Fig. 8. 

(i) If k>0y the foci arc real and one of the segments AA', BB' is etiiirehj 
within the other. The involution is said to be positive or non-overlapping 

(Fig. 7). 

(ii) If kcOy the foci are imaginary, the segments AA\ BB' overlap, 
and the involution is said to be negative or overlapping (Fig. 8). 

(4) As special cases of equation (B), 

(FGy AA') = (FGy A'A)y (FAy BA') = (FA\B'A) .(F) 

21 . Homographic Pencils. Let y=fLXy Y =p'X be the equations 

to two straight lines referred to difTeront (or to the same) pairs of axes. 

If/i, p have different values subject to the condition 

Ppp qp + rp +s = 0y 

the lines y—pXy Y—pX are said to form homographic pencils in which 
these lines are corresponding rays. 

Such pencils determine homographic ranges on ang transversal. This 
follows from Art. 15. 

^ fhe homographic relation is ppp -\-q{p+p)-\-s — 0y the lines y—pXy 

7 P a* orm a pencil in involution (or simply an involution) in which these 
lines are corresponding rays. 

Such a pencil determines a range in involution on ang transversal. 
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22. Cross-ratios and a Four-point Figure. Let A, B, U, D be 
four points corresponding to the complex numbers Zo, Zg, z^, 

(i) If one cross-ratio of z^, Zg, Zg, Z 4 is redly then all are real and Ay B, 
Oy D lie on a circle or they are collinear. 

(ii) In the first case, if V is any jpoint on the circle, then 

y(ADy 5C) = (ZiZ 4, ZaZg). 




A. Vs) = .(A) 

^3 *4 ^2 

where h is real. By Art. 10, every cross-ratio of z^, Zg, Zg, Z 4 is real. Equat¬ 
ing the amplitudes in (A), we have lCAB+ LBDC=^2mn-\-2.mky where 
m is an integer or zero. Now am^ = 0 or tt, according as ^$0; hence, 

(i) if k>0, LCAB-hLBDC=0y that is lCAB^lCDB, therefore the 
points are concyclic or collinear, and occur in one of the orders A, B, 
Cy D or Ay By Cy B (Fig. 9); 

(ii) A:>-0, lCAB + L.BDC—TT and A, B, C, D are concyclic or 
collinear, occurring in one of the orders A, B, D, C or A, C, D, B (Fig. 10). 


Again, 


y(ADy BC) = 


sin A yB 
sin Aye 


sin Dye AB Be 

&mDyB~'^Ae * DB' 



where AB, etc., are the numerical measures of the lengths AB, etc. Also 
it is evident from the preceding that the sign is + or — according as k^O. 
Further, considering the moduli in (A), 


AB Be 

Ae ‘ DB~ ^'1’ 

and the last part of the theorem follows. 

In particular, if z^, Zg, Zg, Z 4 are harmonically related, the corresponding 
points lie on a circle or they are collinear, and in either case they form a 
harmonic system, as understood in modern geometry.^ 

• That is to say they subtend a harmonic pencil at any point on the circle. 







_ four-POINT FIGURES 

lo 

23 Some Properties of a Four-point Figure. Let a, b, c, 
ABC he the si.les and angles of the triangle ABC and let D beany 
point in its plane. Take the positive direction of rotation as determined 

L a point which moves round the triangle from ^ to C to 
Let a', b\ c be the lengths of DA, DB, DC, and let 4 , B , C be the 

angles BDCf CD A., ADB. 


Then if a^A+A', p = B + B\ y = C + C', we shall prove that 

= (;21j'2 + c-c'- - 2 bb'cc cos a, with two similar equations^ 


(A) 




and 


nit 


• • /.;/ • t'n' =sin a. \ Sin 



Proo/. Let A, B, C, D be represented by the numbers z^, Zj, z^, and 
consider the identity 

(c, - :3)(:, - ^4) ^ (-3 - -i) (‘2 - m) ‘ (*i - -2) (=3 - -i) . 

Let A, fi, V, A', V be the angles, measured from 0 to 27r, which the 
directed lines BC, CA, AB, DA, DB, DC make with Ox, so that 

^3 “ = ^ ^ 'I “ r j = (r(cos A' + t sin A'), etc.; 

then, from (C), we liave 

Z'nfi'{eos(A t A') i t siu(A + A')} = 0, 
and therefore, cos(A ( A') —d, wcni'sin(A-f A') =0. 

It readily follows that 

n-a'“ = 6-6'“-HcV'"+ ‘2W/(*t’' cos(/^i +/x' - v —e')=0, . (^) 

with two similar equations ; also 

aa' hh' CC* 

sin{^ 1 - V “ sin(r • r'- A - A') sin(A +-A'~ 

Now -1 is the angle through which must be turned to lie along -15 J 
and thus, A = v- (tt i- /(), and similarly, .1' — e' - ; 

hence, r fi — r - r' — — (tt + a). 

The equations (A) and (B) follow immediatelv from (D) and (E). 
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EXERCISE II 

1. If the distance between {he points (Xj, Vz) is de’fined as tLe principal 

value of 

prove that the distance between any two points on the line y = ix or on the 
line y=z -ix is zero. 

2. If the tangent of the angle between the lines y = mx-\-c, y = m'x + & is 
defined by 

tan d = (m -m')j{\ +mm'), 
prove that if m or m'=±i^ then tan 0=±t. 

3. Show that the substitution 

x = X cos a - y sin a, ?/ = X sin a + T cos a, 
transforms the equations into y=ditX. 

That is to say, the equations y = ± are unaltered by turning the axes 

through an angle a. 

4. If the equations to OA, OB^ OCy OD are as under, verify the values given 
ior 0{AB, CD): 

W 3/=0, a: = 0, y = fMX, y=ix% 

0{ABt CD) = {0co j [xix') = fxlfx'. 

If a, ^ are linear functions of x, y, and the equations are 

(ii) * a=0, /3=0, a=ju^, oc = p'py 

0{ABy CD) = plp'. 

(iii) * a —p.i^ = 0, a —/it2/3 = 0, a —/X3)3 = 0, a —^ 4 ;S = 0, 

0{AB, CX)) = (pi^2, fjLsp^), 
y=xta.n<Xy t/=a:tana', y — ix, y=~iXy 

0{AB, CD) = cos 2(a -ql)-{-l sin 2(a - ol). 

[* Take a = 0, ^ = 0 as axes.] 

5. Prove that the lines y=-±,ix are harmonic conjugates with regard to any 
two lines at right angles through O. 

Also show that they form a pencil of constant cross-ratio with regard to any 
two lines through O which intersect at a given angle. 

[This follows from the last example.] 

6. If (AB, XY) is harmonic, then 

(i) X, Y are inverse points for the circle on AB as diameter. 

(u) The circle on AB as diameter is cut orthogonaUy by any circle through 
X, Y, 

(iii) J£M,N are the mid-points of XT, 

^ . AB^ + XY^=4MN\ 

and if 0 IS any point in AB, 

20M ,ON^OA ,OB + OX ,OY. 

7. Prove that (PQ, AB) . {PQ, BC) = {PQ, AC). 

j where k is constant, the points a:, x 

esenbe homographic ranges of which /, g are self-corresponding points. 

B 

B.C.A. n. 



18 


homo(;haphic raxgks and pencils 


9. If tlie rangfri (abc ... .v {n'f/c'... x'...) are homographic, the vanishing 
|)oir)ts 7, J' are given by 

X - h a-h (t'-r' x'- b' a'-h' a-c 

— ■ , anrl - - - =- •-- . 

x r a r a'- b' x'- c' a'~c' a~b 

If t})e ranges are on tlje same axis, and the origin is the same for both, the 
self-corresponding points are given 1)V 

X - b X ~c'_a ~b a' -c' 
x-c X -b' a a' - b’' 

[For the first equation put .r' oo in etpiation (B) of Art. 16. For the last 
part we have 

(jY/. hc)~{x((\ b'c').] 

10. If two liomograpliie range.s liavo a eoinmon point O, tlio lino joining cor* 
responding points (.r. .c') passes through a lixed 

point [' wliich is sueli tliat ()I I'./' is a parallelogi-am. \ Y 

[Tlio hornograpliic relation is of the form 
pxx'qx + rx/= 0. 'faliing tlie axes of the ranges \ 

as OX, 0 the e(juation to x.r' is J \ y 


A' Y , /A' )’ 

- + —, = 1 or p ( -t- - 
XX' M X x‘ 


a r 

t .+ =0. 

X X 




which passes througli tlie point ( - r/p, -q,p).] I-* 

11. If (0, a, b, x), (0, a', b', x') are corresponding points on two homographic 
ranges, prove that 

(iib'-a'b)xx'-a'b‘{a-b)x^ab{(i' ~h')x' = 0 . 

12 . If two homographic ])eiieils liave a common rav (i- 0 ), then correspond¬ 
ing rays intersect on a tixed line. 

(Choose a pair of corrcspondiiif; rays /5 0, p’ 0. Any other pair may be 
taken as a-ftp — O, a~pp' 0, and these intersect on ^-^' = 0.] 

13. If (.1, ), (7?, Ji ), (A', A’') arc three paire of points in involution, tlien 

.I7>’ . XA', A''7r^ ^A'B' . A'M . A'7>\ 

and conversely, if this relation holds, tlic pairs are in involution. 

[For {. IX. 7LV') = (. I'A". />*'A').] 

14. If {A, A'), (7?. 7r), {(\ O') are pairs of points in involution and L, J7. A’ 
are the mid-points of .1.1', HB', Cr\ prove that 

(i) A A '2. MN + 7i/F= . A7. + CV'^, 7.A7 = - 4.VA'. XL . 7.A7. 

(ii) 

[I^t 0 he the centre of the involution. Denoting O.I. 07.,... by a / 
we have art -6//-or'= 1 *. Now prove that A A''^-A[l-~ h) and ■ ' » • 

ta n ""•'■I’'’""-I"'"' "> involution .lotorminod bv the paim 

(rt, rt ), (rt. b ), the equation connecting .r, .r' is ' ^ 

xx'{r, + - {h -I h')) - (.,• + a-) - W/) I- I,') - bh'(a+a')=0. 

(We have (nx. h.r’) h'.r).l 


(ii) 
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16. If (a, a')y {x, x') are point-pairs in an involution of which /, g are the 
foci, then 

a-x a—x' ®“/ ^ — g 
a'-x a'-x' <i'-g' 

[We have (x/, aa') — (x'f, a'a) = - (x'g^ a'a), since (/^, aa') = - 1.] 

17. For the involution in which (/S, y) and (a, 8 ) are pairs of corresponding 
points, prove that 

(i) The centre is the point x —~~^— - -. 

p + y — a “ 8 

(ii) The foci are given by 

a:^(/3 + y — a —8) — 2x{^y — aS) + j9y(a + 8) — a8(^ + y) = 0. 

(iii) If the centre is taken as origin, the involution is determined by xx' = k^f 
where 

,2 _ (p-g)(^-8)(y-a)(y-8 ) 

(i3 + y-a-8)^ 

[If h is the centre, then 

{p ~h){y — — h) (8 - A) = 

The equation in (ii) is given by (x/5, ay) = (a:y, 8 ^).] 

18. If ( 2 i 23 , Z 2 Z 4 ) is harmonic and a is the mid-point of 2324 , prove that 

(i) a 2 i.a 23 =a 22 ^ where a 2 i = moda 2 i, etc. 

(ii) The line 2224 bisects the angle Zioz^, 

19. In the quadrilateral ABDC, given that the sum of the opposite angles A 
and D is a and that AB . CD = CA . BD, prove that 

lABC - LADC=k{T^-ct) and AD . BC = 2 AB , CD. 


20. Given three points A^ B, C corresponding to complex numbers z^ 23 , 2 
it is required to find D corresponding to 24 such that 

( 2 ^ 24 , 2223 ) =p = r (cos a -t -1 sin a), 

where p is a given complex number. Prove the follo^ving construction. 





Mark the points 1, p, and make A BBC directly similar to ApOl. Draw 
AACD directly similar to AAEB. Then D is the required point. 

[Prove that the triangles ACE, ADB are similar; also that 

lBEC = lCAB-{-lBDC and BEICE=cc'lhb'. 

Hence, if 24 corresponds to D and ( 2424 , ZzZs)=p% we have | p' | = cc'fbb'~r; 
and am p'=2rjVTr +LCAB + ABDC = 2m7T + a. Therefore p'=p.] 
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SELF-CONJUGATE TRIANGLE 


21. (i) Given tliree jjoiiits J, it is required to find a point D such that 

.1, J>, (.\ ]) are cqui-anharmonic. 

(ii) Show tliat there arc two positions (/->,, !).>) of 1) and no more ; also that 
for each of these 

DA : DU : DC = \la : 1/6 ; 1/c. 

(iii) If IS.ABC is named so that Z.J5<120°, then the angles which 

UCy CA, AU subtend at Di are 

. I + 00=’, B + GO^ C + 60=* or 360° - {C + 60°), 
and tlie angles which tliey subtend at arc 


6 o°-j, i(60°-y;), i(60°-o. 

['J'hat there are only two positions of J) is due to the fact that if any cross-ratio 
of A, By (\ 71 is - a» or - so also is each of the others. 


'2n 


Let oi =:cosi sin ~ , then am ( - a*) = 27r - ^, am ( - to-) ; and if in 
Ex. 20 we take a = 27r - - or we have the following : 

3 3 


Construction. Draw the etjuilateral triangles BI'\Cy BI'\C and make the 
triangles ACD^ directly'similar to AE-^By AE^B. Tlicn Dj, 7)g are the 

required j>oints. The rest follows from Art. 23.] 

22. Tx-t u = 0y ?/' = 0 bo equations of the second degree in a:, y ^\ith real 
coefficients. Let the conies represented by « = 0, ?/' = 0 meet in P, P\ 0, O'. 

Trove that 


(i) If one of these points (0) is imaginary, then another ((?') is the conjugate 
imaginary point. (Art. 6 and //..I., V. 14.) 

(ii) I^t .4, 7?, C be the points of intersection of {PP\QQ% {PQ\P'Q)y 

)• Ihcn --I, By C are all real xinless two points of intersection (P, P') 
are real and two (0, O') •'tre imaginary. 

In the latter case A is real, B and (’ are conjugate imaginarv* points, so that 
the line PC is real. (Art. 6, Ex. 1.) ^ -r' 

I he triangle ABC is the diagonal jioint triangle of the quadrangle 7^P'0'0» 
iS self-conjugate with regard to every conic through Py P'y O', 0- 

23. In the last e.xample, if the ei|uations arc 

w-2a7/-^= + ,r-2 = 0. (’ = a=-j/ = 0, 

proyc that the coordinates of .1, P, (' aix) 


1 

4* 


T) 

4 


2±k3 7±k'3 


I \ 


and that the equation of BC is 2.r - 4f/ [ 5 = 0, 

Verify that BC is tlie polar of .1 with regard to each of the conics. 

24. Find the vcitices of the common self-conjugate triangle of the conics 
whose equations arc 


showing that the 


a = - 2ip -i-10/y - 13 - 0, ~ S.c + 6// -7=0, 

coordinates of these points aix' ( 1 , 1 ), ( 2 , 2 ), ( — 2 ,-V^). 



CHAPTER II 


THE QUADRATIC AND SYSTEMS OF QUADRATICS 

1. Resultant of Two Quadratics. Let a, P and a', yS' be the 
roots of the equations 

u ~ ax^ + 2bx + c = 0 , u' = a'x“ + 2b'x + c' —0 

respectively. These equations have a common root if and only if 


Let R = a^a'^{oc—<x')(<x — p')(P — oc'){p — p') .(A) 

Then it is easy to see that R can be expressed in the following forms. 

R = a'^(aoc'^ + 2b<x' + c)(a^'^ + 2bp' + c) .(B) 

= {ac' - a'c)^ — 4 {ab' - a'b) {be' - b'c) .(C) 

= {ac' + a'c - 266')2 - 4(ac - b^) {a'c' - b'^) .(D) 


Thus i? = 0 is a necessary and sufficient condition that the equations may 
have a common root. 

Moreover, R is a rational integral function of the coefficients, and is of 
the lowest degree 'possible that this may be the case. 

On this account R is called the resultant of u = 0, u' — 0. 

2. Theorem. If u = 0, u'— 0 are quadratic equations with real coeffi¬ 
cients, the resultant R is negative if, and only if, the roots {a, p), {oc', p') of 
both equations are real and the intervals {cc, p),'^{<x', p') overlap. 

Proof, (i) Let the roots of both equations be real. We have 

R = aV2 (a - a') (a - p') {p - cc') {p - P '). 

Now {oc~ot'){<x- p') is negative if and only if a Lies between oc' and P'. 
Also {p-oc'){p -p') is negative if and only ifhes between a'and 

Hence R is negative if and only if one and not both of the roots oc, p lie 
between oc' and p', i.e. when the intervals (a, p), {oc', p') overlap. 

(ii) Let the roots of at least 07te of the equations, say those of the.first, be 
imaginary. Then, taking the equations as in the last article, we have b^c^ac. 
and, by equation (C), 

R fc' a'\2 462/&' a'\fc' b'\ 
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THE HARiSIONIC RELATION 


Hence, 





Therefore R cannot be negative. 


3. The Harmonic Relation. Lot (a, .0), (a', be the roots of 

u = ax~ + 2hx + c = 0, u'=a'x-+ 2b’x-\-c'— 0 

respectively. 

(\) The condition that {a^yCt'p') may be harmonic is ac'+ a'c — 266' = 0. 

For by Ch. I, 8 , the condition is 2{aj8 +a'^') = (a + j3)(a' +^'), 

2 c 2 c' . 6 6 ' , / rti T» 

giving —+ —= 4-or ac+ac = 266. 

a a a a 

When this is the case we say that the quadratics are related harmonically. 

( 2 ) It is required to find a quadratic whic^i is related harmonically to u =*0 
and also to w'=0. 

Let the required equation be px-■i’2qx + r = 0 ; then by the preceding, 


ar-~2bq-\-cp = 0 and a'r-2b’q-\-cp = 0 .(A) 

Eliminating r, - 2qy p from these equations, we have 

1 “X X- =0, .(B) 

a be 
' a' 6 ' c' 

which may be written 

J = (a 6 ') x^ + (ac) x + ( 6 c') = 0.(C) 

This is the required equation. 


(3) For all values of A, the quadratic J = 0 related harmonically to 
u - Au' = 0 . 

For by equations (A), 

(a - Aa')r - 2 (6 - Xb')q + (c - Ac')p = 0. 


4. The Function J is of great importance in the theory of quadratics. 
(1) It may be written in the forms 

1 -X x^ = ax+ 6 6 x + o , 

^ be a'x + 6 ' 6 'x + c' 

a' 6 ' c' 

J = (a 6 ') X- + (ac') x + ( 6 o'). 

The second form is derived from the first by adding x times the second 
column to the third and x times the first column to the second. 
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(2) The roots of J = 0 are real or imaginary according as the resultant R 
of u = Oy w' = 0 is positive or negative. Also if the roots are equals then w, 
u' have a common factor. 

For i 2 = (acT-4(a6')(6c'). 

(3) If y is introduced so as to make u, u’ komogeneous, and we write 

u — aT? + ^hxy + u* = ao^ + Wxy + 

the Jacobian of u, u' is defined as 

du du =4 ax-^-hy hx-^cy =4/. 
dx dy a'x + h*y b'x-\-c'y 

dx dy 

5, The Involution determined by Two Quadratics. Let 
(a, j3), (a', p') be the roots of the quadratics w=0, u' =0, those of J = 0 
being x^, x^. 

(1) The points x^y x^ are the foci of the involution in which (a,/S), 
(a', j 8 ') are pairs of corresponding points. 

For *7=0 is harmonically related to u=0 and u'=0\ and therefore 
(XiXg, ajS) and {x^x^, oc'p') are both harmonic, 

(2) If I, I' are the roots of u- Aw' =0, where A has any value whatever, 
then are corresponding points in the involution. 

For *7 = 0 is harmonically related to w —Aw'=0. 

(3) The character of the involution depends on the value of R, the resultant 
of w = 0 and w' = 0 . 



Fig. 14. Fig. 15. 


(i) If 72>0 then Xj, Xg are real, one of the intervals (ajS), (a'/3') is 
entirely within the other, and the involution is non-overlapping (Fig. 14). 

(ii) If R<Jd, then x^, Xg are imaginary and the involution is overlapping 

(Fig. 15). 

(iii) If R=-0, then Xi=X 2 and the involution consists of pairs of points, 
one of which coincides with x^, X 2 , the other being anywhere on the axis. 

6 . Another Form of J. If the point x is a focus of the involution 
in which (a, ^), (a', /3') are pairs of corresponding points, we have 

(xa, j 8 a') = (x^, a^'), 

(x - a) (x - a') (i3 - jS') + (X - jS) (X - jg') (a - a') = 0. 


which reduces to 
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'i’his equation has the same roots as «7 = 0, and comparing the coefficients 
of x'', wo find that 

2J = aa {{X ~a){x ~ p') {X ^ p){x ~ p'){oc-oc% 

7. Theorem. If Aj, Ag are the values of A given by 

X-(a'c ~ 6'^) - A(ac' + a'c - 2bU) + ac - 6^ = 0, .(A) 

and Xj, Tg are the roots of J = 0, theyi 

u-X-^u -=[a-X^a')(x-xfr and u ~ X^ii ^(a ~ X 2 a)(x\ ...(B) 


also 


. ax^ + b _ . ax^ + b 

—--- and A2 = ^7 - 77 , 

^ a Xi + b 2 a jC2 + b 


(C) 


For if are the roots of 


(D) 

(E) 


w - Xu ={a- Xa)x- + 2{b- A6')x + c - Ac' = 0, .(D) 

tlien u-Xu'^{a-Xa‘){x-^){x-$'), .(E) 

and the condition that i = is 

(a-Aa')(c-Ac') = (h-Ah')2, 

wliich is the same equation as (A). If, then, this equation holds, ^ is a 

focus of the involution determined hy m = 0, w'= 0, and therefore 

= or Xg. 

If Aj, Ag are the corresponding values of A, we have by (E) 

u-Aiu' = (a-Aia')(x-x,)2. 
with a similar equation involving Ag, Xg. 

Also when A= Aj, each root of (D) is equal to x^, therefore 

7 . _ • • N o-Ti + b 

~ a - A . 

axj+6 

with a similar result when A = Ao. 

«S 

Note. It follows that equation (A) is transformed into J = 0 by the substitution 

X = {ax + b)f{a'z + b'). 

8. Theorem. ^^^^^f<^^bsAyIfA\B\x^,x 2 canbefoumlsothat 

w = nx2 +26x +c =^(:r-x,)2 +i>*(x-X 2 ) 2 . 
w' ^ a'x2 + 2h'x + c' = .-i' {X - xi )2 + B'{x~ Xg) 2 , 
except when w, n' have a common factor. 

(B) of the last article, by olimtlTirg^^^ u equations 

beco:;“ieZt^ 








CANONICAL FORM 



Or ah initio thus —assuming the above identities, expand and equate 
coefficients, therefore 

= a .(A) A'+B' = a' .(D) 

Axi + Bx2=—b .(B) A'x-i-\-B'x 2=—b' .(E) 

Axj^ + Bx^ = c .(C) A'x-^ + B'x^ = c .(F) 

Eliminating A^ B from equations (A), (B), (C), 


Xi X 2 
Xy 2 aJo' 


a 

-b 


= 0 . 


Expanding and dividing by x^^ — Xg, we have, except when x-^ = X 2 > 

ax^X 2 + + X 2 ) + c = 0 . 

Similarly, from (D), (E), (F), 

a'xyX2 + fo' (Xj + + c' = 0 . 

Eliminating X 2 from (G), (H), 

axj + b 6x1 + c 1=0. 
a'x^ + 6 ' b'x^ + c' 

Therefore x^ and, by symmetry, Xg are the roots of 


3^ 


ax + b 6x + c 
a'x + 6' 6'x + c' 


= 0 . 


(G) 


(H) 


(I) 


The values of A, B, A*, B' can then be found from (A), (B), (D), (E). 

The theorem mav be stated thus : 

¥ 

Let u =ax® + 2bxy + c^/®, u* = a'x® + 2b'xy + c'y®, 

then if u, u' have no common factor, they may be expressed as follows : 

u = AX^-\-BY^ w' = A'Z® + S'F2, 

where X, Y are the factors of J and A, B, A', B’ are constants. 

This is called the canonical form of two quadratics. 


Ex. 1. Determine the constants so that 

5x^-\-2x + l\~A{x-af-\-B{x-b)\ 
x^ — %x— 2=A'{x — aY + B'{x — b)'^. 
Here a, b are the roots of 



5x + 1 » 
a;-4, 


* + 11 
-4*-2 



giving 0 = 1, 6 =—2. By equating coefficients 


A 

A 


+ ^ = 5,-y 
+ 4B = 11,/ " 



B=2; 


^' + B' = 1 , I . 
A' + 4B'= - 2 ,/ •• 



Thus 5** + 2* + ll=3{*-l)2 + 2(* + 2)2, 

x^-Bx- 2=2 (*-l) 2 - {x + 2)K 
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INA^AEIANTS 


9. Linear Transformation of Quadratics. Consider the trans¬ 
formation of u = ax--\-2l)xy + cy^ into U = AX^ + CY^ 

by the substitution x = lX-\-mYy y = VX + m'Y. 

(1 ) It will be shown that * AC — = — Vm)-(ac — b'^) .(A) 

Let a, p be the values of xjy for which w = 0, and let a^, be the cor¬ 
responding values of XjY^ so that 


-I- m 

a = 7.- 7 

I a-i + m 


and 


a, = 


- m 4-am 
l-od' 


(B) 


w’ith similar equations connecting jSj, Now 

x-a.y = (l~od')X + (m - am') Y = {l-ar){X — a^Y) ; 

and similarly x-^y = [l~ pV) (X - Y).(C) 

Also, since u ^a{x-<xy)(x ~ py) and f/ = ^(A''-ai Y)(X-j 8 iY); 

therefore A=a{l-ar)(l- pV) . (D) 

. -m-f-am' -7n-hj8 m' {hn -rn}){a-'P) 

Again, a, - = -5—rr-- = ^7^-57777^77^', .(E) 


l-aV 


1-81 


therefore A=a{l-ar)(l- pV) . (D) 

. -m-f-a^n' -ni-{-P 7 n {hn-rn}){a-P) 

Ag.,.. - ft - -fra--- - - -,-r- - (,, ^ rf ■ . 

and therefore by (D), Aia^- p^) = a(a- P)(lm' -Vm). 

Now a^{<x-p)“^4.{b~-ac) and A~{ai - p^)“^‘i(B^ - AC) ; 
whence equation fA) follows. 

(2) FurtheTy if, by the same substiiutioyi, u' = a'2b'xy c'^ is 
transformed hito U' ^A'X^ + 2B'X Y + C' Y^, tre shall show that 

AC+ A'C- 2BB' = (Im' - Im}^(ac' +a'c- 266').(F) 

Proof. For all values of A*, we have 

ax~ 4- 2 bxy 4 - cy“ 4 - k(ax“ 4 - 26'x^ 4- c'y-) 

= ^ A2 4- 2BA Y + C Y2 -h A(.4'A’2 4 - 2B'X Y 4 - C Y^). 

If one side of this identity is a perfect square, so also is the other. 
Therefore the following equations in k are identical: 

(a 4 -Aa')(c 4 -Ac')-( 64 -A 6')2 = 0 , 

(A 4 - kA')(C -h kC) - (B 4 - kBy = 0. 

Comparing coefRcients, we find that 


^C'4- .YC - 2BB' AC-B^ 

ac' 4 - ac - 266' ~ ac - 6- 


= (fm'-r7n)2. 


On account of these properties, the functions uc 
are called invariants. 


- 6 - and ac' 4 -o'c-266' 


• Tills enn also be proved by a method similar to that of Art. 15 of Uds chaptor. 









HOMOGRAPHIC TRANSFORMATION 2 7 


It can be seen a 'priori that ac -b^ is a factor of AC - and that the 
remaining factor is independent of o, 6 , c. 

For if the first expression vanishes, so does the second, and Ay B, C are 
of the fixst degree in a, 6 , c. 


(3) If J^(aU)x^^{ac')xy-\-{hc')y^y J'^(AR)X^ + {AC)XY^(BC')Y^y 
then J' = {lm'~l'm)J .(G) 

For by Art. 6, 2J = uu'l - , , + .- o , - t | ; . (H) 

Ux - ay) (a: - a 2 /) (x-^y)(x-^ y)) 

and by equations similar to (C), (D) of this article, 


(X-cc,Y)(X-oc,'Y) 


— (Im' “ I'm) 


a — a' 

(x~ocy)(x~cc'y)* 


with a similar equation involving jS, p'. 

Since u=U and u' = U', the result follows at once. 
On this accoimt J is called a covariant of «, u', 


Ex. 1.7/ u= ax^ + 26xy + cy ®=A -i- BY^ 

and u'=a'x^ + 2b'xy + c V =A'X^ + B' 7^ 

where X=x- x^y^ Y = x- x^, prove that, if R is the restdtarU of u, u\ 

AB AB' + A'B _ {ab'-a'b)^ 
ac-b^~ ac' + a'c-2bb' E 

The determinant of transformation from X, Y to x, y \8 x^^Xzi therefore, 

ac-b^ = {Xi-x^'^ABj 

and ac' + a'c—2bb' — {x^ — x^^{AB' + A'B). 

Now x^, X 2 are the roots of {ah')x^+ {ac')x-\-{bc')=0 therefore, 

{ab')^ {x^ - x^Y = {oc'? - 4 {ab') iP^') = 

and the results follow Immediately. 

10. Homographic Transformation. Let u = ax^-\-2bx + c be 
transformed into U = AX^ + 2BX + 0 by the homographic substitution 

X — (IX + m)l(l'X + 7n'). 

Then, multiplying by (VX-\-m')^ to remove fractions, it will be seen 
that the coefficients A, By G are the same as in Art. 9; therefore, 

AC-B^ = {Im' - rm)2 (ac - b^). 

Moreover, if u'^a'x^-h2b'x + c' is transformed in the same way, then 
by Art. 9, (3), the equation 

J ^ {ab') x^ + {ac') x + {be') = 0 

is transformed into 


J = {AB') X^ + {AC') X + {BC') = 0. 
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QUOTIENT OF TWO QUADRATICS 


(A) 


where 


11. Graph of (ax2 + 2bx + c)/(a'x“ + 2b'x4-c'). 

(1) Let {cc, p), {oc\ ^') be the roots of 

u = ax^ + 2bx + c = 0, w' = a'x- + 2 b'x + c" = 0. 

Assume that a, a' are both positive. This involves no loss of generality. 
Let y = uluy then 

y (ax- + 2 b'X + c) — ax- + 2 bx + c ; 

[a'y-a)x'^ + 2 (b'y -b)x-\-c'y -c — 0\ 

- 6'y + 6 zb JQ 

^ =^ - ^ , .(A) 

a y-a ' ' 

where Q = (b'y - 6)2 - (a'y - a) (c'y - c) 

= (b"^ — a'c)y- + (ac +ca' — 266') y + 6- - ac 

= (b’--ac')(y~y^)(y~rj^), .(B) 

where yj, are the roots of § = 

Therefore x is real if, and only if, 

If R is the resultant of it = 0, it — 0, then 

R^(ac' + ca - 2bb')- ~ (ac - b-) (a'c' - 6'^), 

Viy y% are real or imaginary according as If yj, y^ are real, 

they are turning values of y, and the corresponding values Xj, of x 
are given by 

., 0 , 

!/i~a ay^-a ' ^ 

Now 7?<0 if, and only if, the roots of both « = 0 and u'=0 are real 

and the intervals (a^'), (cc'fi’) overlap * (Art. 2); and wo consider various 
cases wliich can arise. 

First Case. If /2>0, y^ and y^ are real, and the condition that Q>0 
IS as follows : 

(i) If 6 2>a c'y y cannot lie between ?/, and tu, 

ence 1 yi>y 2 > y\ is a minimum, and y^ a maximum value of y. 

(ii) If 6 “<0 c, y must lie between y^ and y^, and if yi>y 2 , yi is 
a maximum value of y, 

(iii) If b —ac y then u is a perfect square, and one of the two y,, y® 
IS infimte. 

S^nd Case, If 7?<0, the roots of u=0, u'=0 are real Art. 2, (ii), 

. ^^*'>ac. Also y,, y^ are imaginary. Hence Q is 

positive for all values ofand y may have any real value. 

• In this case the roots of u=o. n'-o are said to ,riterta«. 


X,= 


(C) 
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Third Case. If i? = 0, u and u have a common factor, say a: - a, and 
then 




a(x-a){x-^) 


f\ y 


a' (x —oc){x — p') 
which is equivalent to {x - a.) {a' {x - p') y - a{x - /3)} = 0. 

Therefore the graph consists of a rectangular hyperbola, and the line 
x-cc = 0. 

dti 

(2) Further information can be obtained by considering the value of 

We have ^ = 2{(ax-\-h)(a'x^ + Wx + G*)-(a'x-\-h'){ax^ + 'lhx + c)}lu"^ 

ax 

= 2{(aa: + b){b'x + c') - (bx + c) (a'x + b')}lu’^ 

= 2{(a6')x2 + (ac')a: + (6c')}/w'^ 

= 2 {ah') (x — x^ (x - x^j .fD) 

where Xj, Xg are the roots of J = (a6') + (ac') a: + (^c') = 0. 

If X has either of these values, then 

ax + b bx + c 


u 


a’x + b' b'x + o' u' 


so that the corresponding values y^, of y are given by 


2/1 = 77 


axj + 6 


ax2 + 6 
^ a'xo + b' • 


(E) 


a'x^ + b’ ’ 

These values of y, if real and distinct, are turning values, and there can 
be no others. 

It is easily seen that these results are in agreement with the preceding. 
For equations (C) and (E) are identical; also Xj, Xg (and therefore y^ 
are real or imaginary according as (ac)^-4:{ab')(bc')^O, i.e. iS^O. 

Considering various cases which can arise, we have the following. 


First Case. If ^>0, then x^, Xg are real. Let Xi<X 2 . 

(i) If (a6')>0, the signs of ^ as x passes from - oo to oo 
below: 


are shown 


X 

dx 


— CO 


+ 


Xi 

0 


X. 


+ 00 


- 0 


+ 


Therefore x^ gives a maximum and Xg a minimum value of y. 

(ii) If (a6')<0, the signs are reversed, x^ giving a minimum and Xg a 
maximum value. 
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(iii) If (ab') = 0, one of the two 3*2 (say x^) is infinite, and then by 
(E) we have y^=bjb' =ala. In this case 

fli ^ a'{ax-+ 2 b'x + c) .^ ' 

Secofid Case. If 7?<0, ~ always has the same sign as {ab')y and y 
has no turning values. 

Third Case. If /? = 0, then x, = Xo = -—ttv • Also the equations 

^ ^ 2 (ab) ^ 

u = 0, u =0 have a common root a, which is equal to -A —' ^ 

2 (ab) 

Thus Xj =x 2 =a ; andy correspondb}g to the value x^ of x, y may have any 
value whateveTy which agrees with the third case of the last section. 

In tracing the graph, it is to be noted that y is a continuous function of 
X, except for x — a'y x = /3'. 

12. A Linear Transformation. The equation y = uju' may be 
reduced to a simpler form, thus : We have 

^ — ^ ^ 2 (a 6 ')x + (ac') 

a' ~a'(a'x^ + 2 b'x +Y)' 

Plence if (a 6 '):^ 0 , the substitution 

(ah') X + (ac')y Y = a~a'y .(G) 

reduces the equation to X 

’^A'X-^ + 2 B'X + C” . 

where A'X^ + 2B'X + C' = a':i^ + 2 b'x + c'. 

A comparison of coefficients shows that 

j,,_ 2 b'(ab')-a'{ac') 

•t(a 6 T’ TWr- .. 

and since the determinant of transformation from A" to x is 2 (ab'), 

aV - 6'2 = 4 {aby- {A 'C - B'°-) .(J) 

We have also ~ ^ /•,r\ 

dX u'2 . 

Hence the turning values of Y (which correspond to those of y) are given 

H'A'-!-C' = 0. 

Points of Inflexion, (i) If {ab')^0, these are given by hy 

2{A'X + B'){A'X- - C) = .4'A'(H'A'a + 2H'A’ + C) .(L) 

=0.(M) 
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This equation has one or three real roots according as 

—-4 go, i.e. according as 

Therefore ilie curve represented hy y — uju' has one or three points of 
inflexion according as the roots of u' — 0 are real or imaginary. 

(ii) If (a6')—0, we use equation (F). The points of inflection are given 

by ^==0, or 4:{a'x-\-h') -au=0, .(N) 

dx^ 

giving ^a'^x^ + Ga'fe'x + - a'c = 0.(0) 

The roots of this equation are real or imaginary according as 

(3a'6')253a'2(46'2-a'c'), i.e. according as b'^<a'c'. 

Thus there are two points of inflexion if the roots of u' —0 are imxjginary^ 
otherwise no such point exists. 

(iii) Further, we shall show that in all cases the points of inflexion lie on 
the straight line whose equation is 

2 {ab') a: + 4 (aV - y = ac' + 3a'c — 466'.(P) 

This may be deduced from the preceding, or directly as follows. 

At a point of inflexion, we have 

y(a'x^ + 2b'x + c') = ax^ + 2bx-i-Cj .(Q) 

^ (a'x2 + 26'a: + c') + 22/(o'x + 6')=2(aa: + 6), .(R) 

2~(a'x-hb') + a'y==a, .(S) 

d^y 

where (S) is derived from (R) by differentiation and putting 

Multipl 3 dng equations (Q), (R), (S) by 

3a', -2(a'x + 6'), (a'a:^ + 26'a; + c'), 

respectively, and adding, we obtain equation (P). 

13. Examples. 

Ex. 1. Trace the curve represented by y = . 

Asymptotes. If a:->oo, then 2 / = l——(nearly). If 3x~5-r0, then y-r<x>, and 

ox 

_ ^ 9^2-12a: 1 9(f)2-12-| 1 1 

3a:-5= 1 _ or jr- (nearly). 

' Sx + 5 y 3 *1 + 5 y 2y 

Similarly, if 3a; + 5_^0, y->oo and 3a: + 5=(nearly). 

. Thus, the lines y = l, 3a:i5=0 are asymptotes, and the curve approaches them 
as in Fig. 16. The asymptote y=\ meets the curve again where a: = 2^* 
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Solving for x, we have 


(y -1) (3a:)2 + 4 . (3a:) - 25y = 0 ; and therefore 
-2±N/{4 + 25y(y-l)} 


3x = 


y -1 


Now 4 + 25y(y-l) = (5y~‘l)(5y-4:)f therefore no part of the curve lies between 
the lines y=i and Turning values of y are -g and The corresponding 

values of x are and 

There is one point of inflexion, which lies on the line 12a;-100y +25=0. 


Ex, 2. 


*2-1 

^”a;2+x + l* 


The roots of u'=0 are imaginary, and there are two turning values. Solving for x, 

-y±s/4-3y^ 


x = 


2(y-i) 


2 2 

The turning values are yi = -;5 = l‘15, ^2 =—-^=-l‘15; and the corresponding 

1^0 V 

values of X are Xi=—3‘73, X2= — 0‘27. The curve lies between y=yi and y—yz. 

If x-vQo, then y = l - — (nearly). Thus the line y = l is an asymptote, and it 

meets the curve again where x= -2. (Fig. 17.) 

There are three points of inflexion lying on the line x 3y + 2 =0. 


14. Quadratic in Two Variables. Let the quadratic in cc, y be 

u s ax^ + 2}vx,y + hy^ + 2^x + 2/t/ + c, 


and let 


J = 


= ahc + - a /2 — ch^. 


aha 

k 6 / 

9 f 

Let .4, 5, , be the cofactors of a, 6 , , in ^ ; so that 

A = hc-p, F^gh-af, etc. 


(1) Forms of u. We have 

au = (ax + hy + 5 ')^ + (ab - k^) y^ + 2 (a/- gli) y + {ca -g^) 


= (ax + hy-\- g)^ + Cy^ - 2Fy -hB .(A) 

Similarly, bu = (hx-hby+f)^-\-Cx^~2Chc + A .(B) 

And since BC ~F^ = aA and CA ~G^ = bA, we have 

Cau = G(ax-\-hy+g)^ + (Cy-F)^-haA, .(C) 

Cbu — G (hx + by +/)2 + (Gx - G)^ + bA .(D) 

If a = 6 = 0, hu = 2(hx-\-f)(hy-\-g)-\-ch-2fg .(E) 


Hence if A = 0y then u is the product of linear factors. For, if a and b are 
not both zero, Gy^ — 2Fy+B and Gx^ — 2gx-\-A are squares; and from 
(A) or (B) it follows that au or bu is the sum or difierence of two squares. 
If a = 6 = 0, and ^^0, then A—2fgh-ch^y and the truth of the statement 
follows from (E). 
o 


B.O.A. n. 
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QUiU)RATIC IN TWO VARIABLES 
(2) Forms of the equation w = 0. li C^O, this may be written 


C(ax-\-hy-\-g)^-\-{Cy — F)'^-\-aA=0 .(F) 

C(hx^by +/)2 + {Cx-Gf-vhA=0 (6^0).(G) 

If C = Oy the forms are 

{ax + hy-\-g)'^ — 2Fy + B = 0 (ai^^O), .(H) 

(hx + by +ff -2Gx-\-A =0 (b^O) .(I) 

If a = 0, 6 = 0 and h^O, the equation may be written 

•2,{hx +J)(hy + g) = 2fg-ch .(J) 


(3) If X, y are variables connected by the equation 

u = ax^ + 2 hxy + by^ + 2 gx + 2 fy + c = 0 , 

theti X and y can be expressed in terms of a single parameter t. 

Let (x\ y') be any solution of u = 0, so that (x\ y') is any point on 
the curve represented by w = 0 , and let 

x = X + x\ ?/= Y + ?/'. 


Substituting these values for X and y in u — 0, the equation becomes 

aZ2 + 26A:y + 6y2 + 2^'Z + 2/y = 0, .(K) 

^ticre f'= +hy'+f, g'= ax'+hy'-hg. 

Now let t=Y/X, 

then from (K), X{a-\-2ht-hbt^)-\-2f -h2ft = 0 ; .(L) 

whence we find that x - x' = ^-JL +/0 

t a2 htbt^ .' 


When the factors of ax^ + 2hxy + by^ are real, another useful method is 
that of H.A., III, 10, Ex, 2. 


Ex. 1 
and 


u 


u= ax* + 2hxy + by* + 2gx + 2fy + c-0 
i = ax + hy + g, rj — hx + by-i-f, {=fl'x+/y + c. 


fin 


prove that 

Since aa + hF + gC = 0 . hQ + bF+fC= 0 , and gO+JF + cC^A, 

+ + C^=x{na + hF + gC) + y[ha + bF +fC) + (gO +}F + cC)=A . 

Then, (i) from the equation u=0. by differentiation, tti = 2(f+ r/yi)=0; 

benco, _ ># 

(11) Differentiating again, Vt^ihv-q^xW- 

Also ^1 —®+ — (flTj - and = A+6t/j = (^7)-6f)/7j; and we have 

’?^l/2 = f(6Tj-6^) + r^(Af-a 7 j)= -${Cx-Q)--q{Cy-F)-a^ + F-n + Cl% 
hence, from (N), ya = J/7/\ 


,(N) 
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15. Linear and Homographic Transformation. Consider 
homogeneous quadratic function u of x, y, z, and let 

u = ax^ + by^ + cz^ + 2 fyz + 2 gzx + 2 kxy. 

Suppose thit u is transformed into u' by the linear substitution 

x====l^X-^rn^Y -\rrh^Z, ^ = ?2^ + W2r + n2Z, z = l^X-\-m^Y -{-nfZy 
where u' = a'X^ + b'Y^ + c'Z^ + 2 f YZ + 2 g'ZX + 2 h'XY ; 

then if 



a h g 

and A' = 

a! h' g' 


h b f 


h’ b' f 


9 f 0 


9' r 0’ 


it ivill be shown that 


A' =^(l^m^nffA. 


Proof. Substituting the above values of x, y, 2 in w and equating the 
coefficients of X^, YZ in the identity u=u\ we have 

a' = + bli + 0^32 + 2flj.^ + 2glJ^ + 2h\l^, 

f = am^rtri + bm^n^ + cm^n^ +/(^ 2^3 + m^n^ + h (m^n^ + m^n^ ), 

with similar values for the other coefficients. 

Now let Ai=aZi + A^ 2 +^? 3 , A 2 = AZj + feZg+/Z 3 , A 3 =^Zj ^yZg + cZg; 

and let {/ti,/^ 2 >/^ 3 )> (>'i> similar functions of the m*s and n'a 

respectively, then ^+ ^ 3 A 3 , 

/'= + W2V2 + ^ngVg = Mi/Xj + Wajag + ngjUg, 

with similar values for the other coefficients. 

Hence, by the rule for multiplication of determinants, 


h 

Ag 

h 


h 

k 

k 


a 

h 

1 

9 


h 

k 

k 

Ml 

M2 

Ms 

X 

m^ 

mg 

mg 

s 

h 

b 

f 

X 

mj 

W2 

mg 


^2 

^2 



Wa 

n^ 


9 

f 

c 


^1 

^2 

«3 


The function (^1^12^3) is called the determinant of transformation, and 
on account of the property just proved J is said to be an invariant of w. 

For the non-homogeneous function 

u = ax^ + 2 hxy + by^ + 2 gx + 2 fy + c, 
the corresponding homographic substitution is 

LZ + miFH-ni + + 

Z3X + TWg y + W3 * ^ l^X + m^ Y + W3 * 

Suppose that these values are substituted for x, y, and that we multiply 
by (l^X + mg Y + 7^3)2 to remove fractions. 

Denoting the result by u\ it will be seen that the coefficients a\ 6',... 
are the same as before, so that the result just proved continues to hold. 
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TWO QUADRATICS 


EXERCISE III 


In this exercise (a, ^)» (a , are the roots of 

u = ax‘^ + 2bx + c = 0, u'=a'x'^^-2h'x + c' = 0, where a, a' are positive. 

Also A =^ac-b^. A'= a'c'- b'^ K = ac' + a'c~ 2bb'. 

Other letters, as J, x^, Ai. Aj, have the same meaning as in the text. 


1. Determine the constants so that 

-4:x ~S = A {X -a)^B{x - b)\ x^ ■~2x - 5 = A'{x-a)^ + B'{x-b)K 


2. If a 

3. K w 


where 


prove that x — a is a factor of J. 
ax^-\-2bx + c, u'=a'(x-a')^, then u=A{x~Xiy-hB{x 

hoc'-he . {aa'-hb)^ 


- «')S 


X, = - 


aa' + b* 


A = 


act^ + 2bct' + c 


B = 


ac-b^ 

act^ + 2hoL + c 


4. Referring to Art. 7, show that 

(i) - a'c') (a - A^a') (a - A^a') == {ab' - a'by. 

(ii) If 6'2<a'c' and b^<ac, then Aj and Aa are both positive. 

(iii) If b'^<a'c' and b^>ac, Ai is positive, (Ai>Aa) and A* negative, 
[(ii) a, a% c, c' are positive and (ac'+ a'c)® >4aca'c'> 46*6'*.] 


5. Draw the curve represented by 


(x-2)(x-3) 
(X- l)(x-4)* 


[The interval (2, 3) is within (1, 4); but a/a' = 6/6', so that one turning value is 
at 00 ; also 

_ 2 dy _ 2(2x-5) 

^ ^ X* - 5x 4* 4 ’ dx X® - 6x + 4 * 


Hence, x = 2-6 gives a turning value. There is no real point of inflexion.] 


6. Draw the curve represented by y = 


(x-l)(x-3) 

(x-2)(x-4) 




[The intervals (1,3), (2,4) overlap, /. y has no turning values. Also^ isalways 

ax 

negative for (a6') < 0. There is one point of inflexion lying on the line 2x + 4y=7.] 

7. If p = (aj3, a'j8') where (a, )S), (a', )3') are the roots of tt = 0, u'=0, prove 
that 


m)‘‘ 


8. Prove that 


(ac'4-a'c-266')* 
4(ac-6*)(a'c'-6'*)‘ 


»/®= -(J'u*-^ww'4-Jw'*) 

= (6'* - a'c') (m - AjU') (w - Aj«'). 


Hence show that if 6'*<a'c', then « - AjU' is negative and u-AjU' is positive 
for all values of x except x^ and Xj. 


[2J* = 


1 

-X 

X* 

• 

X* 

2x 

1 


0 

u 

u' 

a 

6 

c 


c 

-26 

a 


u 

2A 

K 

a' 

6' 

c' ' 


c' 

-26' 

a' 


u' 

K 

2A' 


0 
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9. Prove that 



hx + c 
h'x-\-c' 


Hence show that if J{a), J {P) denote the results of substituting a, )3 for x 
in J and w'(a), u'{^) have similar meanings, then 


J (a) u' (a) 

j{p)~ 


10. Prove that 

^.^{x^-a)iXi-tx')_{Xz-a){x^-a) {x^ - oc) {x^ - oc ) {a ~ a) iP' - a) 

^ (^*^1 - P) - P') “ i^z - P) (^2 -P'Y ^ ^ (^1 - P) (^2 - P) W - P) iP' - P) * 

[For(i), {Xj_X 2 ,ap')^{XiX^,poc'). For (ii). {x^<x'y aP) = (Xip% pcc)=-{x^p', Pcc).] 


11. If the homographic relation axx' + hx + cx' + = 0 is transformed into 

AXX' + BX^-CX' -\-D = (i 

by the substitutions x = {lX -\-m)l(l'X x' — {lX'-\-m)l{VX'-\-7n,'). 

prove that {i) B-C = {Im' - I'm) (6 -c). 

(u) (B + C)2 - 4^D = {Im' - I'm)^ {b + c)^ - 4ad}. 



BC — AD he’-ad 
{B-C)^ 


[ (i) Follows by direct substitution. (ii) If x=x', then X = X', and 
ax^-\-{b-hc)x + d=0 is transformed into AX^ + {B-\-C)X-\’D = 0.'\ 


12. If ax^+ 26a: + c = A{x-x^Y+ Bix-x^Y, 

u' = a'x^ + 2b'x + c'=A'{x~ x^Y -\-B'{x~ Xa)*, 

axx' + 6 (X + X') + c=0, and X = (x - x^)l(x - x^), X' = (x' - Xi)/(x' - x^), 

« ,..,A'X^ + B' A'X'^ + B' AB'-^A'B 

prove that (i) ^XX' + B=0, (u) . — —^ + 


AX^’\’B ^X'2 + B 


AB 


[By direct substitution; or thus: (XjXa, ap) and (xx', a.p) are harmonic, 
therefore, as in Ex. 10, (ii), 

x-Xi x'-Xj a-Xi p-Xi_ axi== + 26xi + c_ BjXj-x^)^ 

X - Xa ' x' ^2 ~ ~ a-xY P~Xz~~ aX 2 ^ + 2hXi + c~ u4(x2-Xi)2‘ 

13. If crxx' + 6(x4-x') + c=0, prove that 

a'x2 + 26'x + c' a'x'2 + 2&'x'’ + c'_ac' + a'’c-266' 
ax2 + 26x + c ^ ax'^ + 26x' + c ac-b^ 

[From the preceding, or thus : the left-hand side is equal to 

a'x®-4'26'x-l-c' a'x'^-\-2b 

X 




0X4-6 


ox 


26'x'4-c''1 
'4-6 J’ 


etc.] 


14, If ■o^ax®-|-2^xy4-6y*4-2<?x4-2/y4-c = 0, 

and X, y are expressed in terms of a parameter as in Art. 14, (3), prove that 

dx 2?y 
dX 0 4- 2hi 4- bi^ ’ 

[Use (L) of Art. 14, (3).] 


where ri—hx + by -f-/. 
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15. If b'^<a'c' and w = 


V 


then 


r y3:+g , 1 f , r (iy pf dy ] 

i^(X,-y^y Jv/( 2 /*-A,)/’ 

where A , B are constants and Aj, A 2 are as in Art. 7.* Verify the following proof. 
Let {mx + ny= XyU' -u = {Xi -y^)u't (m'x-hn')^ — u - X 2 u' = {y^ - A 2 )u'. 

Then we have J = ^a'c' - b'^ . (mx-\-n)(7n'x + n'). Also = 

y ax uu* 

Find constants .d, R so that j)x + q=B{mx-\-n) +A{m'x + n') \ then. 



{px + q)^u 
J 


'dy= ^ 

sJa'c' - b'^j + w m'x + n'/ 


Vt/*-As 


dy 



Three Quadratics 

In Exx. 16-25 Ui—aiX^ + 2b^x + Ciy U 2 = a^^ + 2h^~\-C2t «3 = a 3 a:* + 263 x 4 * 03 , 

Ji is the J of ttj* « 3 ‘ Also A^^a^Ci-bi^, 2K^ = a^c^-\-a^c^-2bJ}^^ withsimilar 
meanings for dg, 2 K 2 y etc. 

16. Prove the following identical relations. 


(i) Wj (0363) 4- U2 (0361) 4 - Ws{«i&a) = (Qi^sCa). 



1 -X X* 
a I 6j Cl 

a^ 63 Cg 

^3 63 C3 



Ui 

«a 

«3 


and therefore WiJi 4 -M 2 J 2 4 -« 3 J 3 = 0 . 

17. The condition that Mit= 0 , - 1/2 = 0 , 1/3 = 0 determine throe pairs of points in 
involution is (a, 62 C 3 ) = 0 . 

We say that three qxuidratics are mutually harmonic when every two of them are 
harmonically related. 


18. If for infinitely many values of x, 1 /, 2 , 

«i 2/3 + 6i{i/4-2)4-Ci = 0, a^ex 4-63 (2 4-a:) 4 -c* = 0, a 3X1/4-63 (x 4-y) +03 = 0, 

prove that in general Ki, are all zero, and therefore «i=0, w* = 0, 

Wa = 0 are mutually harmonic. 

resulting quadratic in x must vanish identically, and the 
coemciont of x is b^K^ 4 - b^K^ - biKi. This and similar expressions must vanish.] 

19. By multiplying the arrays on the loft, prove the identity on the right. 


^3 

1 

and therefore 



V(^3^3-A'i*)4- 



ai 

> 


A, 

A, 

«1 



A', 


A. 

Us 

^3 


A. 

A. 



1 



u. 

«» 

0 


4" 2i/3i/3(Ar3A3 — AiKf) 4“ 4" 



• From GreonhiU's Co/cuiiw. 
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20. (i) If the three quadratics Wi=0, ^ 3 = 0 , are mutually harmonic, 

then 


u 


u. 


u 


^2 ^3 

(ii) Conversely, if u^, Ua a-re connected by an identical relation of the 
form 

+ rw 3 ^= 0 , 

the three quadratics are mutually harmonic. 

[These follow at once from Ex. 19.] 

21. If ui=aix^ + 2b^xy + Ciy\ Uz=a2X^ + 2b2xy + Czy\ W3=«3^^ + 2M2/ + C3V% 

and these are transformed into Ui = AiX^ + 2BiXY + CiY^y etc., by the 
substitution 

x = lX + mY, y = VX + m'Y, 

then — )*(ui& 2 ^' 3 )* 

[For {A^B^)X^ + {A^C^)XY + {B/):,)Y^ = {lm'){{aJ>^)x^ + (a^c^)xy-]r{b^c^)y^}\ 

A^i^B^C^ + CAAa^:^ — ^B-y . "S'(-^2^*3) 

= (Zwi^)®[(l 2 ( 62 C 3 ) + Cj (tt2&3) 26^ . ’2 (^ 2 ^ 3 )]*] 

22. Show that (<ix'^-\‘bx + c)l{cx^ + bx-k-a) is capable of aU real values if 
62>(a + c)2. 

There wiM be two values between which it cannot lie if 4ac< 6 *< (a + c)*, and 
two values between which it must lie if 6^<4ac. 

23. If r^—x^ + y^ where x, y are connected by 

aa:2 + 2Aa^ + 62 /* = l, .(A) 

prove that the maximum and minimum values of r are given by 

[This gives the lengths of the semi-axes of the conic represented by (A). 

1 ^ * az 2 + 2 Az + 6 

Let r» = -, 2 =-, then i = .] 

24. If r 2 =a :2 + y 2 + 22 T^here x, y, z are connected by ax^+ by^ + cz^ = 1 and 
lx-\-my-\-nz—Qy prove that the maximum and minimum values of r are given by 


— 1 

b- -1 C--L 


= 0 . 


25. Prove that the conics 

aa;* + 2Aa?j/ + 6t/2 = l, a'x^^2Wxy + h'y^ — l 
hs^YO a CODHHOD pfl^ir of conjugate diarincters^ aiid fcli&t tlio OQ^ufttion to tlisso linss 

{ah' -a'h)x'^ + (ah' - a' 6 )a:y + (A 6 ' - A' 6 )y’‘= 0 . 

[The equations to the conics can be put in the form 

AX^ + BY^^ly A'X^-\-B'Y^ = Y'\ 


IS 




CHAPTER III 

DOUBLE SERIES 



1 . Double Series. An array of terms such as the following is 
called a double series. 

®11 ^12 ®13 • 

+ ®2l ^ ®22 ^ ^23 • 

-f 031 + ^32 + ^^33 + • • • 

+ . 

The array is supposed to extend to infinity on the right and below. 
The nth term of the mth row is denoted by and the series by 

Suppose a rectangle to be drawn so as to contain just the first n terms 
of the first m rows, and let the sum of the terms in the rectangle be 
denoted by If 7 n = n, the rectangle becomes a square, and the sum 

of the terms in the square is denoted by <y„, so that 


2. Definition of Convergence of a Double Series. If there 
is a fixed number s such that 

I ^mn - ^ 1 provided only that m>fi and n>fx, 

where e is any positive number however small, and ^ is any positive number 
however great, then is said to be convergent, $ is called its sw?n, and 

we shall write = s. 

It is important to observe that m and n are supposed to tend to infinity 
independently, in any way whatever. 


3 . If Ea^^ and are convergent double series with sums s and i 

respectively, then i 7 (a„,„ + 6 ^„) and are convergent, and ihw 

sums are s-}-t, s-t respectively. 

For let be the sums of the first n terms of the first m rows of 

respectively; then for sufficiently large values of ?n, n. 


therefore 


|Smn-sl<i€ and | 

1 (^mn 

and the result follows from the definition in Art. 2 . 



4 . We shall now consider processes of summation whore a restriction 
is imposed on the way in which m and n tend to infinity. 
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(]) Sum by squares. The terms of can be arranged to form the 

single series 

(®21 ®22 ^ 12 ) (®31 ^32 ®33 ^23 ^is) + • • • ) .(■^) 


in which the nth term is the sum of the terms of the double series between 
the (n- l)th and the nth squares, drawn as in Fig. 18. 

The sum of the first n terms of the series is or„, the sum of the terms in 
the nth square. 

If o-„—>o-, then (A) converges to the sum ct, which is called the sum 
by squares of 


Fig. 18. 




Fig. 19. 


(2) Sum by diagonals. The terms of can be arranged to form 

the single series 

dll + (^21 + ^12) + (® 3 i ^22 + ^13) + ■ • • J . . (B) 

where the nth term is the sum of the terms between the (n-l)th and 

the nth ‘ diagonal,* drawn as in Fig. 19. 

The sum to n terms of the series (B) is the sum of the terms cut oS by 
the nth diagonal. Denote this by <?„; then if d^->d, the series (B) 
converges to d, which is called the sum by diagonals of I^a^nn- 

(3) Sum by rows. Suppose that the series formed by the terms in the 
first, second, third, ... rows of Za^^ converge to the sums r^, rg, rg, ... 
respectively. 

Suppose also that the series ?‘i + ^'2 + ^3 + ••• converges to a sum r. 
Then r is called the sum by rows of .27a„„. Thus r^=I^n=i<^mnt 

sum by rOWS = i7m=r — ^mn* 

m-^co n—^00 

(4) Sum by columns. Suppose that the series formed by the terms in 

the first, second, third ... columns of I^a^n converge to the sums Cj, Cg, Cg, 
... and that the series 01 + 03 + 03 + ... converges to a sum 0 . Then c is 
called the sum by columns of and 

sum by columns = 2'”=f = i7m=r«mn=l™ lim 

n-»-Qo mr^oo 
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DOUBLE LIMIT 


On account of the restriction put upon the way in which m, n are to 
tend to infinity in (l)-(4), the sums so obtained (if such sums exist) may 
be different from one another. 


Ex. 1. Consider the double series in the margin^ where 
a„„=+l or -1 according as n = 7u + l or m -1 and 
a^^=0 for every other n. 

Here sum by squares =0, sum by diagonals =0, 

sum by row3= 4-1, sum by columns = —1. 


0 + 1 + 0 + 0 + 04 *... 
— 1+0 + 1 + 0 + 0 + ... 
+ 0 — 1 + 0 + 1 + 0 + .,, 
+ 0 + 0 — 1+ 0 + I+ ... 
+. 


Ex. 2. Consider the summation by rows and columns of the double series 

1+ X + xY|2+ , 

+ 1 + (2x) + (2x)2/ [^+ (2x)»/ [^+... , 

+1 + (3x) + (3x)71^+ (3x)a/ [^+... . 

+ . 

Sum by rows = + + +... =e^/(l - c^), if i.e. if x<;0. 

The terms of tho first column form a divergent series, and summation by columns 
is impossible. 


6. A Double Limit, The summation by rows or columns is an 
instance of a * double limit.^ Here is a function of two independent 
variables w, n. In such a case it is important to notice that the operation of 
proceeding to a limit with each of the variables is not necessarily commutative. 

7n 


For example, if Sj^n — 


m + n 


y then bm = lim 


fnn 


= 0 ; 


7 n —>-00 


n—>oo 


therefore 


lim lim —1 = 


n—>cc m—►CO 


m—►oo n—^00 


Double Series of Positive Terms 

6, If is a double series of positive terms which has a sum s by 

squareSy then the series is convergent and its sinn is s. 

For all values of m and 7i, lies between o-„, and o-„ unless w = n, and 
then Sm„=or„. 

Let m and n tend to infinity independently in any way; then by 
hypothesis and Therefore ls„„-s|<€ for sufificiently 

large values of m and n. Hence is convergent and its sum is s. 

7. If is a convergent double series of positive termsy then any single 

series formed by some or all of the terms of is convergent. 

Let s be the sura of Sa^f^y and let be the single series: then since 
every « is an a, + U 2 +... 

Therefore Eu^ converges to a sum<s. 
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DOUBLE SERIES OF POSITIVE TERMS 

8. No derangement of the terms of a convergent double series ^a^^ 
'positive terms affects its convergence or alters its sum s. 

Using Art. 6, tliis follows from tlie corresponding property of single 

series. 

For, summing by squares, Ua^^ is transformed into the single series 

®11 (^21 ®22 "*■ ^12) (®31 ^32 ^33 ®23 ^is) . 

This series converges to s. Also, if the brackets are removed and the 
terms rearranged in any way, the resulting series also converges to s. 
Hence the new double series is convergent and its sum is s. 


9, If Ua^n of positivc terms such that 276,„„ is 

convergent and every term in 27a„j„^<6e corresponding term in 276„j„, then 
2a^n is convergent. 


If we transform each of the series into single series, as in summing by 
squares, and remove brackets, the theorem follows from Art. 6 and 
the corresponding property of single series. 


10. If 27a„j„ is a double series of positive terms which has a sum s 
squares^ then it has a sum s by diagonals and conversely. 

To sum 27a„j„ by squares, we transform it into the single series 



ttii + (0521 + ®22 + ^12) + (*^31 + ^32 + ^33 + ^23"*" +.(■^) 

To sum it by diagonals, we transform it into the single series 

®11 (^21 + ^ 2 ) ■*" (^31 + ®22 "*■ % 3 ) . 

If the brackets are removed, the series (A) and (B) only difier in the 
order of the terms. 

Also all the terms are positive : hence if either of the series converges 
to a sum $, so does the other. 


11,^ Sa^^ is a double series of positive terms which has a sum s by 
squares, then it has a sum s by rows and conversely. 

(1) Suppose that Ha^^ has a sum s by squares, so that On-^s. 

By Art. 6, 2a^^ is convergent, therefore by Art. 7 the series formed by 
the terms in any row converges to a sum That is to say, lim 

exists and is 

Again, because 27a„j„ is convergent, for sufficiently large values of m 


and n, s-s^n<€. Also s^n<^Um therefore 


'mny 


n—>-00 


s-e<lim s^n^s for m>/i 


n—*-00 


Hence Hm lim 5 ^^ = $, that is to say, ^cimn ^ sum s by rows. 


>00 n—>00 


s 
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ABSOLUTELY CONVERGENT DOUBLE SERIES 


(2) Suppose that has a sum s by rows, eo that 

lim lim Smn = ^- 

m —>-00 

Then 

n—>co 

Therefore o-^->a limit s' as m-^oo , and by (1) it follows that s' = s, 

12. In Theorem W, we can replace * rows ’ by ‘ columnSy' the proof being 
precisely similar. 

13. Thus if a double series of positive terms can he summed in any one of 
the four ways described in (4), then it can be summed in the three other ways. 
In every case the sum is the same and is the sum of the serieSy which is con¬ 
vergent. 

Absolutely Convergent Double Series 

14. The double series is said to be absolutely convergent if S\ | 

is convergent. 

15. If I^ajjyn absolutely convergent double serieSy then it is convergent, 

For o„,„ + |o^„l =0 or 2 a„,„, therefore +1 a„„ |) is convergent, 

for its terms are ^0 and are ^ the corresponding terms of 272] 
which is convergent. 

And by Art. 3, since 271 | is convergent, so is i7a„„. 

16. If i7a,„„ is an absolutely convergent double serieSy it can he summed by 
squaresy diagonalsy rows or columns. In every case the su7n is the samCy and 
this sum is the sum of the series. 

For let i:\aynn\^s and i7{(a„„ + | then by Art. 3, 

"t 1 ^mn 1) ~ I ®mn 1} 

that is, ZaJJ^y^=^s'-s. 

This is true if 27 denotes a summation by rectangles, squares, diagonals, 

rows or columns, s and s' being the same in every case, which proves the 
theorem. 


17, // 27a,„„ is an absolutely convergent double senes, then any single 
series formed by some or all of the ter7ns of 27a„,„ is absolutely convergent. 
This follows from Art. 7, for 271 a„,„ | is convergent. 


18. No derangement of the terms of an absolutely convergent double series 
effects its convergence or alters its sum s. 

For 27a^„ can be summed by squares and so transformed into the 
single series + (a^x + a^^ + + (a^x + ^33 + ^33 + ^23 + ^is) +... . 


MONTFORT’S TRANSFORMATION 



This series converges to a sum $. Also, if the brackets are removed, 
the series is absolutely convergent and its sum is unaltered by rearranging 
the terms : whence the result. 


‘[9. The double series is absolutely convergent if, for all values of 

m and n, la„„l<6„„, where Eb„„ is a convergent double series of 

positive terms. This follows from Art. 9. 


Ex. 1. Prove that if | 

i-q* i-q^ 

Consider the double series 

?/(l + 2) = 2 -2” +t -r +■•• 

9^/(1+2^) = 2^-2“ +2' -2”+--- . 
2®/(l+2') = 2‘-2'“ + 2“-2“ + -” 


(A) 

(B) 


The sum by rows is the left-hand side of (A) and the sum by columns is the right- 
hand side. These sums will exist and will be equal if the double series is absolutely 

convergent. 

In (B), replace q by where 9' = |2| and change every - sign to -I-. Thus we 


get the double series 




For this series, 


o' . 9 ^® , 

sum by rows =■=-■. + ^~ 


(D) 


1 - 5 ' ' ■ 1 - 3 ^® 

If q'Cl, then (D) is convergent (by d’Alembert’s Test); hence (C) is convergent, 
(B) is absolutely convergent, and the result follows. 


Ex. 2.* Montfort’s transformation. If «!, are all positive a-nd Zu^x^ ts 

convergent for | a:|<Cl» show that far suficiently small values of x 

Prove also that this certainly holds if — 1<C3^'*C'3* 


Let y = 


X 


\-x 


80 that x= 


y 


and 


Consider the double series 


(A) 


Vjy —Wiy*+ UiJ/®1)’* ^i!/ +••• 


(B) 


where the rows are the expansions of the successive terms of (A). 

• This transformation Is sometimes useful for changing a series into one which converges more 
rapidly. 
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COMPLEX DOUBLE SERIES 


Ifjarj<l and |y!<CIf the sum by rows of this double series is 
Next let y' = \y\, and consider the double series 

■>rU2y'^-^2u^^-\-... 

+ +... I . 



which is obtained from (B) by changing every — into + and putting y' for y. 

If j double series is convergent, for its sum by rows 

is the sum of the convergent series ^ >•©• if - 

the series (B) is absolutely convergent and its sum by columns is 
Also the sum of the terms in the nth column 


=(-1)"-V - ur > ua +u'r 1 )”-x) 


20. Complex Double Series. Let 2„,n suppose 

that and are convergent, their sums being s and t respectively, 

then we say that is convergent and that its sum is s + lU 

Further, we say that is ahsohUehj convergent when Z\z^n\ is 

convergent. In this case, and ^g^n cire absolutely convergent; for 

I 2^mn I < I 2mn | and | ?/,„„ | < ] |. 

It follows that Theorems 15-19 are true for complex as for real absolutely 
convergent double series. 


21. Substitution of a Power Series for y in 
(1) Theorem. If the series 

z = UQ + Uiy-\-u^^ + ,., , 2/ = Vo + Vi^ +V^ + ... , 


are absolutely convergent when | y | <5 ayxd ] x \ <a, .(A) 

and, ijin addition, 2/i = | Vq | -b | Vja; | +1 v^x^ ] -b ... <6, .(B) 


then z can be expressed as a convergent power series tn x. 


to 

in 


Proof. If I a:|<a, we can use the rule for the multiplication of series 

express y'^t y^, ... as power series in x. In this way we can express z 
the form of the double series 


«o +0 +0 +... 

+ MlUo +MiVjX H-MjVjXS +... 

+ M2«o“ + SuaUo^ia: + M2( V + 2U0V2) + ... 









SUBSTITUTION OF POWER SERIES 


in which, the Tth row consists of the terms in the expansion of u^y . 

double series has a sum z by rows. 

Again, let accents indicate absolute values or moduli, so that 

Ur' = \u,\, V = hrl. a:' = la:l. 


and consider the double series 


Uq +0 +0 + • 

+ Uj^'Vq +U-i'V2X'^ +• 

+ + < («i'^ + 2V^’2') + • 


+ 


• • 


47 

This 



obtained by accenting all the letters in (C). 

If yi<6, we can sum (D) by rows, the sum being that of y^. 
Therefore (D) is convergent and (C) is absolutely convergent. Hence (C) 
has a sum 2 by columns, that is to say, 2 can be expressed as a convergent 

power series in x. 


(2) The conditions of the last theorem being satisfied, itis required to 
find a range of values of xfor which the transformation is 'possible. 

Choose any positive number h<a ; then Sv^'k^ is convergent and 
consequently >0. Therefore we can find g so that k ^g for 

every n. 

Hence if x'dk, we have 





x'N” 

T.) 


Consequently 

yi=vf -\-vfx' +vfx'^-¥...<vf •¥g-^ |l 



Hence y^^vf + ,^^ —<6, provided that 

iC ~ 0/ 

x'(g + b~ VQ')<k (b - vf), 

where it is to be observed that 6 -'yo'>0. 

Hence the transformation is possible for every x in the interval ( - h, h), 
wJiere h=k(b-Vo')j(9 + b-Vo'). 

(S) Particular cases. If Vo = 0. the transformation is possible if 

\x\<kbHa + b). 

Again, if is absolutely convergent for all valves of y, b ftiay be 

as great as we like and we can put h = k. . • ’ui 

Now k is any positive number ^a, hence the transformation is possi e 

if lxl<a. 
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48 QUOTIENT OF TWO POWER SERIES 

22. Sum of the r-th Powers of the Roots of an Equation. 
Theorem. 7/ Sj. is the sum of the r-th powers of the roots of 


+ • • • + Pn = 

then s^jr is the coefficient of in the expansion of 

-log (1 +pyX-\-p^X^-^ + 7 >n^") 

in ascending powers of x. 

Proof. If a^, 02 , ... a„ are the roots, we have 

log (1 -\-p{x+p 2 X^ + ...) = \og (1 -aiX){l -OgO:) ... 

= log (1 -Oil) + log {1 -a 2 x) + ... 

( X? x'* \ 

= -(^Sia: + 52^ + *" +5r —+ '"^.(A) 

Also log (I + p^x-¥p^x "^...) 

= + •••) “ 2(Pi3;+P2^^ + ...)^+.(B) 

Consider the series 

ijPlX' -\-pfx'^+ ... +) + '^(PiV+^)2V2+ ...)2+ ... ..(C) 

where Pi' = | Pi 1, Pa' = 1P 2 1» • • •» = I ^ I • ^ positive number 

h such that p^'h + p^’h^ +... + p„'h’'<l. 

Hence if | x | <A, the series (C) is convergent, and consequently the 
series obtained by expanding the terms of (B) is absolutely convergent. 

Hence the series (B) may be expressed as a power series in x which must 
be identical with the series (A). Equating the coefficient of we have 
the result in question. 

Ex.l. If a + p=p andaP=q, provethat 

a” + ^=p”- p "-Y - ” L» 7- 5) pn->f + .... 

the general term being 

r ,,,.n(»-r-l)(7t-r-2)...(a-2r + l) 

--- pn ir^r 


n—1 n—I 


and the last term (-1) * npq * or 2(-g)®, according as n is odd or even. 

We have (1 “ot:c)(l-j9a:) = I-pa: + gx*, therefore (a”+^)/» is equal 
coefficient of a:” in 

x(p-ga:)+^a:*(p-yx)* + ...^ + . 


to the 


23. Quotient of Two Power Series. 

U /(3^) = Wo + MjX + W 2 a:^+... and <1 >(x) = Vq-}-v^x-^v^-\‘... where Vq^O 
and both series are absolutely convergent for y say, | x | <a, thenyfor suffidenily 
small values of x, f (x)/ <f> (x) can be expressed as a convergetU power series in x. 
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REVERSION OF POWER SERIES 49 


Let 


y — + 


• » • 


then we have 


;^=— .(A) 

^(x) VQ-^y Vq[ Vq VV J 

Since Vq + v^x + v^x^ + ... is absolutely convergent, for sufi&ciently small 
values of x, say for | x | <^, 

yi == '^1^' + V2x'^ +... <Vq, 

where accents indicate absolute values. For such values of x, 


Therefore the series in (A) is absolutely convergent; and, by Art. 21, !/</> (x) 
can be expressed as an absolutely convergent power series in x. 

Since the series for /(x) is absolutely convergent for | x ] <a, the 
product /(x). l/<l}(x) can be expressed as such a series if | xl<A<a. 


24. Reversion of Power Series. Suppose that 

2 /=aiX + 02 ®^ + a 3 X^+... , 

the series being absolutely convergent for | x | <a. 

A very important question arises : Can x be expressed as a convergent 
power series in y ? 

Let us assume that a; = 63 + + ... , 

the series being convergent for some value of y other than zero. Then for 
sufficiently small values of x, 276^" can be arranged as a convergent 
power series in x and 


X = + h-^a^x + [h^a^ + h^a^) x^ + (h^a^ + 262^102 + 63a/) x® +...; 

and, equating coefficients {H.A., XX, 20), we see that h^y h^y h^y ... 
determined in succession from the equations 


Thus 


6 = 0 , h^ay^ = 1 , hyCL^ + h^a^ = 0 , ... . 


If it can he proved thit this series is convergent for some value of y other 

thin zero, then this equality holds for sufficiently small values of x, and gives 
an answer to the question. 


25. Bernoulli’s Numbers. We define the numbers B,y Boy B 
as in E.A.y VIII, 8 , (5); so that ' ' 

^i=i; B^y B^y ... are aU zero; and B^y ~~B^y B^y ... 

are what are commonly known as Bernoulli's Numbers, 

We then have the following important theorem. 

D 


B.O.A. ir. 




50 


BERNOULLI'S NUMBERS 


Theorem. For sufficiently small values of Xy 


(A) 


Let z = xl{l-e-^)\ then if x^O we have 

1 X 

, = where y = _ 

If a positive number h exists such that 

h Iff Iff 

. 


(B) 


and if 1 a: 1 <A, then z can be expressed as an absolutely convergent power 
series in x (Art. 22). 

The condition (B) is the same as 

Y(e*- 1 that is e'‘-l- 2 A< 0 . 

h 

By drawing the graphs of y = and ?/ = I + 2a:, it is evident that the last 
inequality holds for small values of h. In fact, by //./IExercise XLIX, 20, 
it is true if /i = 1-260.* We may therefore assume that, if lx] <1-26, 

j^^=1+^x + 62 ^+...+ 6 ,^+.... 

/ x^ \ / x"^ \ 

and therefore x= 62 "• j j ‘ 

Multiplying these series (which are absolutely convergent) and equating 
the coefficients of x'’+^, 

bm b— 1 bf A I 

— - -LA- 1 -L:?-_= 0 

r 12 [2 2^2 13 ^ ^ 2^2 * 


and therefore + C 5 +^ 6,._2 1)*’ = 0.(C) 

If we change 6 ^, h^y 63 ,... into jBj, B^y B^y ..., we obtain equation (E) of 
11 .A.y VIII, 8 , (5), which determines the values of Bj, B^y B ^,... in succession. 
Hence = B^ for every r; which concludes the proof. 

It is convenient to use the symbolic 7iotatio?i of 11.A.y VIII, 8 , (5); thus 
equation (A) may be written 


_z_ 

l-e“* ’ 


(A) 


where B^^, is to be written for 5"' after expaymon. 

• It can be shown that the scries (A) is convergent U | a-l<2>T. See Bromwich, Theory ojInfinite 
Seriee, p. 234. 







SYMBOLIC METHODS 


5] 


Ex. 1. Use equation (A) to show that B 3 , B 7 ,... are all zero. 

^ 1 “2; 1, . , „ 1 

-*=- (-x) and 


We have 


1 -e-® 2 1 -e® 2 


Hence 


X 


— - B^x is an even function of x, so that no odd power of x can occur 


1-e-® 

in its expansion; that is, B 3 , Bg, etc., are all zero. 


Ex. 2. Show ihai 


=e^^-x 


e*-l 


(D) 


X X 

As in Ex. 1, ——- =- -which gives the result. 


e*-l 1-e-* 

In what follows, it is supposed that x has values for which the series in (A) is convergent, 

(i) Linear relations conTiecting terms of the sequence Bj, Bg, B 3 ... . If A; is any real 
number, 

= 1 + (A; + Bj) X + (A;^+ ^hB^^ + Bf) -rjj +..., 

If 

a result which may be written symbolically, e^^. e^x^ q{1c+B)x . 

Using this equation in connection with various identities, we can find a large number 
of relations connecting the B*s. 


Ex. 3. Show that 


Take the identity 


(B + A:)™ - (B + A: -1)"*=mA:™-^ 

1 11 


(F) 


t(l-t) 1-t 
Multiply by xlt^~^, and put t=e~^. Therefore 


gte. 


X 




X 


-=a»H 


l_g-x 

that is, g(fc4-B)x_g(A:— 

and equating coefficients of we have 

(A: + B)«* (A:-l+B)« 


\m 


\m 


m-1’ 


which gives equation (F). In particular, when A;=l, 0 in succession, 

(B + 1)™-B”*=jn, B™-(B-1)”»=0. 


Ex. 4. Brove that (2B + A:)”* + (2B + A: -1)”* - 2(B + A:)«*=0. 


,(G) 

(H) 


Take the identity 


1 t 
+ 


l-i* 1-^ 


=0 


Multiply by 2x/t^ and put f=e 


.fee. 


2 a: 




Therefore 
2x 




-2e^ 




1 _ e“*® ' '' 1 - e 

that is g(*+ 2 S)x^g(A:-i+ 2 B)a:_ 2 fi(*+-B)^= 0 . 

Equating coefficients of x^, we have equation (H). In particular, when h 
(2B)™+(2B-1)”»-2B”*=0, (2B + 1)”* + (2B)"*-2(B + 1)«*=0. .. 


= 0 , 1 , 


(I) 
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SERIES OF HYPERBOLIC FUNCTIONS 


26. Bernoulli’s Theorem. If 5r = I’' + 2^ + 3*'+...+w'’ where r is 
a 'positive integer, then 

(r + ]) +... + .(J) 

an equation which may be written symbolically as 

(r +1) iS, = (n + - B^+^ .(J) 

This has been proved in II.A., VIII, 8, (7). The usual proof is as follows. 

Since e*+ e^* + e^+ ...+e”* = n + iS,rr + 77 :+ ...+5,, we have 

* ^2 r 


(K) 


f+ 


„ ^ e”®-I c”* X 1 X 

‘ ^[2 1-e-^ X 1-e-* X l-e'* ^ ’ 

9 

Hence by equations (A) and (E), 

n + S.x + ^2 ^ + ' • • = " - - e^^, 

12 X X 

and equating the coefficients of x**, 

Sr {n + By-^^ B^+^ 

|r + l |f+ 1 * 

which gives equation (J). 

Note. Since SQ=n, equation (K) may bo written symbolically os 

€^^ = (c"*-l)/(l -€-»). .(K) 

where, after expansion, indices of powers of S are to bo elianged into suffixes. 

27. Expansions of x cosech x, x coth x, tanh x. 

It is to be remembered that -Bi = ^ ; £ 3 , fig, ... are all zero, and fig, 
~^ 4 » ^ 6 » ~ ^8i Bernoulli’s numbers. Also the series denoted by 

e®* is convergent if ] x |<27r. (See Art. 25, Note.) 

From the identity , it follows that 


2 X 2 x 

X • —-= 2 •- 

_ e-^ 1 _ e-x j _ g-2x» 

therefore x cosech x = 2e^^ - . 

where |2x|<27r, that is |x|< 7 r. On expansion this gives 

a:cosecx = l -2(2-l)Ba^-2(2*-l)B.^-... 

j ^ j ^ 


(L) 




(L) 


where | x ] <7r. 
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, . e® + e“® 2a:e® 2x 

& > e® - e“® e® - e”® 1 - 

therefore a: coth x = e^-^® — a;, .(M) 

that is, a: coth a: = l+ 2 ^^ 2 ^ +•••••• > .(^) 

where | x | < 77 -. This equation may also be written symbolically 

X coth X = cosh 2Bx .(M) 

12 1 

Finally, using the identity :j-= --^ - --, we have 

1 ^ i 1 ~ ^ 1 ~ ^ 

2a? 4a? 2x 

^ e® + e~® 1 + e~^® 1 — e“^® 1 — e“^®' 

Therefore x tanh x = e**^® - — x .(N) 

Expanding and dividing by x, which is not to be zero, 

+ 2^'(2^--1)B^,^ + ... .(N) 

'TT 

where |4x|<27r, that is |a7l<-jr. 

28. Expansions of x cosec x, x cot x and tan x. Since 

cosec x—c cosech ix, cot x~i coth ix and tan x—- tanh ix, 

c 

these expansions may be obtained by putting ix for x in (L), (M), (N), and 
since ] ia: | = | a; |, we have 

X cosec x=l+2(2-l)B^^-2(2^-l)B^^ + ... 

+ (^ l)-i. 2 _ 1) B,, g +... , .(0) 

when I X | <7r. 

a: cot * = 1 - 2^B, ^ + 2*5, ^ + .(P) 

when I X ] < 77 , 

tan a: = 22(22 - 1)52-| - 2*(2* -1)5, .. . 

+ ( - l)r-122r(22r-l _ 1)5 .(Q) 


when I X I <-. 
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FORMAL USE OF OPERATORS 


Substituting the values of ... , these formulae give 

^— = 1 + + + (-7r<x<7r), 

sma; 6 360 15120 




« • 


(-7r<iC<7r), 


X 1 2 , 17 , / 7 T 

tan x = x + ~a^ + — :x^ + —- x’ +... ( -7r<x< 

3 15 315 V 2 


!)■ 


Euler used the last two aeries to calculate values of tan x and cot x 
to twenty places of decimals. 


29. Formal Use of the Operators E and d in Infinite 
Series. Many interesting results can be obtained by a purely formal 
reckoning in which the symbols E and A are supposed to obey the laws 
of algebra and the question of convergence of any infinite series which 
may occur is disregarded. 

Of course, results so obtained cannot be accepted without further 
investigation. It is often easy to give an independent proof. 

As an example, we give Cayley’s method of obtaining the theorem 
proved in H.A., XXIII, 4, Ex. 4. 


Ex. 1. If 


i ^ 

= 1 - Rji + Rj - Rj -j^ 4-... 


e<-l 


80 that ( - w the n-th number of Bernoulli, then 




Cayley'a Method. We have 


80 that 


Therefore 


and 


0 0* 

€<• ® = l+< and c*-l=:e<*»-c<'‘>=Je**®, 

[i 

e* = (l+J)e**° and <=log (1 + J)e* • 

-J_, log(^+^) ^i.r> 


and the result is obtained by equating the coefficients of 
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EXERCISE IV 


1. If by expanding the terms of 

1 + (2x - x^) + (2x - + 


(A) 


we form the double series 


1+0 +0 +0 +... ^ 

+ 2x-x^ +0 +0+... 

+ 4x® — 4a;® + x* + 0 + ... 

+ 8x® - 12x* + 6x® - X® +... 

... 




where any row is the expansion of the corresponding terra of (A), for what values 
of X is summation possible (i) by rows, (ii) by columns, (iii) by diagonals. 

Verify that all of these ways are possible if the series 

1 +2x —x® + 4x® -4x®+ x* + , .(®) 


obtained by expanding (A), is absolutely convergent. 


2. Prove that the double series 

27x"* 2/” = 1 + x +x® +x® +... 

+ y+ary 

+ 2/2 + xy 2 + xy + x®y® +... 

+ . 

is absolutely convergent if | x | < 1 and | y\ < 1, and find the sum. 

3. If for every m, n, \ | < k where A is a positive fixed number, prove 

that the double series Ea^^x^y^ is absolutely convergent, provided that | x | < 1 

[For^if^l X |=x' and \y\=y\ by the last example Ex'^y'^ is convergent. 
Now use Art. 9.] 


4. If lx|<l, prove that 


x 


X 


+ 


X® 


+ ...=x 


1+x . 1 + x® 

+ x*^- -^-{-x 




1-x 1-x® 1-x® 

[Prove that each side is equal to Em=i 


l-x 1-X® ■ 1-X® 

7n—CO v’W=co^mn 


1+x* 

l-x* 


+ 


• • • 


5. If lxl<l, prove that 

a: + + (ija:’+ ...+ 4 *"+ •••. 

l-x l-x® l-x® 

where is the number of divisors of n (including n and 1). 

[The double series 

x + x® + x® + ... 


+ x® + x* + x® + ... 

+ X® + X® + X® + ... 

+. 

is absolutely convergent, and its sum is the sum of the series on the left. 
be any divisor of n and let n=pq. If the term x” occurs m both e 

rows xP + x®P + ... and x«+x®« + .... But if p=q, these rows are identical. 

Hence the number of times which x” occurs in the double series is d^.] 









56 


DOUBLE SERIES 


6 . If m, n have independently the values 0, 1, 2, , find conditions for the 

absolute convergence of the double series 


m + n 


2*4 


m 




; 


and under these conditions find the sum of the series. 


7. If I 7 |< 1, prove that 


(i) 


(ii) 


\ q q 


l+q l+g® 1+g 


a 1 

+ . . . — 




\-q 1 - 3 ® 1-g 


... y 


+ 


+ 


( 1-^)2 ( 1 _^) 


2 


1-3 1-3* 1-3* 


g(l+g" ) , g"(l+g‘) , gMl+g*°) , _ 

‘ ' (i-?T (i-?T 

[These are ‘ q series * of Elliptic Functions.] 


? , 3j» , 6g» , 


1-3* 1-3* 1-3 


10 


8 . Provo that 


1 

-4- 


1 


-f 


1 


z x{x + \) a;(a:+l)(a: +2) 

[Use the identity 

1 1 fl ^ 

= — J--C? 


+ 




1 1 


+ 


1 1 


yz U^x+1 |^a: + 2 


• • 


1 


+ C2 


1 


-...+(-i)"C8 


I 

”x + nj 


z{x-\-\) ..,(x + n) |n [x * a;+l ‘ * x + 2 

to arrange the left-hand side as a double series. Prove that the double series is 
absolutely convergent. The right-hand side is the sum by columns.] 

Note. This may have been discovered by a formal reckoning such as the 
follo^ving. Denoting the left-hand side by L and the right-hand side by J2, 

/ J* \ 1 1 1 


and 




9. If y>0, show that 

(i) ^ 


-f- 


+ 


1.2.3 


(ii) 


2 / + 2 {y + 2)(y-f3) (y + 2)(f/-t-3)(y-f4) 

1 1 1.2 


-f ... to 00 =- . 

y 


+ 


+ 


1 


2/(’/+l) y(y + \)(y + 2) y(y+l)(y + 2){y + 3) 
(iii) Honco show that if a:>0, 

1 1 1 1 1 [2 


-h ... to 00 =-; . 


1 

—; + 


+ 


X* (x+1)* (x-1-2)* 


. 1 1 
+ ...= — 4 - — 


4- 


• • • ♦ 


X 2 x(x4-l) ' 3 x(x4-1)(x4-2) 

[Convert the left-hand side into a double series by putting y~x, a;4* It 

x4 '2, ..., in (ii). Explain why the double series is convergent, and that its sum 
by columns is the right-hand side.] 

(iv) Hence find to five places of decimals the value of + 


• • • • 
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10. The double series 27( - 1)"*+” * — 
columns and diagonals. 

[See H.A., XX, 24, Ex. 1.] 


converges to the sum (log 2)* by rows, 


11. If 0<^3<i, the double series Z'(-l)”*+" 


columns to 


m'Pn'P 


converges by rows and 


( 


11 


but it has no definite sum by diagonals. 

12. Use the transformation of Art. 19, Ex. 2, to show that 




X 


X 


2 ^ X ./ X 


l-x 


+ 12 


l-x 


+ 6 


l-x 


13. If U{-l)^-H^J^ is convergent, show that 

1 ^ A ^ AZ. 

Ui - ^2 + ^3 “ ••• “2 2 ^ ” *** 

[In Ex. 2, Art. 19, put a:= — 1, and use Abel’s theorem.] 


14. Given that ^ = 1 “^+^— « + ■•• » prove that 

4 6 o 1 

7r ^ 1 1.2 1,2.3^ 

2 = ^'*'3'^375‘^3T^'^"' 

[Use the last example.] 

15. Show that the sum of the series (a + 6)”* + (a + 26)^” +... (a + n6)”* may be 
written in the form 

[(a + 7i6 + B6r+^-(a+B6r+i]/(m + l)6, 

where, after expansion, the indices of powers of B are to be replaced by suffixes, 
and the numerical value of Bg is given by the expansion a;/(l — fi ®) = A 


li ■ 

16. If Sr=F + 2^ + ...+ra'- and N=2n + 1, show that Sr-i can be expressed 
as a polynomial in by the formula 

2»‘. r . Sr-i =2{N + Br-{N + 2BY- (25)^ 
where, after expansion, indices of powers -of B are to be changed into siififixes. 
Verify this when r = 3. 


X 


[If /(a;)=n + S^x + , by equation (K) of Art. 26, 

if. 


/(x) = 


MN-\)z_i q\Nx 


1 — 6 “® z JD 1 — 6 "®’ 

c2-e * 

Nz 

.Bx 


xf(x) = e» (2e*-®* - e-®*) - c 
Putting 2a; for x and equating coefficients of a;’’, the result follows at once.] 
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17. If a; has any value, the series 


^ 7/1+1 X (w + l)(w + 2) 

^ (2m+l)(2m + 2)' "* 


is convergent. Denoting the sum by prove that Urn jS = e®^^. 


m—>-30 


[Let fx = l{m and y = a:/2, then 

o_i I 1 + M y (l4-;x)(l+2jx) 

'■^I + m /2 [ J _‘^(1 + / x / 2 )( 1 + 2 / z / 2 ) [2 

Write this in the form 


1^1 • • • • 


V y* 

5=1 + (l+Ui/X + a2M*"l”**0T^ d- (1+61^ + 62^.®+ • •») To d* ••• 

ii Lr 


and arrange as a double series 


, y y® 

^ y , 

+ 0 + fjXl . ■ — 4* fib . p2 d" • • • 


Do the same things for the series 

o, . . 1 + M y'. (i + /x)(i+2,.) ^ 

‘ +1 - W2 ■ I r*" (1 - ^/2)(1 - 2^/2) • [2 ’ 

where y'=| y | and prove that S' is convergent. It follows that the double 
series for S is absolutely convergent, and may be summed by rows. Therefore 

5 = rod-r,^ + r2/i®d-... , 

where ro = €i' and r^, rj,... are convergent series. Hence lim 5 = e*'.] 

n^o 



CHAPTER IV 


UNIFORM CONVERGENCE 


1, Series whose Terms are Functions of a Variable x. 

Such a series will be written in the form 


u^(x)u^(x)+ UJ^{x) . . 

The sum to n terms will be denoted by 5n(a:), the sum to infinity (if it 
exists) by 5(x), and the remainder after n terms by Rn(^). 

Suppose that the series converges for all values of a: in a certain interval. 

Further, suppose that the terms of the series are all continuous functions 
of X in the interval. 

The qicestion arises as to whether s (x) is necessarily continuous. 

For any given value of n, 5„(x) is continuous, for it is the sum of n 
continuous functions. But s{x) is not the sum of a definite number of 
terms of the series. Therefore we are not justified in assuming that s(x) 
is continuous. Consider the following instance. 




nx 

nx + \ 


# 


Here 5„(x) is continuous in the interval where a is a positive 

number; also, if x is not zero, s(x)==lim 5„(x) = l, as w^co, but 
if X is zero, s(x) = 0 for 5 „(x) = 0 for all values of n. Therefore s(x) is 
discontinuous at x—0. It is useful to illustrate this graphically. 





Fig. 22. 


In Figs. 20, 21 the graph of i/= 5 „(x) = nx/(7W5 + l) is shown for w = 10 
and n = 100. It will be seen that as x tends to zero, y (although continuous) 
decreases very rapidly from a value nearly equal to 1 to zero. The graph 
of y=s(x)=lim wx/( 7 ix+1) consists of the point O and the line AR, 
omitting the point A itself (Fig. 22). 
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UNIFORM CONVERGENCE 


The discontinuity arises from the fact that s„(x) is a function of two 
independent variables n and x. 

In such cases it frequently happens that the operations of proceeding to 
the limit with each of the variables is not commutative. In this instance, 

lim lim s„{x)=:lim 1=1, but lim lim s„(x) = lim 0 = 0. 

n—*-0 n —>-00 »-0 n— 


Ex. 1. With regard to the series 

a: X X 

in'*‘(a: + l)(2x+l)'''(2a: + l)(3x + r)'^‘" ’ 

although every term is a continuous function of x in the interval 0 <x<a, the series 
converges to a sum which is not continuous throughout the interval. 

For Sj^{x) =:Tixj(nx +1); hence s{x) is discontinuous at ar=0. 


Ex. 2. If Rn{x) is the remainder after n terms of the series in Ex. 1, and x>0 
find the least value of n for which R^{x)<.e, 

We have 


E^{x)=s{x)^s^{x) = l- 


nx 


7wr + l na: + l* 


.*. H^{x)<€ if mc + l>i orif 
The required value of n is therefore the integer next greater than 


1 

X 



The value of n found in this example depends on x, and tends to oo as aj-^0. 
On this account, when x is small, the series is said to converge infinitely slowly. 


2. Definition of Uniform Convergence. What has been said 
in Art. 1 leads to the following definitions : 

(1) If for every value of x in a given interval 

lim 5„(x)=s(x), 

n~*to 

and if at every point of the interval a number m independent of x can be 
found so that 

I I <€ for 

where c is any positive number, however small, the function Sn(^) ^ 
to converge uniformly in the interval to the limit s(a:). 

(2) If the series 27M„(a:) converges for every value of a: in a given interval, 

and if at every point of the interval a number m independejU of x can be 
found so that 

I =1 m„+i(x) + w„^. 2 (x)+ ...tooo|<€ for n>m, 
the series is said to converge uniformly in the interval. 
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Ex, 1. With regard to the geometric series 1 + x + 4-... , 

(i) The series converges uniformly in any itUerval which lies entirely within ( — 1» !)• 

(ii) 2\rear the points x = ±l, the convergence is infinitely slow, and in an interval 
containing either of these points the convergence is not uniform. 

(i) Let -o<x<a where a is any positive number less than unity. Let | x \ =x\ 
so that xf <.a, then 

I 1 = 1 x«+i + ... to 00 1 

^ + to 00 

C.aP' +a”+^ +... to CO ; 


that is, 1 | <a"/(l - a). 

Hence i2„(x)<€ if a”<(l-a)€, that is, if n log a<log (e - ac). 
Since both sides of this inequality are negative, it is equivalent to 


n> 


log(€-a€) 
log a. 


If then we take to be the integer next greater than log (€ — 


/I rr 








B^{x)<€ for n'^m. 

Since m is independent of x, the series converges \iniformly in the interval. 

(ii) Lrf — l<;x<l. In this case we caimot choose a so that x'<;a<:l. As in the 
preceding, we have | (x) | x'”/ (1 - x') j and, if m is the integer next greater than 

log (e-x'€)/log x', then | i2„(x) |<« for n'^m. 

Thus the series converges, but infinitely slowly, near x = ± 1; for as log x 0 

and m-)-oo. And since m is not independent of x, the convergence is not uniform 

in the interval ( -1 ^ x ^ 1). 


3. Weierstrass*s Test. 1/ is a convergent series of positive 

terms and if for all values of n and for all values of x in a certain interval 

1 w„(a;) l<v„, 

then the series Zu^ (a:) converges ahsolutdy and uniformly in the interval. 

Proof. Because | Un{x) | and Zv^ is convergent, Z\ Wn(^) 1 
convergent, and therefore Zuj^{x) is absolutely convergent. 

Let Rn(x) and Rf be the remainders after n terms of Zun(x) and 

Zv^ respectively. Then 

1 i2„(a:) 1=1 w„+i(a:) +w„+ 2 (®) + I > 
and hence Wn+i(®) 1 +1 ^«+ 2 (^) I + *" ^^n+i + ^n +2 + ***^'^« • 

Because ZVf^ is convergent we can choose m so that R^ for 
therefore 

Rn{x)<€ for n'^m. 

Now m is independent of X, therefore Zu„{x) converges uniformly. 
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REAL POWER SERIES 


Ez. 1 . Theseries sinz + -^^3in2x + ~sin3x + ... converges absoliUdy and uniformly 

for all values of x. 


T i 1 • 

I* or I — sm 7ix 

n* 


^ and ^^2 convergent. 


n.' 


4. A Fundamental Theorem on Continuity. If, at every point x 

in a given interval, the series converges uniformly to a sum s(x) 

and if all the terms of the series are continuous functions of x at every point 
in the interval, so also is the sum 5 (x). 


Proof Let 5„{x) and denote the sum to n terms and the 

remainder after n terms of the series, so that 


5(a:)=s,,(x) + i2„(x). 


and x' so that 


'ndependent 


I <h* and 1 R,n(x') I de. 


where x and x' are any points in the interval. 

Again, is a continuous function of x, for it is the sum of o, fixed 

number of terms each of which is continuous. 

We can therefore choose rj so that 


I ^m(^) ) I if I X —I <^7J. 

From these inequalities it follows that 


I ^mW--Rm{a:') + «™{a:)-s„(x')| <e. 

Therefore | s(z)-«(*') | <e if |a:_a;'|<^. 

That is to say, s{x) is a continuous function of a;. 


6. Real Power Series. The series Xa„x'' converges absolutely and 
uniformly in any interval {-k, k) which lies entirely within the interval of 
convergence (—R,R), and its sum s(x) is a continuous function of x. 

Proof Choose h so that k<h<R. Then i; ] a„ | A" is convergent and, 
for every x in the interval ( - k, k), 

I I < I I • /»". 

Hence, by Weierstrass’s test, Sa^x’' converges uniformly and by Art. 4, 
s(x) is a continuous function of x. 

In considcnng the question whether s(a;) is continuous at either or both 
of the end points x^±R of the interval, we require the foUowing theorem. 


6. Abel’s Theorem. If Sa„ converges (though not absolutely) and 

0<x<l, tlwn I'm (ao + a,x + a,x= + ...tooo) = ao + a, + a, + ...tooo. 
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INTERVAL, OF CONTINUITY 

We have to show that lim {(1 -a:)ai + (1 —x^)a 2 + ... to go } = 0. 

x-*l 

Let be the sum to n terms of the last series, so that 

= (1 - + (1 - + .., + (1 - x ) a ^. 

Since 27a„ is convergent, we can find fi^ed numbers A, I such that, for 
all values, of w, 

l<C.O'n "t 1 "t • •. "t 

Also the sequence 

1 -x”, 1 ... 1 -Xy 

is a decreasing sequence of positive terms, for 0<x<;l. 

Therefore, by AbeFs inequality {H.A.y XX, 10), 

(1 - x”) Z«„<(1 - X”) A. 

Now, X is independent of w; and, as x—>1, we shall have after a 
certain stage, 

1 -xdkln^y 

where Jc is any positive constant, no matter how great n may be. Con¬ 
sequently 

0<1 - x”<l - (1 - A/n2)«. 

Also . Hm (I-A/n2)n=Um e-*=/« = e0 = l. 

n—►« n—►CO 

Therefore Z„->0, which proves the theorem. 


7. If 27a„x” converges at an end 'point of its interval of convergence 
{ — RyR), then this point h^ngs to the interval of contin'uity of its sum 5(x). 

For «o + (^) 

Suppose that the series converges to the sum s^ at x=i2, so that 


Ofl + otiiZ + 02-^^ + *" 

Then by AbeFs theorem, lim s(x) = 5i, showing that the point x = R 

x—*-R 

belongs to the interval of continuity. 

Similarly the point x= -R belongs to this interval if 27a„x” converges 

when x=-R, 

For example, log(l+a;) = x—^ 
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8. Multiplication of Series. The theorem of If.XX, 24, follows 
easily from Abel’s theorem. We have to show that if 

dn = + U2V„_2 + • • • + U^Vq 

and the series i7w„, converge {though not absolutely), then 

(Wq + + Wg + • - •) (^0 + ^2 + • • •) = + ^2 + • • • • 

Proof, The series Eu„x^, converge absolutely in the interval 

(-l<x<l), for they converge when x = l. Hence at all points in this 
interval, by II.A., XX, 22, 

{uq + u^x + + ...) (Vq + +...) =^0 + + ^2®^ + • •• ; 

and, by Abel’s theorem, since Xw„, Ev^, Ed^ are convergent, 

lim {uq + u^x + U 2 X^ + ...) = Wq + Wi + W 2 + ... . 

Similar equations hold for Ev^ and Ed^t and therefore 

(Wq + Ui + Wg + ...) (Vq + + ^2 + • • •) — ^0 + ^ * 


9. Differentiation of Power Series. 

{!) The sum s{x) of the infinite series 

Gq + ttjX + + ... +a„x" + ... 

has a derivative 5'(x) at every point within the interval (-if, I?) of con¬ 
vergence of the series and s’ (x) = Gj + 2^23? + ... + 7ia„x""^ +... . 

If x + A is within the interval (-7?, 7?), 

s (x + A) = a© + (^ + ^) + ^ 2 (^ + ^0^ +.(^) 

Transform the last series into the double series 


Gq *t* 0 +0 ... 

+ GjX H-a^A +0 

+ GgX^ + 2 g2xA + a^h^ ... 
+. 



Let accented letters denote absolute values, and consider the double 


senes 


a. 


+ 0 


+ 0 
w 

+ Cj X + Oj^ A’ +0 

+ G2V2 + 2a2VA'+G2'A’2 ... 


« • 


• • • 


> • 


+ 


(C) 


Summing the series (C) by rows, we obtain 

Gq + Gj (x + a ) + G 2 ’ (x’ + A’ 4*... . 

This series converges if x' + A’<72. 

Hence (C) is convergent and (B) is absolutely convergent if 

1 x| + | A I<72.(D) 
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With this conditioiij every column of (B) converges absolutely, and the 
sum by columns of the double series is 5 ( 0 : 4 -A). Thus 

s{a: + A)=5(x)4-A5i(a:)4-A^S2(a:)4-... , .(E) 

where Si (a:) = a^ 4- 2a^ 4- Za^x^ 4-... , 

S2(a:) = a2 H-SagX 4-6a4a:2 4-... , 


Hence 


5(0:4-^) “S(a:) 

h 




The sum of the last series is continuous in the interval ( - i?, i?), and the 
sum tends to 5i(a:) as A->0, therefore 

5(x 4’A) -s(a;) 


lim 


h 


= Si(x), that is to say, s'(x)=Si(x). 


Ex. 1. Show that the series 

Uf, + u^x 4 - u^x^ +... 4- +.(A) 

and + 2u^x 4 - Zu^x^ 4-... 4- 4.(B) 

have the same interval of convergence. 


It has just been shown that if (A) is absolutely convergent, so is (B). 

Again, | 1 | |, hence, if (B) is absolutely convergent, so is (A). 

This proves the statement in question. 


10. Higher Derivatives. Applying the theorem of Art. 9 to the 
equation 

s'(x)^a^-v2a^x + Za^x^-\-... , 

we infer the existence of the second derivative of s(x), and that 

5"(a;) = l , 2a2 + 2 ■ 3a3X4-3.4a4x2 4- — 

Continmng in this way, it is seen that the rth derivative s('‘l(x) exists, 
and that 


5(0 (x)= [r a,.4- 


r + 1 


r4-2 


ClmA^^X + 


• • • 


^ -r+1- • ^ 

= (a^ 4- CJ+^a^+iX 4 - Cl'^^ar+ 2 p^^ 4-...). 

Note that all these series are absolutely convergent in the interval ( — RyR). 


11. A particular case of Taylor’s Theorem. If at any point 
in the interval {-R,R) the function 5(x) can be expanded in a convergent 
series of positive integral powers of x, then 

s(x + h)=s{x) + ^s' (x) 

1 X 1 4-1 A I <R. 


A** 

4-t7;S"(x) 4-... 4'-j^S<’'>(x)4-... , 




provided that 
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INTEGRATION OF POWER SERIES 


For by equation (E) of Art. 9, 

where Sr{x) is the coefScient of in the expansion of 

aQ + ai{x-\-h)-{-... +aj.{x + hy + ; 


Sj.{x) = ttj. -\- Cl'^^aj.^^x + ... = 

and the theorem follows as stated. 




12. Integration of Power Series. If at any point of the interval 

${x) = aQ-\-aiX + a2X^-t ... +a„x" + ... , 
theny vnthin the same intervaly 


1 


1 


s (x) dx = a^x + - + ... + 

A <5 


1 


a..x 


n+r 


+ ... + C, 


■1 

n + 1 ” 

where C is independent of x. 

For the series a^-^^a^x^ + ^a^x^-^-... converges absolutely at any 
point in the interval; hence, denoting its sum by y, we have 

dy . 

^ = ao + ajX + a22:‘'-t... =5{x), 

and the result follows from Art, 9. 

Ex. 1. Gregory's Series. Using ian-^y to denote the angle tchose tangent is y and 
which lies beiivecn -77/2 and 7 r /2 or =7r/2, prove that 


+ when 

O t> i 

Let z = tan-iy, then w = tana: and “=soc* ar = l+ !/*; 

dx 


(A) 


dx 


dy l+y* 


= 1+ if -l<y<l. 


Hence, by integration, tan'i = + if -1<«<1. 

06 

Also the series is convergent when y = l, and therefore, by Abel’s theorem, the 
equation holds when f/ = l, so that 

^ 1 1 I I /T»x 

4“^ ~3^6~7^ . 

Note, For the evaluation of tt, the series (B) converges too slowly. Computers 
have applied equation (A) to such equalities as 

I = tan-‘1 + tan-> i + tan-‘i, (Dase) 

J = 4 tan-> ^ - tan-‘ ^ + t*n-> 1 ; (Rutherford) 

obtaining the value of tt to 200 and 440 places respectively. 

For further information see Encyc. Brit.y article on * Circle.* 
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THE SERIES 27® 

13. Values of S„=:^ + ^ + ^ + ... to co , for n=2, 3, 4, etc 

It is proved in treatises on trigonometry that, if | 01 < tt, 


TT‘ 






Taking logarithms, we find that 


Iog0-logsin0 = i7“^j^log(l -^) 




02 10 ^ 1 0 « 

” 1 ” -iv M A AK. ^ ^ • 



rV2 ' 2 7^77^ 3 T^TT^ 

This double series converges when summed by rows ; hence, since it is 
a series of positive terms, it converges to the same sum when summed by 
columns. Therefore it follows that 


$2 1 04 I 06 

log 0 -logsin 0 =- 2^2 + 2 '*’*** ’ 


(A) 


and thus, is equal to the coefficient of 6^^ in the expansion of 

T / 02 04 

The values of , can be found in terms of Bernouffi’s 

numbers in the following manner. From equation (A), by differentiation, 


r 02 04 

0 cot 0 = 1 ”2 |^^^2 + ^^4 + "* 


02n 


Son-\- 


77 


2 n^ 2 n 


1 . 

... , 


and, by Art. 28 of the preceding chapter, 

02 04 02n 

0cot0 = l-22B,-^ + 2^54^-...+(-ir22»B2„^ + .. 

hence, by equating coefficients, we find that 


S 


2n 


(_l)n- 122 n-l ^ 
" [ 2 ^ 


2n 


77 


2n 


No corresponding formula exists for the values of ^ 3 , S 5 , etc,; the 
first few of these, according to Legendre, are given in the table below. 

=1*036 927 755 14 

5, =1*008 349 277 38 =1*002 008 392 83 

= 1.000 122 713 35 

iSi7 = 1-000 007 637 20 


^3 =1*202 056 903 16 


= 1*000 494 188 60 
5,5 = 1-000 030 588 24 
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EULER’S CONSTANT 


14. Euler’s Constant. 7 /m„ = 1+^ + ^ + ...+--logw, 

^ O 71 

(i) as n->- 00 , u„-^ a constant y, known as Euler's constant.^ 

(ii) y=to5',2-2 !^53 + ^5S5 + y-^-S7 + ...j . 


The identity, 


3 5 7 2« + l 1 


1 *3'5"' 2n-l ’2n + l 


— 1, may be written in the form 


1 +l\ / 1 +J 


( 5 ^) 



= 2 tt +1 


Taking logarithms of each side, and observing that, as n tends to infinity, 
log {2?i + 1) - log 2n tends to zero, we have on expansion 

1 


2 ^-? {i + n (i/ + •••}- 2 n 


0 ; 


that is, 
where 




log 2, 

1 1 1 


m ^ f 1 1 1 1 1 

*■=1 \3.23r3 5’25r' 


+ 



Now, T is an infinite double series, which, when summed by columns, is 

*^3 H ^*1 *^6 "I" n 07 ^7 "I" • • * * 


3.23 


5.23 


7.2’ 


and this is obviously convergent; hence, since all the terms of T are 
positive, it converges to the same limit when summed by rows. 

Therefore w„->y = log^ 2-2r. 


Ex. 1. Calculate the value of y to ten decimal places. 

Observing that 

log3 = log(l+i)/(l-|) = l+2 +...}, 

and writing 8/ for {8^ - 1), we have 

y = l+log2-log3-2-|^3S,' + ^,S,' + ... toooj. 

The numbers, *$3', 8^\ .... when multiplied by the appropriate fraction, decrease 
very rapidly, and using the values of 5,^+1. given in Art. 13, wo have 

l+Iog2 = l-G93 147 180 66, log3 = 1 098 612 288 67, 

and 537(3.23) =0 008 419 073 63, 557(6.2^) =0-000 230 798 47, 

5,7(7.27=0-000 009 318 38, 5,7(9.2®) =0-000 000 435 86, 

and BO on ; from which it will bo found that, to ton decimal places, 

y = 0-577 216 664 9. 

•Another proof of (1) is given In fl.A., XIX, 9. 
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COMPLEX POWER SERIES 

15. Complex Series. The notion of uniform convergence is extended 
to complex sequences and series as follows. In the definitions of Art, 2, 
replace x by the complex variable 2 and for ‘ interval ’ read ‘ area in the 
2 -plane.’ Thus for the series whose terms are functions of the 

complex variable z {II.A. XVII, 29), we have the following definition. 

Ij ike series ( 2 ) converges for every value of 2 which is represented by 
a point in a given area A, and if at every point z in A a number m independent 

of 2 can be found so that 

1 J 2 „( 2 ) 1 =| w„^i( 2 ) + «„+ 2 ( 2 ) + ...toool<e for n>m, 

the series is said to converge uniformly in the area. 

With the alterations mentioned above, Weierstrass’s test for uniform 
convergence (Art. 3) and the theorem on continuity in Art. 4 hold for 
complex series. The theorem on continuity is as follows. 

//, at every point z in a given area, the series i7u„(2) converges uniformly 
to a sum 5 ( 2 ), and if all the terms of the series are continuous functions of 2 
at every point in the area, so also is the sum s ( 2 ). 

16. Complex Power Series. (1) The series Ea^z^ converges 
absolutely and uniformly in any area A of the z-plane which is entirely within 
its circle of convergence and the sum $ ( 2 ) is a continuous function of z in 
this area. 

For, let 2 be any point in A and let R be the radius of convergence. 
Choose h so that \z\<h <'R. Then E\a„\h^ is convergent and 
|a„ 2 ” [< 1 I A”. Therefore, by Weierstrass’s test, Ea^z^ is absolutely 
and uniformly convergent. Hence i7a„2” converges absolutely and uni¬ 
formly in the region A and 5 ( 2 ) is a continuous function of 2 . 

The question as to whether the region of continuity of 5 ( 2 ) extends right 
up to and includes points on the circle of convergence is considered below. 

(2) Let 2 o he a point on the circle of convergence of Ea^z^ at which the 
series is convergent, and suppose that z approaches Zq by moving along the 
radius Ozq, then lim 5 ( 2 ) = 5 ( 20 ). 

Let a„ = af (cos a -I- i sin a), 
and z^r (cos0 + i sin B), 
then Zq^R (cos^ -h i sin B) 
and {cos {nB + a) -h £ sin (nB a)} 

where m„ = cos (n0 + a) and = sin (nd+a). 
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CIRCLE OF CONVERGENCE 


Now, if rjR = \, Ea^z^ is convergent by hypothesis; therefore the real 
series i7w„, Ev„ are convergent, and by Abel’s theorem, 

lim Eo =EoUn and VnQ) 

therefore lim s{z) = Eq iEq Vn = s{zQ). 

2-*-Z0 

(3) If z approaches z^from within the circle of convergence in such a way 
that its path cuts the circle at a finite angle/^ then 

lim 5 ( 2 ) = 5( 2 q). 

Through 2 draw a circle with centre 0 to cut 
the radius Ozq at Zj. 

Because 5 ( 2 ) is continuous at all points inside 
the circle of convergence, we can choose rji so that 

I s( 2 )-s( 2 i) 1 <-|e if lz-2il<7j,; 

and on account of Theorem (2) we can choose 7)2 so 
that I 5(2i) ~s(Zq) I <^€ if 1 2:1 - 2o 1 <’? 2 ‘ 

Now when 2 is near 2 q, both [z-ZjI and are less than |z- 2 q|. 

(This is evident geometrically.) 

If the smaller of and rj 2 is denoted by 7 ), both of the above inequalities 
hold if I 2 - Zq I <7;. Hence by addition, 

I 5(2)-s(2o) 1<€ if I 2-2ol<TJ, 

therefore lim 5 ( 2 ) =s( 2 o). 

(4) Any point Zq on the circle of convergence of JCa„ 2 ”, cU which the series 
converges^ belongs to the region of continuity of its sum 5 ( 2 ). 

This follows from (2) and (3), it being imderstood that poirUs near Zg 
on the circumference of the circle do not necessarily belong to the region. 



17, Binomial Theorem, n rational, z complex. If n israiional 

and I 2 I < 1, the sum of the series 




+ 


n(n-l)... (n-r + 1) 

r 


2 ’“ + ,.. 


is the principal value of (1 + z)”. This is also fri/e, if \ z\=lj fioo cases: 

(i)ifn>0; (ii) if-l<n<0 and 2 :^- 1 , 

First suppose that ] 2 1<1. 

Let 2 = r(cos 0 +i sin and u = l +2 = /5 (cos ^ +1 sin ^). 


• This Is to exclude cases In which z, as it approaches fp, ultimately moves along the circum¬ 
ference, so passing through points at which the series is not necessarily convergent. 


CASE OF BINOMIAL THEOREM VI 

The point z is within the circle (0,1) and the point u is within the 
circle (1,1), so that 


- ^TT < ^ < \'TT. 

Thus ^ is the angle between 
\tt and \n such that 

r sin d 

Also p = (l+2rcos0 + r2)K 


Z 


A® 

t 

1 

% 

% 

O 

;1 

1 

» 



Fig. 25. 


Let 


n(n~l) 2 . 

f{n) = 1 4- wz H- ^ + • • • • 


Because 1 z 1 < 1, the series is absolutely convergent and, as m 
H.A., XXI, 3, for all values of m and n, 

f{m) .f(n) =/(m + n). W 

(i) Let n^plq, where p, q are positive integers, prime to one another. 
Then 


Hence /(-) is a ^h root of (1 + 2 :)^, so that 


/©= 


'q{ COS^-^^-+ t8in-^^-' 




q/ •^ \ q ? 

where p« is the real positive gth root of p”, and k is one of the numbers 

That k has the same value for aU values of z follows from the fact that 

the sum of the series denoted by /(f) is a continuous function of z. To 

/p\ 9.h'TT . 2k7T . 

find this value let 0=0 ; then ^ = 0 and /(-j = cos 

/^\ ^ ^ 


2k'rT . 2k7T -D,. 
-hi sin — . But 

mi ll {/XiLO Awv ^ j - I ^ \ ^ 3 

in this case /(?) is real and positive ; thus k=0. Hence, if 1 z ] < 1, 

P 




■« f COS — + i sm 


principal value of (1 + 2 )®. 


f($^H 

{ii) Let w=--. From equation (A), wehave /(-p •/(p=/(0) = l; 


therefore 




p «(cosif-isin^) = 




p ^ { COS 


(-© 


+1 sin - 


?)} ■ 


p 


which is the principal value of (1 +z) » 
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A PROPERTY OF BINOMIAL SERIES 


In considering the case when \ s | = 1, we note that 

(i) The sum /(n) of the series is a continuous function of z at all points 
within the circle of convergence. Also any point on the circle at which the 
series converges belongs to the region of continuity (Art, 16). 

(ii) The series converges at all points on the circle, if n>0; and at all 
points on the circle except the point z= -1, if - l<n<0 (H.A., XX, 21). 

(iii) The principal value of (1 +z)" is continuous for all values of z. 

Hence the result is that stated above. 


Ex. 1. // z = co8 0 +1 sin 0 where -7r<0<7r, then 

1 + nz + ” ^ ^ 2 ® +... = (2 cos (cos \n6 +1 sin 

Li 

1 6 

For the series is convergent, ^ = -0 and p = 2co9jj. 


18. A Property of the Binomial Series. //| 2 l<l and n 

15 any number^ the series 

ntn — 

.(A) 


y(n)==l + 


11 

can be arranged as an absolutely convergent poiver series in n. Consequently 
its sum f(n) is a continuous function of n. 

Proof. Transform the series (A) into the double series 


1 , 

0 , 

0 . 

0 . 


0 , 

m, 

- 

inz\ 


0 , 

0 . 

lnh\ 


0 , 

0 , 

0 , 


(B) 


the mth row containing the terms in the expansion of the mth term of (A). 
Now let 2 ' = | 3 |, »' = | n |, and consider the double series 

1 , 0 , 0 , 0 , 

0, n'z', 0, 0, 

0, ... h.(C) 


0, |n'2'2 

0, i-«'2'3 


V„'2,'3 
2" Z , 


in'h'\ . 


Summing by rows, we obtain the series 

1 + n'2' + 

\1 




which is convergent if 2 '< 1 , 
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LOGARITHMIC SERIES 

Hence (C) is convergent and (B) absolutely convergent, so that the sum 
of (B) by rows is equal to its sum by columns. Therefore 

/(w) = l+Cin + C2n^ + *.. , .(^) 

where Ci = z — — • •. > 

C2 = t2"-i(l + i)23 + i(i+i + l)24-... , 


and the series (D) is absolutely convergent for all values of n. Therefore 
f(n) is a continuous function of n. 

19. Binomial Theorem {continiced). If x is real and >-l, the 
principal value of (l+x)" is the real positive value of (1+x)", which is 

equal to 

This is a continuous function of w ; so also is f{n). Hence we can 
extend Euler’s proof, given in H.A., XXI, 3, to the case of a real index. 


20. Logarithmic Series. If -I<x<l, for all real values of n, 


1 +nx + 


n(n-l)^2 


+ ... 


= the principal value of (1 +x)” 

— ^n\oe (l+x) 

= l+nlog{l+x)+-jI{nlog(l +!)? + 


• « • » 


By Art. 18, we can arrange the first series in the form 

1 + c^n + + ... , 

and, equating coefficients, we find that 

log (l+x)=x-4x2 + ia:3-..- 
J{log(l+x)}2=Jx2-+ + + + 

and so on. 

These series converge when x = l, therefore, by Abels theorem, the 
results hold when x = 1. 


EXERCISE V 

1. If a is any positive number less than unity, prove that the function x" 
converges uniformly to zero as a limit in the interval (0, a). 

[Show that x"<€ if n> log e/log a.] 

2. Show that the function x« converges to zero in the interval 0 < x < 1, 

but that as X“>1 the convergence is infimtely slow. 






NON-UNIFORM CONVERGENCE 


3 If 5 (:i;) = lim x” where O^x^l, show that 5(x) is discontinuous at 
the point x = l. 


4. Illustrate Exx. 1-3 by drawing the graph 
of y = x" from x = 0 to x=l for the values 

2, 4, 60 of n. (Fig. 26.) 

nx 

5. If 2/=«nW = ;^5^1> 

prove that (i) the function 5„(x) converges to 
zero in any interval (a, 6). 

(ii) If the interval does not include zero, the 
convergence is uniform, but if zero is included, 
then x = 0 isapointof non-uniform convergence. 



(iii) For a given value of n, the maximum value of t/ is J and the corre¬ 
sponding value of X is 1/n. 

(iv) Draw the graph of 2 / = 'Sn{x) for 7i = 2, 4, 10 and x>0. Prove by 
graphical considerations that the convergence is not uniform at x = 0. 

[(i), (ii) Prove that | 5„(x) |<c if 


(1 + n'1-4c’‘). 

2£ I X I 

Hence show that if x is in the interval (a, 6), 
which does not include zero^ (x) < e for fi > m, 
where m is the integer next greater than 

k being the smaller of | a |, \b \. Now complete 
the explanations in (i) and (ii).] 



(v) Take any value x,, of x, however small. From (iii) it appears that as 
n-»-co , the peak of the curve = *^oves to the left of the ordinate through 
Xp. Hence it is impossible to find m so that |3„(x) |<€ for n>m and for every 
X in the interval (0, Xp). 

Therefore x = 0 is a point of non-uniform convergence. 


6 . If 


y = ^n{^) = -. 


71X(1 -X) 


?l*X*-l-(l -x)** 


(i) prove that 5„(x) converges to zero in the interval 0 ^ x < 1. 


(ii) Show that |5 „(x)l<c if «>2 ’ 


X 


1 -X 




(iii) If a ^ X ^ 1, where a is any positive number less than unity, show that 

1 1 -a 


|5„(x)|<€ if n>- 

Ze a 


(l + s'l-4«*), 


and that the convergence is uniform in the interval. 
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(iv) Explain why, in an interval including zero, x = 0 is a point of non- 
uniform convergence. 

Illustrate this by drawing the graph of y = s^ (x) for n = 2, 4, 10 and 0 ^ a; 1, 
and by considering the shape of the graph for large values of n. In doing this, 

prove the following : 

(v) For a given value of n, the 
maximum value of y is ^ and the 
corresponding value of a; is l/(n-l-l). 

(vi) Prove that lim - = 71 and 

n—^ 


Um ^ 

n —>-00 ^ 1 


n 



hence show that the curve cuts the ol-ti 
ar-axis at angles tan"^ n, — tan“^ 1/n 
at the points a;=0, a: = l. 

(vii) However emaU may be. we can find f but\hf 

curve hL a pLk of Lght i to the left of the ordmate through 


7. Prove that if 


^ _=l+aia:-f-a2a:2-f-a3a:3-i-... , then 

\px + gx"^ 

1 -H ?ja: + p^x"^ + S^jgar* 4- q^x^ 
\+axX + 2a2X^ + ^a^x^ + ••• = - (T+^xTgxT ' 


8 . If y = (^)” = a„ + a,x + a,cr= + ...+aX + -. ^^ow that 


(i) (l-a:‘‘)^=2ny; 


(ii) (r + l)ar+i-2na,-(r-l)a,_i-0. 


, _ „2 _i_ and bv differentiating twice, 

9. Assume that sma:=ao + ®i^ + *^ 2 ^ +•••* > j 

prove that 


a;® a;® 


sma:=a:-^4--j^----» cos a; = 1 --j^+ 


10. Using sin-> y to denote that angle whose sine is y, which Ues either 

between - W2 and W2, or is equal to W2, 


show that, if then 

1 y^ 1 

2 


sm-‘y = 2/+B-% + ^ ^^2.4.6 7 


3 1/5 1.3.5 y’ 

^ H-- • — + • 


[H y=sin a, then ^=cos a: = V (1 - 2/“). therefore 

g=(I_,,-i = l.ly5.|^y5-h... if 

Proceed by integration, and use Abel’s theorem.] 
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THE C + iS METHOD 
11. Prove the exponential theorem as follows. 


I 

lA;t A’(x) = l+a:+^ + ... , and show that (i) E{x). E{y) = E{x + y). 


(ii) If a; is a positive integer, ={-^(1)}® = 

(iii) If p, <7 are positive integers, E , 

(iv) If a: is a positive rational, E{ 


e*. 


= e-® 


(v) Consider the case of an irrational index. 

12. If -l<a;<l, show that 

cos 0-2x + x* cos $ 

(i) cos 9 + 2a: C03 23 + 3;.;= C03 39 + . ■ ■ = (i _ g;, co3 g + a;»)» ' 

. „ (1 - a:^) sin 6 

(ii) sin 0 +2x sin 20 + 3x* sin 3^+... =7j —x -r-—jr-* 

' ’ (1-2x cos 0 + x*)* 

[Denote the sums by C and S respectively, then if 2 = cos 0 + i sin 0 we have 

C + iS=z + 2xz^ + 3xh^ ... =2(1 ~xz)~*. 

Equate real and imaginary parts.] 

13. If -7r<0<rr, show that for all values of n, 

1 + n cos cos 20 ^ cos 30+ ... = (2 cos J0)” cos iti0, 


n(n-l) . 


ii 


n sin 0 + —- sin 20 + ^ sin 30 +... = (2 cos 10)" sin in0. 


[Proceed as in Ex. 12.] 


ii 


14. If 7?„ is the remainder after n terms in 

1 1 1 


— t:: + :ri + “ + ... 


13 ■ 2^ 3* 


then 


1 


1 


1 


2 (n + l)(« + 2) 
Hence show that — ^ + 

where c < 2.10~*. 


<^n<o 


2 (n - l)n 


1 


2.100.99 


— € 


15. Show that 




, 1 1 1 


where all values of r prime to 2, 3, 5, and 7 occur. 

[Multiplication of 5, by removes all multiples of 2, etc. Similarly 

for iSg, iS,, and so on.] 

1 


16. Show that 


where 


^ —2Jr=n}__ , _ 

' '■-'r* 4(n-3)(n-2)(n-l)" 

«„< 4/{n-3)(n-2)(n-l)n(n + l). 


— e 


n» 



CHAPTER V 


THE COMPLEX VARIABLE 

1, Variation of mod z. If z = x+iy, where a; and «/ are real 
variables, independent of one another, we say that z varies continuously 
when X and y vary continuously. If z varies continuously from a value Zg 
to a value Zj, the point z passes from the point z^ to the point z^ along a 

continuous curve. 

During this variation ] z ] varies continuously but, as will be seen m 
Art. 2, the variation of am z is not necessarily continuous. 

When the point z arrives at Zj, | z ] has the same value, whatever path 
z describes, but the value acquired by am z depends on the particular 

path pursued. 


2. Variation of am z. We require the following rule, which assigns 
a precise meaning to am z throughout any variation of z. 

Let Zq be the initial value of z, and let lXOz^B and lKOz^ — Bq. 
Let z describe a continuous curve which does not pass through 0, then 
varies continuously. Choose any particular 
value of am z ^; for instance, let 

am Zq = 2 A: 7 r + 

where A; is a fixed integer or zero, then am z 
is defined by ^m z = 2*77 + d. 

Thus in Fig. 29 if am Zq — and z moves 
from Zq to 2 ^ along the path am z^^6q + 
where <^=lzqOz^, 

But if z describes the path jB, moving once 
round 0 , = dp + ^ + 2 - 77 . 

Defined thus, am z is one-valiied and varies 
coniiniLously as z describes a continuous curve which does not puss 

K the point 0 is on the z-path, the value of amz undergoes a su en 
change equal to tt or — tt as z passes through 0. Thus amz is not con 

tinuous atO, v ^ ‘ 

If ^ is the increment of am z when z moves from Zp to z^, t en 9 is 

the increment when z moves back along the same path from z^ to Zp. 
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Description of a Closed Curve. If 2 describes a closed curve 
and returns to its original position, the value of am 2 is unaltered pro¬ 
vided that 0 is outside the curve. 

But if the curve is such that 2 moves m times round O, always in the 
positive sense, arn z is increased hrj 2rmT. 



Theorem. Suppose that an area^ bounded by a curve 5, is divided into a 
number of smaller areas bouyided by curves ... . Then the increment 

in am 2 when 2 describes the curve S is equal 
to the sum of the mcremenls in am z when 2 
describes the curves C,, all the curves 
being described in the same sense and none of 
them passing through 0. 

For if 2 describes B, C, ... each once, 
all in the same sense, it will describe S 
once and each dividing line such as PQ 
twice, namely once from P to Q and once Fio. 30. 

from Q to P. The total change in am 2 

due to the passage of 2 along the dividing lines is therefore zero, and 
the increment is the same as when 2 describes the curve S. 



4. Conformal Representation, In representing graphically the 
variation of a function Z of the complex variable 2 (H.A.y XVII, 29), 
it is often convenient to represent 2 and Z by points in different plaiies. 

If Z is a one-valued function of 2 and the point 2 moves along some curve 
in the 2 -plane, then the point Z will describe a corresponding curve in the 
Z-plane. 

Ex. 1. 7/2 = 2*, find the path described by the point Z in the following cases; 

when z describes (i) the circle with centre o and radius c, (ii) the line x=c. 




Fig. 31. 

(i) Wo have 2 = r(cos + i sin 0), 2 = r*(cos 20 +1 sin 20). 

If then r=c and 0 varies from 0 to 27r, tho point 2 doseribos the complete oiicle 
(0, c), and tho point 2 describes tho circle (0, c*) (imee. (Fig, 31.) 
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VAKIATION OF n-TU ROOT 

(ii) Let X+lY = Z=z^ = {x + ty)2, then X=x^-y\ Y= 2xy, 

If 2 moves so that a:=c, we have X=^c'^-y\ Y = 2cy; and eliminating y, we 

y2 

have Z=c2 - —, which is the equation to the Z-path. 

4c^ 



Fig. 32. 


This equation represents a parabola, focus at O, axis parallel to OX. (Fig. 32.) 


5. Variation of z”. As a typical instance consider the equation 
23 ^ where Z = R (cos ^ + i sin ^), 2 : = r (cos 0 + i sin ^). 

We have {cos 3<t )l sin 3^) = r(cos^ + isin0), i2 = r% <f> = SlS, 

where denotes the arithmetical cube root of r. 

Let z, starting from the point p where 6= -tt describe the circle (o, r) 
three times in the positive sense : then Z describes the circle (0, R) once. 




During the first description of the z-circle, 6 varies from -tt to tt, 
<l> varies from — tt/S to tt/S and Z describes the arc During the 

second and the third descriptions of the z-circle, Z describes the arcs P 1 P 2 


and P 2 P 3 respectively. 

Let a be any particular value of z of modulus r and amplitude a, the 
point a being on the z-circle. 

Mark the points which correspond to z as it passes through 

a after one and after two revolutions round o. These pomts are on the 
Z-circle, and their amplitudes are a/3, (a 4- 27r)/3, (a 4- 47r)/3. 






30 VARIATION OF n-TH ROOT 

The numbers A^, A^ are the three values of aK and of these 
is the principal value. Tlius the equation Z^ = z determines Z as a three- 
valued function of 2 : these values are called branches of the function. 

If 2 = r(cos 0 + f sin 0 where -■n'<0<7r, we may denote the branches 

of the function Z = 2 ® by Zj, Z 2 , Z 3 , where 

Zy = (cos 6/S + t sin 6/S), 

Z 2 = r^{cos { 27 t + 6)/S + t sin { 27 t + 6)/S}, 

Z 3 = r® {cos (477 + 6)/S + L sin (477 + ^)/3}. 

Of these, Zy is called the principal branch. 

Now suppose that 2 , starting from a, describes a continuous curve. 
Mark the points A^, A^, A^ corresponding to the values of a>, A^ being 
the principal value. 



Fio. 34. 



Fio. 35. 


The point Z will describe a continuous curve starting at A^, and 

(i) If the 2 -path does not contain o, Z will return to A-^ as in Fig. 34. 

(ii) If the 2 -path winds round o once (Fig. 35), Z will not return to Ai, 
but will finally assume the position 

Moreover, if the 2 -path continues through a, we shall have 

Z = r3 {cos (277 + ^)/3 + i sin (277 + ^)/3} ( —77<0^77), 

so that Z| passes continuously into Zg. 


A similar argument loads to the following conclusions. 

If n is a positive integer, the equation Z" = 2 determines Z as ajj n-valued 
function of 2 . 

If z~r(cos6-\- Lsin6) where -77<0<77, the 7i values or branches of 
the function are Z^, Zo, ... Z„, where 



1 


1 


cos “ (m - 1.277 + 0 ) + i sin “(?/»- 1.277 + 0 ) )* • 
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Each of the functions a continuous one-valued function 

of z. 

Further, if the z-path winds round the origin, each of these functions passes 
(^nhnuously into the next, excepting that the last passes continuously into the 


6. Variation of z^. Let p, q be positive integers prime to one 
another. Consider the equation Z^=z^, where 

Z = R(cos <f>-\- L sin <!>), z=r{cos 6 + t sin 0). 

Then (cos q<j>+ l sin q^) = r^ (cos pO + i sin pO) ; 

p ^ 

where is the arithmetical gth root of r^. 

Hence if 2 describes the circle ( 0 , r) q times, Z will describe the circle 
(0, i?) p times. 

By an argument similar to that in Art. 5 we conclude that if p, q are 

positive integers, prime to one another, the equation Z^—z"^ determines Z 
as a q-vaXued function of z. 

If z = r {cos 9+ Lsin 9) where - tt < ^ < tt, the q values or branches of the 
function are Z^, Zg,... Z^ where 

|cos ^(m- 1 .277 +^)0) + t sin ^(w-1. 27 r+, 

with conclusions similar to those in Art, 5 regarding the continuity of Z^, 

Z 2 ,, Z^, 


7. Variation of a Polynomial. Let Z=a(j + aj 2 + a 22 ^+...; 

then Z is a continuous function of 2 , and, if the point 2 describes a closed 
path, so does the point Z. 




Fig. 36. 

Variation of the Amplitude. Let 2 describe the closed path p, so that 
Z describes the closed path P. Such a path is called a contour. 


B.C.A. II. 
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VARIATION OF A POLYNOMIAL 


(1) If the path p of z neither contains nor passes throxigh a value of z for 
which Z = 0, the total variation of am Z is zero. 

For let Zq be any point within p, and let Zq correspond to Zq. Then by 
hypothesis, Zq is not zero, and because Z is continuous for all values of 2 , 
we can find -q so that 

\Z-Zq\<\Zq\, provided that \z-ZQ\<.q, 
which is the same as saying that 

the length ZqZ < the length OZq, if the length z^dq. 




Draw a circle with centre Zq and radius q. 

It follows that if z describes a closed path a witkm this circle^ Z mil de¬ 
scribe a closed path A which neither contains nor passes through the point Oy 
and consequently the variation of am Z for this path is zero. 

Moreover, the area bounded by P can be divided into areas bounded by 
curves Ay B, ... , each of which possesses the property just described. 

Also the variation in am Z when Z describes the path P is the sum of 
the variations for the paths Ay By ... . 

Hence the variation in am Z for the path P is zero. 

(2) If the z-path p contains m roots of Z — 0, a k-multiple root being 
counted as equivalent to k distinct rootSy then the variatiori in am Z is 2m7T. 

Let Zj, 22 > ••• be the roots of Z = 0 enclosed 
by p, then Z=^(z~z^)(z-z^)... {z-zj. <f>(z), 
where <^( 2 ) vanishes for no value of 2 within 
the curve p. Now am Z is equal to 

am ( 2 - 2 ,) + am ( 2 - 23 ) + ... +am (2 - 2 ,„) + am<^{ 2 ); 

and, by ( 1 ) the variation of am <f>{z) is zero. 

Also, as the point Zj is within py the increment 
of am (2 - 2 j) is the angle turned through by the 
line 22 j in a complete revolution, namely 27 r. 
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Similarly the increment of each of the other amplitudes is 277, and 
therefore the increment of am Z is 2m77. 

If one of the roots as Zi is a i-multiple root, instead of the factor 2 - z, 
we have Now am(z-Zi)*-' = ^am(z- 2 i), whence it follows that 

such a root counts as equivalent to k distinct roots. 

Hence the total variation of am Z is 2m7r. 

(3) Conversely, we infer * that if z describes a closed path p which does 
not pass throiigh a root of Z=:0, then the number of roots enclosed by p is 
equal to the increment of am Z divided by 277, a Ic-multiple root being counted 
as h distinct roots. 

I 

8. An Equation of the n-th Degree has n Roots. We are 

now able to infer the truth of this theorem. Let 

Z = tto + a^z + a^'^ +... + a„ 2 ”= z^<f> ( 2 ), 

where <f>(z)=^ + ^ +...+a„. 

Choose a positive number ikf, and find m so that 

I Z1 >M, provided that | 2 1 ^ w. 

Let 2 describe a circle with centre o and radius m. No root of Z~0 
exists outside or on the circle, and ^( 2 ) vanishes at no point within it. 

Hence the number of roots of Z=0 is equal to the increment of am Z 
divided by 277. Now 

amZ = amz” + am^( 2 ) = n. am 2 +am (^{ 2 ); 

also the increment of am <^( 2 ) is zero, and that of am 2 is 277, therefore 
the number of roots= n . 277 / 277 = n. 

9. Derivatives. Let 2 be any point in the 2 -plane and 2 ' a neigh¬ 
bouring point. If, as z' approaches 2 and becomes indefinitely near to it, 
the ratio 

{/(*') -miiz’ - 2 ) 

tends to the same limit, no matter what may be the pathy this limit is called 
the derivative of f(z) and is denoted by /'(z). 

Thus f’{z)=]xm{f(Z’\-h) -/(z)}/^ where ^->0 in any way whatever, if 
there is such a limit. 

* If the student Is not satisfied with this argument, he is referred to Hardy’s Pure Mother 
matice, fourth edition, p. 439. 
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When f'{z) 
real variable. 


INTERSECTION OF PATHS 

exists, it can be found by the same rules as in the case of a 
For example, if f(z) = u© + + ... + then 

/' ( 2 ) = + 202 ^ + 3 « 3 ^" + • • • + na„z^-^. 


10. Theorem. If Z is a function of z which has a derivative at the 
point Zq and z approaches Zq by either of the paths a, b, then the corre¬ 
sponding Z-paths A, B intersect at the same angle as a, b. 

Let Zj, 22 nioving along the paths a, b respectively tend to 2 © as a 
Umiting position, and let Z^,, Zj, Z 2 correspond to z©, Zi, z^. Because Z 
has a derivative at 2 ©, the expressions 

Zj — Z© 


and 


Z2-Z© 


21-2© 



Fia. 39. 


Z2 ~ Zq 

tend to the same definite limit, namely 
this derivative. Therefore the triangles 

tend to become directly 
similar {H.A.y Ex. IX, 14) and the 

angles z^ZQZg, Z^ZoZg tend to equality. 

Hence, in the limit, the angle between 
the tangents to the Z-paths is equal to that between the tangents to the 

2 -paths. , rj Tt \ 4 . u 

It thus appears that if f{z) has a derivative the relation Z=/(z) estab¬ 
lishes the similarity of parts of corresponding figures which are %n the 

neighbourhood of corresponding points. 1 v • 

For two similar figures the magnification of one relative to the other is 

the ratio of any two corresponding lengths. 

If 2 , Z and 2 + 82 , Z + SZ are pairs of corresponding points, we 

define the magnification m of the Z-plane relative to the z-plane at the pomts 

2 . 2 by I 8 Z 

w = lim 


82 


7 =lim 


8 Z 


dZ 

82 


dz 


Thus in general m depends on 2 and the relation does not necessarily 
involve the similarity oi finite parts of corresponding figures. 

11. Theorems on Infinite Series. 

(1) The sum 5 ( 2 ) of the infinite series ao + ai 2 + a- 2 " + ... has a deriva¬ 
tive 5 (z) at every point within its circle of convergence and 

s' (2) = + 2a2a: + SagX- +... . 

The proof is the same as in Ch. IV, Art. 9, if we replace x by 2 , 
for ‘ interval {- 72, 7 ?) * read ‘ circle of convergence,’ and let accented letters 

denote moduli. / 


COKFORMAL REPRESENTATION 
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(2) Extension of Taylor’s Theorem. Let 5(z) 
series and let z be any point within the 

circle (0, R), Draw a circle with centre z to 
touch (0, J?) internally. Then if z+h is any point 
within the smaller circle, 

^2 ir 

s (z + A) = s (z) + Its' (z) +12 *1^ ( 2 ) +... . 

For I z I +1 AI <.R, and the proof is the same 
as that in Ch. IV, Art. 11, if we write z for x. 


be the sum of the 



Fig. 40. 


EXERCISE VI 

1. If Z^ = z, trace the Z-path corresponding to the z-path in Fig. 41, explain¬ 
ing why Z acquires two different values as z passes through a. What are these 
values ? 



Fig. 41. Fig. 42. Fig. 43. 


2. If Z^sfz - a, trace the Z-paths corresponding to the z-paths in Figs. 42,43. 

3. Consider the function Z=V(z-ai)(z-a 2 ). Show that if z describes a 
closed curve which does not contain either of the points Gj, then Z returns 
to its initial value. In other words, the function Z is one-valued in any part 
of the plane which contains neither Oi nor 



Fig. 44. Fig. 45. 


[Let z - Gi = ri (cos -f -1 sin dx), z - Gg = (cos +« sin 9^ ; 

then Z=7*i*r2® {cos \{9x + ^ 2 ) + ^ sin |^(0i 

and in the circumstances of the question, 9^ return to their original values. ] 
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4 Referring to Ex. 3 and Fig. 45, if z starts from Zo and describes a closed 
curve containi^ what is the value of z when it returns to Zo ? 

Take Zo - ai = Pi{cos ai + i sm aj), 

Zo -n2 = p2{co3 a2+ t sin a2)- 

5. U Z = z^ and ^ varies so that (i) :.=c. (U) j/=d, find the corresponding 

^ Explain why these cut at right angles, and verify by ordinary Cartesian 
geometry. 

[The equations to the Z-paths are 

X = c^-— and X~-d\ (Art. 4, Ex. 1. (ii.)) 

4c* 4a 

These are confocal parabolas ^vith their axes along the ai-axis: they therefore 
cut orthogonally.] 

6 For the following transformations explain by ordinary geometri^l con- 
sideratioiL X two z-paths cut at the same angle as the correspondmg Z-paths. 

(i)Z =2 + a; (ii) Z = tz((real); 


(iii) Z=az + 6 ; 


(iv) = — IXt 2*) 


?ome knowledge of the Differential Calculus vs assumea in me jowo, 

7. If X + vY = Z=f(z)=f(x + vy) and /'(z) exists, prove that 

0X_ay 

dx~ dy’ dy 3* ’ 


dx 


.. 8»r 8»y _o 

dx'‘ 8y> ’ 8x* 8i/’ 


[(>)Fot to"* 8 z:''' 

^=^.p = i/'(z). 

dy dz dy 

Hence, writing X + iY for Z. wo have 

fdX dY\ dX^ dY 

and the results follow by equating real and imaginary parts.] 

8. If Z has a derivative, then neither X nor Y can be chosen Mbitrarily. 
[For by Ex. 7, (u), both X and Y satisfy the differential equation 

dhi dht 

9. If m is the magnification at the corresponding points Z, z, then 

/8XV /'8yY (dx\* /eyy gxsy dXdY 

\8t// '’'\8v/ dx dy dy dx ’ 


az dZ dz 


=/'(z). 


= i/'(z). 


m® = 


dx 


dx 





dZ 1 

dZ 

0X 07 

[For 

dz 

dx 1 

0a: ^ * 03! 


dx dy 
> etc.] 


SUBSTITUTIONS 
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10, If Z has a derivative and Z = X + iY, the curves 

X = constant, Y = constant 

cut at right angles. 

11. If + v (cos a + t sin a) where a is a real constant and w, v are functions 

of Xf y such that Z has a derivative, then the curves u = constant, ?j = constant 
cut at the angle a. 

[If the curves cut at an angle 0, we have 

du dv dudv\ du dv du dv 
\dx dx'^ dy dy) dx dy dy dx 

Also by Ex. 7, (i), 


tan of — — + 


du dv dv . du dv ^ i 

+ —cosa=—sma and —+ —cosa= --r-sma.J 

dy dy dy ox 


dx dx 


12. If Z=clz where c is constant and Z = X + iYf z^x-Viy^ prove that 

Yly=-cf{x^-^y^). 

Hence show that the magnification at the corresponding points Z, z is Yfy, 


[For 


m = 


dZ 


c 

dz 


z^ 


and \z^\^\z\^ = x^-{-y\] 


13. For the substitution Z = (az + 6)/(a''z + 6'), prove that the magnification 
at the corresponding points Z, z is Vjv where 

_ O’ —- Y, 

zH- =U + LV, Z — -^U + iV. 

a' a 

[This follows from Ex. 12, for the substitution can be written 

r h'\f„ a\ ab'-a'h 

and the paths described by z + ^ and Z —^ a-re obtained from the z- and the 
Z-paths by tranalatiom. ® ^ 


14. For the substitution -^=—+ c, where c is a real constant, prove that 

Z z 

X y _ _ 

X -c(Z2 + 7=*)” F"(1 - cX)2 + c^Y^ ’ 

where Z=X-\-iY and z=x + ty. 

15. The substitution Z=az + 6, where a, b are constants, changes any figure 
in the z*plane into a similar figure in the plane, the magnification being | a j. 

Also, if a is real and the axes in the two planes are parallel, corresponding 

figures are similarly situated. 
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EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


1 . The Exponential Function, denoted by E(z) or expz, is 
defined by 


22 2 ^ 


= 1 + 2 + 12 + 13 +* 


the series being convergent for all values of 2. 

It has been shown (H.A., XIX, 11 ) that, if z = x+uj where x and y are 

real, = (cos y + t sin y), 

so that E(z + 2 th-n) = E(z) and consequently E(z) is periodic, and its 
period is 2 i 7 t. We shall now consider graphically the variation of two 
complex numbers u and 2 connected by the equation u =e*. 


2 . The Relation u = e^ = e*(cos y + t sin y). Corresponding to any 
point 2 we have the point w, whose polar coordinates are (e*, ?/). 




+7r 


A 

z 

“0 

1 

1 


-TTl A 



Fiq. 46. 


In the 2-plane draw the lines y— and let any line parallel to the 
2/-axis cut them in Let 2 describe the segment A'Ay then x remains 

constant and y varies from — tt to tt. Therefore the point u describes the 

circle with centre 0 * and radius e*. If w’e suppose x to vary from — co 
to +00 , the corresponding positions of A A* fill the strip of the 2-plane 
between the parallels y = iTr, and the corresponding circles fill the whole 
of the u-plane. 

We say that the strijp of the z-pJane corresponds to the tvhoJe of the u^plonOj 
meaning that a one-to-one correspondence exists between the points of one and 
the points of the other. 


THE LOGARITHMIC FUNCTION 
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Now, let the 2 -plane be divided into strips by the parallels, y = (2^ +1) tt, 
where Ic is zero or any integer. Because the 
value of u is unaltered by adding 2^:77 to y, 
therefore each strip of ike z-plane corresponds 
to the whole of the u-plane in the sense described 
above. 

Thus the equation w = e*, which determines 
w as a one-valued function of 2 , also determines 
2 as an infinitely many-valued function of u. 

Let u = p (cos ^ £ sin ^). 

Then, for any particular value of u, the cor¬ 
responding values of z (marked ... 2 _i, Zq, Zi,. • . 
in Fig. 47) are given by 2 = x-t-£^ where 

x = \ogp, y = <l> + 2k7r, 

and k is zero or any integer. Fio. 47. 
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3. The Logarithmic Function. (1) The values of z corresponding 
to any particular value of u for which 

w = /j(cos^ + £sin^) = e* where -7r<^^7r 

are called logarithms of u, and any one of them is denoted by Log u. 

From the last article it will be seen that 

Log w = log p + £^ + 2ikTTy .(A) 

where h is zero or any integer. 

(2) The principal value of Log u is defined as the value for which 
and is denoted by log u, thus 

logw = logp + £^ (-7r<^^7r), .(B) 

and Log u = log w + 2 tkrr .(C) 

In Fig. 47 the points 2o> represent the values of Logw, 

and Zq corresponds to \ogu. The following special cases should be 
noticed. 

For a real positive number x we have p = x. 

The principal value of Log x is log x, and 

Log X = log X + 2£^7r.(D) 

For a real negative number (— a:) we have 

- X=X (cos 77 + £ sin tt) ; 

hence the principal value of Log (— a:) is log x + £ 77 , and 

Log (-x) = log x-H £(2A + 1 ) 77 . 


(E 








PRODUCTS AND QUOTIENTS 
(3) Logarithm of a Product. It follows at once that 

Log WiW 2 “ ^2 * 



where k is zero or any integer. 

For if Uy = E(z^), then UyU^^E(z^^-z^, and by definition, 

Log Wi = Zi + 2ii‘i7r, LogW 2 = 2:2 + 2i^2^, 
and Log ^ 1^2 = 2:1 + 22 + 2 t^7r, 

where ky, k^, k^ are integers or zero, whence the result follows. 

It should be noticed that the equation, 

Log U 1 W 2 — Log Wj + Log W 2 . 

is true in the sense that evenj value of one side is one of the values of the other 
side. 


(4) Logarithm of a Quotient. In the same way 



= Log Uy - Log W 2 + 2iA:7r. 



Ex. 1 . The logarithms having their principal values, prove that 

log UjU,=log Uy + log w, + 2ik7r ; 

and his zero if , only if -7T«f>i + <f>2^7T, where <f>y, (f>i are the amplitudes of tq, u,. 

For log Wi + log Uj = log pi + log pa+ + <^a)- 

This is a value of log UjWa hy equation (Q). but it is not the principal value unless 
the given condition holds. 


4. General Meaning of a*. (1) If x is real and a real and positive, 

a® = e^io8« = J? (x log a). 

In accordance with this we have the follomng definition : For all values 
of a and 2 , real or com'pleXy the meaning of a* is defined by 

a^ = E(z Log a), 

where Log a has any of its values. The principal value of a* w defined (W 

E{z\og a). 

(2) Let a = a'(cosa +tsina), z = x+i?/; 

then 2 Log a = (x + ly) (log a' + t (a + 2A:77-)} = A + iB, 

where A =x log — y(a + 2A:7 t), B^y log +x(a + 2k7r ); 

and hence = E(A iB) = e^ (cos B + t sin B). 

Thus in general, a® has infinitely 7nany values and 7W two of them are equal* 
The proof is given in Ex, 4 below. 
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Ex. 1. Use the general value of a® to find the n-th root of unity. 

Here a = l, z = l/n; hence a' = l, a=0, a: = l/n, t/ = 0; 

1 

27rfc , , ” , . 2hr 

therefore A=0, B = —, and thus 1 —cos ^ +isin ^ . 

Ex. 2. Find the values of showing that they are all real. 

Here a = £ =cos^ + £ sin^; thus a'=l, a = ^; also a;=0, «/ = !, 

hence A=-{^ + 2hn^, 5=0; and we have l>- = e-{l+^^). 

Ex. 3. Show that (-1)^^ has tio real value, and find its principal value. 

We have — 1 =cos 7 r + f sin tt ; and = a=7r» also x~s/2, y—0, 

thus A=0y B=s/2{2k + l) 7 T; and ( -l)'^2^cos ^2(2* + l) 7 r + c sin V2(2fc + l)7r. 

It follows that no value of ( -is real, and putting *=0 we have 

principal value=cos »f27T +1 sin %/27r. 

Ex. 4. Show that no two values of a® are equal unless z is real and rational. 

We have a®=(cos JB +1 sin B), 

where A, B have the values given above. 

Suppose that o® has equal values for the values hi, of k, then 

(i) The two values of are equal, therefore y=0 and z is real. 

(ii) The values of B must differ by 2k7T where A: is an integer or zero. The values 
of Bare x(a + 2jfci7r) and a:(a+2&27r); hence 2 kiX 7 r-2kiXrT = 2krT. 

Therefore x is equal to the ratio of two integers or zero, and is therefore rational. 

Hence z is real and rational. 


6. Binomial Theorem. We can now state this theorem in a more 

general form as follows. 

If n is real and z complex, the sum of the series 


^ «(n-1) o . 

l+ng+ 12 —g^ + ... 


is the principal value of (1 +z)", for all values of z which make the series 


convergent. 

This has been proved in Ch. IV, Art. 17, for rational values of w. 
Now the principal value of (1+*)" is JS{n log (1+ 2 )}. This is a con¬ 
tinuous function of n, and so is the sum of the series. Hence the theorem 


is true for all real values of n. 


Note. It can be shown that the theorem is true for all complex values of n. 
For a proof, see Hardy’s Pure Mathematics, p. 405. 
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TRIGONOMETRICAL SERIES 


6 . The Logarithmic Series. Ai any point within or on the circle 
2 I = I excepting the point 2 = - 1, 

log = • 

Proof, (i) // 1 2 1 < 1 and n is real, 


^ w(n-l) . 

1 + + — 12 — 2 ^ + 


(A) 


= the principal value of (l+z)^ 

= E{n log (1 + 2 )} 

= 1 + n log {1 + «) + ^ {« log (1 + +. 

In Ch. IV, Art. 16, it has been shown that the series (A) can be arranged 
as a power series in n without altering its sum. Denote this series by 

1+Cin + C2n2 +.(®) 

Then since (B) and (C) have the same sum for all real values of n, we 
may equate coefficients, hence if | 2 1<1, 

log (1 + 2 ) = Cj == z - — ... . 

(ii) Denote the sum of the series z-^z'^+ - ••• by s(z). The region 

of continuity of 5 ( 2 ) includes every point on the circle of convergence 

1 2 1 = 1 at which the series is convergent. . v • 4 . 

Also the series converges at all points on the circle, excepting t e pom 

2 — “ 1 • 

Therefore at all such points, the sum of the series is log (1 + 2 ). 

Note. The logarithm dofmod by the series 2 - + ^2* - ... is 

log p + 

where 1 +z = p(cos ./»+«sin and 

For at any point mthin or on the circle 1*1 = 1, excepting the point *= -1, we 

7T I 7T 

have 


7. Trigonometrical Series. In the formula 

log (1 + 2 )=Z-+ 

put 2 = r (cos 0 + I sin 0) where - tt < 0 < w. Then, as in the last article, 

log (1 + 2 )=log P+ 

where p = ^(1+2r cos 0+ r2), tan^ = ^^"'°L , and -7r/2<0<W2; 
therefore we have 

log p + i(f> = r (cos $ + i sin 0) — (cos 26+ i sin 29) +... . 
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Equating real and imaginary parts, we find that 

r cos 0 - cos 20 + cos 30 -... = i log (1 + 2r cos 0 + O, .(A) 

r sin 0 - sin 20 + sin 30 - ... = tan 0 » . 

the function on the right having its principal value, which lies between 
- 7 r 2 and Trj^. 

It has been assumed that O^r^l and — 77 -< 0 < 7 t. When r = l, we 
have ^ 

cos 0 -4cos 26 + Jcos 30-... =log 2 cos-] , .(C) 

sin 6-4 sin 26 + 1 sin 36 - ...=^0. 

Gregory's Series (see page 66 , Ex. 1 ) is a particular case of the series 
given by equation (B) ; for, putting 6 = 77 -/ 2 , we have 

,_^3 + i^_^7 + ...=tan-^r. (E) 

This has been proved for 0 < r < 1; it therefore holds for -1 < r < 0. 
Hence it is true if | r | ^ 1. When r = l, we have 

l_i + l_i+...=|.(F) 


EXERCISE Vn 

1. Prove that log-=log -log itj, provided that 

— TT < am Ui — am Uz < tt. 


2. Show that l‘ = e2^, where fc is an integer. 

3. Explain the faUacy in the following argument: 

where wi, n are integers. Raising each side to the power i o ows 


4. Prove that the values of (1 +1)‘ are 

e-a+2*)»r{co3 (i log 2) +1 sin (i log 2)}. 

5. The general value of e* is E{z) * (cos 2A^ +1 sin 2 kTTz)^ 

6. The principal value of (cos a +1 sin is 

cos (a: + iy)a +1 sin {x+iy)cc, 

which may be regarded as an extension of Ee Moivre s theorem. 


7. Consider the equations 


(i) 


(ii) a2i (ih) (a6)*-^a*6^. 


Prove that for (i) and (hi) every value of one side is a value of the other side, 

but that this is not the case for (ii). . . i ^ tViiq is not 

Also prove that (i) and (u) are true for the principal values, but this is not 

always the case for (iii). 
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8. Draw a graph of the equation 

y = sin X — \ sin 2x-\-\ sin 3a: — .. - , 

showing that it consists of segments of parallel straight Unes, and is discontinuous 
where x = l) 7 r, k being an integer or zero. 

9. At all points within or on the circle | 2 | = 1, excepting the pomt z=l, 
prove that 

2 “ 2 ® 

log(l - 2 ) = - 2-^-^ - • 

10. The logarithm defined by the series in Ex. 9 is 

log p + i<f>. 


where 


TT j 7T 

1 -2 = p(cos ^ +t sin and --<<^<2» 


7T 

2 


11. Prove that at all points within or on the circle [ z | — 1, excepting the 
points 2 =± 1 , 

log = 2 (2 + ^ 2 ® + iz® + ...). 

[I.et 1+2 = p (cos ^ + t sin </)), 1 -z = />'(cos i sin 

Then log — =log(l+ 2 )-log (1-z), provided that ~ n <<f>-<!>'< tt. But 

this is the case, for under the given conditions <f} and <f>' lie between -7r/2 and 
7r/2, etc.] 

12. Show that at all points on the positive side of the y-axis, and at all points 
on this axis except z = ± 1, 

3 


lo 


„ fz-l 1 

<! Z = 2 < -r +-Z I -r 1 + ... 


/* 


[z + 1 3Vz+l 

[Let < = (2 - l)/( 2 +1). Denote the points 1, - 1, 2 by A, A'y P> If 


t\ = h 

r r V'" *• 

then | 2 - 1 | = |2+1|, i.e. AP~A'P. 

Hence if t is on the circle | z + 1 | = 1, z is on the y-axis. If |«| < I. we have 
AP<A'P, and 2 is to the right of the y-axis. Now use Ex. 11.] 

13. Show that if the point z is on, or to the right of, the parallel to the y-axis 
through the point z= -the series 

iTz'''2 \}Tz, 

converges to the sum log (1 + 2 ). 


a 1 / 2 \» 

'+3(iT-2)+- 
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ELimNATION 

1. Resultant, Suppose that we have k homogeneous equations in k 
variables or k equations, not all homogeneous, in k-1 variables. In 
the first case a solution of the system is (0, 0, ...), every variable being 
zero. This is excluded from further consideration. 

In general, it is possible to find an equation free from the variables. 
Any process leading to such a result is called elimination, and any equation 
so obtained is a necessary condition that the given equations may have a 
common solution. Suppose that J?=0 is a necessary and sufficient con¬ 
dition that the system may have a solution. Further, suppose that is a 
rational integral function of the coefficients of the lowest degree possible. 
Then R (or R multiplied by some numerical constant) is called the resultant 
or the eliminant of the system. The case of two quadratics has been con¬ 
sidered in Ch. II, 1, 2. 

2. Method of Symmetric Functions, Consider the pair 

/(x) = a^^ + a^x^-^ 4 -... + = 0, ^ (x) = h^x^ + h^x^-^ +... + 6„ = 0, 

of which the roots are (a^, ce^, a„), (^i, ••• W respectively. 

A common solution exists if and only if one of the quantities 
^ lOg),... ^ (a^) is zero, that is if <f> (aj). ^ (oa).. ■ ^ (a^) = 0. 

The lef^hand side is a symmetric function of ai, ag, ... «« of order n. 
If it is multiplied by Oq” ii' becomes a rational integral function of the 


coefficients. We therefore define the resultant R of /(x)—0, ^(x) —0 by 

R = af*<f>{oci)<^(oc2) ... .(■^) 

Again, we have <f> (x) = 6 q (x - Pi) (x - " Pn) J 

and therefore ^ (aj) = Bq (a^ - Pi) (aj - ^ 2 ) • • * (^ 1 " Pn) • 

Hence if 11 (a-P) denotes the product of the mn factors of the form 
a,-ft,tlien R = ao”b„”‘n(cc- .(B) 

Therefore also 

and consequently i? = { -l)"’"6o"‘/(i3i)/(P2) •••/(W. 
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For the pair of equations in two variables, x and ?/, 

u = + a^x^-hj + ... + = ao(x - (x - oc ^)... = 0, 

v = + bix^-'^y + ... + b„y^ =bo{x- p^y)[x - p ^)... - 0, 

the resultant R is defined as above, and i2 —0 is the necessary and suffi¬ 
cient condition that w = 0, t> = 0 may have a common solution other 
than (0, 0). 

3. Order and Weight of R. Looking at the forms (C) and (A) of 
Art, 2, it will be seen that R is a homogeneous function of the coefficients of 
each equation. 

Moreover, R ts of order m + n in the coefficientsj those of f(x) occurring 
to the degree n and those of <f)[x) to the degree m. 

We shall now prove that the sum of the suffixes in any term of R is equal 
to mn. This is generally expressed by saying that R is of weight mn. 

Let aj, ag, ... , P^ jSa, ... be multiplied by A. The effect of this is 

to change a^, b^ into Aa^, Atj, 

to change ^2 

and so on. 

Thus any term in R is multipbed by A“, where w is the sum of the 
suffixes. But looking at the form (B), we see that R is multiplied by A”*“, 
therefore w — mn. 


4. Second Method of Elimination. We consider the process 
usually employed in elementary algebra. It is illustrated below with 
reference to two cubic equations, and it will be found that if it is applied 
to equations of higher degree than the secondy irrelevant factors are introduced. 

(1) Resultant of two cubic equations. Consider the equations 

QqX^ + + OgX + ag = 0 and + b^x^ -t- b^ + 63 = 0.(A) 

Multiply these by 6 o» ^0 respectively and subtract; also multiply by 
63 , a^y subtract and divide by x ; then we have 

+ (aj)^)x + and (^ 0 ^ 3 )^^ + (oA)^ + = ^.(®) 

Whence, eliminating X, we have 5 = 0, where S is 

0 ^ 1 ) (^ 2 ^ 3 ) ”(^ 0 ^ 3 )"}^ “{(^ 0 ^ 1 ) (^ 1 ^ 3 ) “{^0^^3)(^0^^3)}{(^0^2) (^ 2 ^ 3 ) “ {^^3)(^A)}* 

This is of order 8 and weight 12, w’hereas the resultant R is of order 6 
and weight 9. Hence 5 = where Q = h(aibf)-^k[aQbf)y k and k 
being numerical constants. 
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Now the part of S which does not contain (aQ^g) explicitly is equal to 

(Uo^i) (<i2^3){(^o^i) (^2^3) “ (^A) (^0^2)} “ “ (^0^1) (^1^2) (^2^3) {^0^3) > 
for (ao6i) (ag^g) + (ag^a) (<^3^1) + (^063) (^A) = 0- 

Hence S is divisible by (ao 63 ), and the quotient E is given by 

^ + («o^) (“ 1 ^ 3 )^ + ^ 2 )^ (^* 2 ^ 3 ) 

“ 2 (^*0^3) (^2^3) “ (^0^1) (^^2) (^2^3) “ (^0^2) (^0^3) (^1^3)* 

Note. If (ao^3)=0, equations (B) have the common solution “(ao^ 2 )/(^o^i)* 


5. 

pair 


Equations in Two or More Variables. (1) Consider the 


u=ax^ + 2hx^ + b^^-i-2gx + 2fy + c 

u' = a'x^ + 2h'x^ + Uy^ + 2g'x + 2f'y + c' = 0 / * 



First method. Write the equations in the form 


ax^-\-2vx -\-w =0, a'x^-\-2A)'x+v}'—0, .(B) 

where v^ky +^, w — hy^^-^- 2fy + c and v\ w' have similar values. Therefore 

2 (av')x + {aiv') — 0, {aw') x + 2 (vw') =0, .(C) 

and {aw’Y - 4 (ov') {vw')=0 .(D) 


This is a biquadratic in y, and if is a root, the corresponding value 
of X is obtained by putting y = yx in either of the equations (C). 

Second method. The solution may be made to depend on a cubic 
equation. The function u + At*' is the product of linear functions of x 
and y if 

a-^Xa'y h-^-XJi'y ^ =0.(E) 

A + AA', h + Xh'y f+Xf 
g-\-Xg\ /+A/', c+Ac' 

Let Ai be a root of this cubic and let 

u + Ai«' = {lx -\-my + n) {I'x + m'y + n'), 
then the given equations are equivalent to the two pairs 

u = 0y lx-i-my + n=0; u=0, rx-{-m'y + n'=0. 

(2) Two equations in x, y of the m-ih and n-th degrees resjpectively have 
mn solutions. For suppose that the equations, arranged in powers of x, are 


Wga:™ + +... + =0, .(A) 

VffC^ + v^x^~^ + +... + = 0, 

where are polynomials in y of degree r. If re is eliminated from the 

equations, the resultant 72 is of weight mn, and hence is of degree mn in y. 

Let y^ be one of the mn values of y given by 72=>=0: then if y—yiy 
equations (A) are satisfied by the same value (x^ of re. Therefore (Xi, yf^ 
is a solution of equations (A), and the equations have mn solutions. 

G B.C.A. II. 









gg resultants as determinants 

(3) If {■'’n }h)y (‘^ 2 > 2 / 2 )* solutions of eqvxilions (A), any sym- 

yncfric function of the form Zsf^y^^ can be expressed in terms of the 

coefficients. 

Illustration. Suppose it is required to find Zx^y^. Let l — hx+py^ 
and eliminate x, y between this equation and equations (A), thus obtain¬ 
ing an equation of degree mn in t. The roots of this are 

f = Xxi+pyii t2 = ^z+y-y^i 

If, then, we find the value of Zti^, the coefficient of in this is the 
value of 3Zx{^yi. 

(4) It can also be proved that three equations in x, y, z of degrees wi, n, p have 
mnj> solutions. Moreover, any symmetric function of the form 
can be expressed in terms of the coefficients by taking t = \x+^y+vz, 

and proceeding as above. 


6. Resultants expressed as Determinants. 

(1) Sijlvester's method. To eliminate x from equations (A) of Art. 5, (2), 

multiply the equation of the mth degree by x""^ x""^,... x, 1; 
multiply the equation of the nth degree by x™-S x"*■^ ... x, 1; 

we thus have m + n equations from which we can eliminate x™+"-^ 

^+n-2^ _ X, regarded as independent variables. 

Kx. 1. IClimifuitc X from + niX + a2 = *J- V* + M + ^a=®* 


Multiplying each by x, 1 wo have 

+ a^x‘ + a2X =0, 

+ 08=0, 

+ b^x^ + b^x =0, 

boX^ + 61X + 68 = ^' 

Eliminating :r=, ;r, regarded as indoj^ndont variables, wo have 


s= 


«o «i 


a 


0 


0 


Gq Oj 


(18 

bo bi 62 0 

bo bi 


= 0 . 


The expression S is of order 4 arM weight 4 ! so that it eontains no extraneous factor. 
Ill fact, since the term occurs, wo have S-R. 

(2) Bezout’s method. We can express the resultant of two equations^ 
thf nth degree as a symmetrieal determinant of the nth order m the 

following way. Take, for example, the equations 

f(x) = GqX^ + ajX^ + + a^x + 04 = 0, 

,^(x) = 6oX^ + + hgX + ^4 = 0; 
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then we have the following four equations, 

ao( 6 iX^ + ^ 2 ^^ + + ^4) = + ^4)* 

(OqX + aj (b^x^ + 63X + 64) = (60-c + bj) (agX^ + a^x + 04), 

{UqX^ + a^x + eta) (^3^ + ^4) + ^2) (® 3 ^ + ® 4 )> 

(a^x^ + a^x^ + agX + 03)64 = (boX^ + b^x'^ + b^x + 63) 04. 

Expanding these, we have four equations from which we can eliminate 
x^y X, regarded as independent quantities. The result is 

5 = (ffo^i) (^0^2) (^0^3) (*^0^4) 

(0062) (cto^s) + ("1^2) («o^ 4 ) + (“1^3) (^^1^4) 

(0363) (0364) + (0463) (0464) + (0263) (0264) 

(^0^4) (^1^4) (*^2^4) (^3^4) 

Further, we can show that jS = i?, for if ot^i a2» ••• roots of 

/(x) = 0, then R = aQ^<l> (a4) <f> (ag) ^ (ag) <j> (a4). 

Now both R and S are of order 4 + 4 and of weight 4 x 4 , therefore 
S = hR where is a numerical factor. Looking at the second diagonal 
of *Sr, we see that the term (0364)^ occurs in the expansion. This term also 
occurs in i 2 , therefore S=R. 

The method may be applied to two equations of different degrees as 
in the example below. 

Ex. 2. Use BhouVs method to eluninate xfrom 

f (x) = OqX^ + a^x + Gg= 

^ (x) = 60 ^ + b^x^ + b^x + 63 = 0 , 

showing that the result is 

iS= (®o^i) (^0^2) ® 0^3 =0. 

(^ 0 ^ 2 ) ^063 + (^ 1 ^ 2 ) 

®o ®2 

Also show that if oci, are the roots of f{x)=0, then 

S= - aQ^(j> (ai) <!> (aj). 

Multiplying the fu^t equation by x and proceeding as in the text. 

Go (64x2 + 62X + 63)=60 (aix2 + G^x), 

(aox + ai) {b^x + 63)=(6oX + 64) a^x, 

which may be written 

(Goti) X^ + (0363) X + G063 = 0 , 

(Gofig) x 2 + {0363 + (G462)} X + 0463 = 0 . 

Taking these with the first equation and eliminating x\ x as independent quantities, 
we have the first result. 

Again, if J2=a(,3^(ai) it will be seen that both R and S are of order 3 + 2 

and of weight 2x3, thus 8=kR where A: is a numerical factor. 

Now the term Go^^s* occurs in the second diagonal of 8, and since 5 is of the third 
order, -Go® 63 ^ occurs in the expansion. Also 03^63 occurs in Ry therefore 8^ -R» 



100 discriminant as a resultant 

7. Discriminant of a Binary Quantic. (1) Let a^,a 2 ) ••• «« 
the roots of f(x} = {ao, a^, ... a„§x, 1)«, 

and let R be the resultant of /(x) = 0 and f'{x) =0, so that 
Now f(x)^a^{x-<xi)(x-a^)(x-cc^) ...; therefore we have 

/'(x)=a(j(x-a2 )(x-a3 ) ... + ao(x-ai)(x-ocg)... + ... , 

and f' (o^i) = “^ 2 ) “*^ 3 ) • *■ 

with similar values for /'(ag), etc. Hence it follows that 

R = n{aj. - a,)^.(A) 

(2) The discriminant zJ of f(x) is defined as the resultant of 
<l>{x)^{aQy a^ ... a^-i^Xj 1)^~^ = 0 and i/f(x)= (a^, ag, ... ctnjx, 1)" ^=0, 

and it will he proved that = ( - 1)“”^" .(B) 

We have the equalities /(x) = x^(x)+i/»(x), f (x)sn^(x). 

Hence, if Pu P 2 >Pn-i are the roots of ^(x) = 0. which is the same 
as /'(x) = 0, then 

A = ao"-V(W</'(i 82 ) ... = ao”"Y(W/(^2) - • 


Now, by Art. 2, (C), R = (-ir^^-^Kna^rf(pi)f{P^) .(C) 

/. R^n-a^, .(D) 

and equation (B) follows from (A). 


Thus defined, A is the simplest rational integral function of the coefficients 
whose vanishiruj is the condition that f(x) =0 luis two equal 7 * 00 ^ 5 . 

For the quadratic ax^ + 26x + c, equation (B) gives 

A = -ia^{a-P)^ — ac-b^. 

For the cubic and quartic the definition gives the values of A as stated 
in H.A., XII, 2, 10. 


Ex. 1. For the equation x” + aa: + 6=0, prove that the product 0 / the squares of the 
differences of the roots is { - - n)”6”~‘ - (» - 

Here A is tho resultant of 



H — 1 

and 0(x)s-ox + 6=0. 

T\ f ^ 

y-*+21 

n-l)a/ 71 ) 



J7((V-a,)“ = ( 

and the last expression la equal to tho one in question. 
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EXEECISE Vni 

1. Prove that (i) the resultant of aa:” + 6^”=0 and a'x^ + h'y^—0 is 

(ah'~a'hr. 

(ii) The resultant of aa:® + 3cx=0 and 3ca;^ + e = 0 is e(a€ —9c*)^. 

2. Prove that the squares of the differences of a root of a:* + 6a: + c = 0 and a 
root of x^-\-hx-\-d~0 are the roots of 

x^ + {2{c + d)-h‘^}x^-(c-d)^=0. 

3. K u=ax^ + 2hx-\-c, u'=a'x^ + 2h'x + c% J^(ah')x^ + (ac')x + (hc% f? is the 
resultant of m = 0, w'=0 and that of w=0, t/=0, prove that 

i?' = (ac-6®)i2. 

[If A=(6c'), B={caO, G = (ah% then 

R' = (cC -aAY + 2 {bA + cB) {aB + 2bC). 

Subtract (aA+bB + cC)^, which is zero.] 

4. The result of eliminating x from ax^ + 6a: + c=0 and a:® = 1 is 

a® + 6® + c® — 3a6c = 0. 

Obtain this result by the method of symmetric functions. Also as follows: 
Multiply the first equation by 1, X, a:®. Put x® = l and eliminate x, as indepen¬ 
dent variables. 

4 

5. The result of eliminating X from ax® + 6x® + cx-l-d=0 and x* = l is 

abed =0. 
b c d a 

c d a b 

d a b c 

[Use the second method of Ex. 4.] 

6 . If u=0,' u'=0 be two equations of the second degree in x, y with real 
coefficients, show that 

(i) if (i? + tp', 3 + 1 ?') is a solution, so also is (i> - tp', ^ - tg")* where p, p\ 
q, q' are real; 

(ii) if the three values of A given by equation (E) of Art. 5 are all real, then 
the four solutions of the given equations are all real or all imaginary. 

7. Solve the equations 2xy-y^+x-2=0, x^-y=0, 

8 . Solve the equations x® - 2y^ + lOy -13=0, 5x^ - 8x + 6?/ - 7 = 0. 

9. If (XiPi), {x^t), {x^yz) are the solutions of y^=^x, xy=y + 2, 
prove that 

Sx^=2, 2'y,=0, Zx^^iy, = l2, Zy^^x^^ = \2. 

10. If (ai, /3i, yi), (at, Pt, y.), - . are the solutions of the equations 

x=y+y\ y=z+z\ z=x+x\ 

prove that a,+a. + ...= - 4, +... = 2, the summation being extended 

to all the solutions. 
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SETS OF EQUATIONS 



Prove that the equations 



are inconsistent unless a+/> + c —0. 


12. Given that 


ayz _ 


bzx 


cxy 


iy-z)^ {z-xf {x-yy" 

prove that each of these is equal to 

abc^(a^ + b^ + c^~ 2bc - 2c/i - 2ab). 


13. Show that the equations x~-yz = a, y--zx — by z'^-xy — c^ 
arc c({uivalcnt to 

{a -(-/> + c) (a: + y + 2 ) = K 
{a + a}~b ajc)(.^ + ojy + w^z) = A*, 

(« + + ui“c) (.r + oj~y + aj 2 ) = A*, 

wlicro A: = i \/{n® + + c® — 3o^^r)» 

where w is an imaginary cube root of unity. Hence show that if A: = 0 the 
equations are inconsistent unless a, 6, c arc all zero. 

14. If a, 6. c arc real and n + 6 + r>0. prove that the equations 

x^ + 2yz=:a, y- + 2zx = b, z’^ + 2xy~c 

have four real and four imaginary solutions. Find the real solutions if a= -3, 
6 = 5, c = 2. 


15. Prove that in general the equations 

X y 

have three solutions. 

[Denote each member of the equations by A', then A* is given by 


/|-A- nil ’U 

/a mg-A: «a 
L m. «3-A- 


= 0 . 


.r + y _ 2.r - 3y + 
“ V 


16. Solve the equations - '^—=x-y-\-2. 


17. Show that the equations ^ = 3.r - 2y + 4 

.r y 

have a single real solution and find it. 


18. If the equations 

(.r I 1)0/- l)={y t 1)(2- 1) = (2 + l)(.r- 1) = A- 1 
and .r } y } 2 ~3a 

are consistent, then (A ) 3)(A-n^)=0. Also find all the solutions if a = 
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19. Eliminate a: from = y=x-x\ showing that the result is 

?/(i/« + 5 i /2 + 5 ) = 0 . 

20. Eliminate x from = 1, y=x + x^, showing that the result is 

( 2 /- 2 ) (t/® + 2 /^ - 4v + 1 ) = 0 . 

21. Use B 6 zout’s method to eliminate x from the equations 

ttoX® + + ^2^ + ^3=0, + biX ^ + bzX + 63 = 0, 

showing that the result is 

(«o&3) = 0 - 

(Cto^ 2 ) + (^1^2) (*^1^3) 

(^^0^3) (^1^3) (<^2^3) 

22. Eliminate a: from a:^++ ?a: + r = 0, x^-xy + l^O, showing that the 
result is ry^-i-{pr + q)y^ + {pq + qr-\-p-^r)y + {l -qV + {p ~r)^ = 0. 

^ If a, j3, y are the roots of the first equation, what are those of the last ? Verify 
by the use of symmetric functions. 

23. Eliminate x from ax® + 6 x + c=0, cx5 + 6 x^ + a = 0, showing that the 

result is ( 6 ® + - a^) {a^ - ah- c^) + b^c^ = 0 . 

[If a is a common root, so is a“^. We may therefore ^v^ite 

ax^ + hx + c = (ax® +px^ + qx + c) (x® + Arx + 1 ).] 

24. The condition that ax’+ 6 x® + c and cx’ + 6 x* + a may have a common 

quadratic factor is (a® + 06 - c®) (a® ~ab~ c®)® = (a® - c®). 

25. Eliminate x, y, z from 

6 x®- 2 /x + c= 0 , cy®- 2 ^y + a = 0 , az®- 2 /i 3 + 6 = 0 , xy 2 = l, 

showing that the result is abc + 2fgh - af- - bg~ - ck- — 0 , 

26. Rationalise the equation _ 

(^x + Vx® — be) (y + Vi/® — ca) (2 + Vz® — ab) =<ibcy 

showing that the result is 

2xyz - ox® - by^ - C 2 ® + abc = 0 . 

[This follows from the last example.] 

27. If {a:i, yi), y 2 )» ys) are the solutions of x® + y®=a®, Zx + my = l, 

prove that x^y^ + x^^. + = “ 9l*in*l (i® - m®)®. 

28. If a 9^0 and x, y, 2 satisfy the equations 

axy + 6 x + cy + d = 0, 
ayz + 6 y + cz + d = 0 , 
a 2 X+ 62 + cx + d = 0 , 

prove that a ( 6 ® + c^-bc-ad) {ax® + (6 + c) x + d} = 0 . 

Hence show that if the equations are satisfied by values of x, y, z wWch are 
not all equal, then = bc + ad; and, if this condition is satisfied, there are 

infinitely many solutions. 

Note Except for equal values of the variables, the equations in Exx. 28, 31 
are inconsistent unless a certain relation holds among the coefficients. If this 
relation holds, the equations 'are not independent. Such systems are called ponshc. 
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PORISTIC EQUATIONS 


/ 


29. Having given the equations 

3/2 + 2 * + ayz = 2 * + a:* + aza:=a:* + 2 /* + axy, 

prove that if x, y, z are all different, then 

a = l and x + y + z=0. 

30. Having given the equations 

\ h I b \ h 

3/2 + —+aa:+- = za; + — +ay + -=xy + —+ az + -, 

yz X zx y ^ ^ 

where a:, ?/, z are all unequal, prove that ai = l, and that each member of the 
equations is zero. 

31. If a:, 2 /, z are all unequal and 

<w'/+^(^+3+^+?(*+y)+/G+^)+‘==°’ 

together with two equations obtained from this by the cyclic substitution {xyz), 
prove that 

h*-ah-ch-{-fg = 0, 

32. With regard to the equations * 

ax + hy + gz hx + hy A-fz _ gx +fy + cz 



X 

y 

z 

Let d = 

a h g 

, <j>{k)=^ 

a-k h g 


h b f 


h b-~k f 


9 f 


g f c-'k 


and let Ay B, ... be the cofactors of a, 6, ... in J. 

(i) Prove that the solutions of the equations are given by 

{F ■\-lcf)x = {Q + kg)y = (H •{■kh)Zy 
where A; is a root of ^(A:) = 0. 

(ii) Show also that 

y- 2* a;* + t/* + 2* 


X 


d<f> d<f} d<f> 

dc 


d<l> 


da db dc dk 

and that 

yz {Oh - Hg) + zx {Ilf - Fh) + xy {Fg - Of) = 0. 

(iii) If (a:i, t/i. 2i)» etc., are solutions corresponding to the roots fci, fc*, k^ of 
<k{k}=0t then 

(F + kj) {F + kj) {F^kJ)=-{Hf- Fh) {Fg - Of) 

and a:ia :2 + 2 /ji/j + ZiZ, = 0. 

(iv) If 1*1 = Atj, then for the value k\ of k the values of x: yi z are indeterminate. 

• The numbers x, y, z are proportional to the direction cosines of the axes of the QuadrIc 

02 * + f>y*++ 2 /y 2 + 2 y 2 x+2*xy “ 1. 


4 


4 '^ 



CHAPTEE VIII 


PROBABILITY 

{Continuei from H.A., XXXII) 

1. Probability of Causes. (1) Suppose that an event has happened 
and that it must have arisen from one of a certain number of causes 

Cl, O2, 

the event ? 


• • • • 


'specified 


This question is said to be one of inverse probability. 


Ex. I. Each of three bags A. B. C corUains white avd black balls, the numbers of which 
are as follows : ABC 

white 


black 


t>i 


b. 


<h 


AbQifUchosmalrariAcm,aballisdrawnfrorri%ta7uiisJounaiooewnz^e. 

It U required to find the probabilities Q,. Qs that the ball came from A, B, C, 

’■“rnhetumbers of the balls are altered as below, the probabilities in question remain 

unchanged: A B C 

white - - 0 , 1 ^ 

black - ■ 61 ® *3* 

when a, y, z are any numbers whatever. Choose these so that 

!t (Oi + 61 )= 1 / (Uj + 62)=2 (“3 + * 3 ). 

The three bags now contain the same number of balls therefore any one of the 

(o a:+a V+ a,z\ white balls is as Ukely to be drawn as another. 

If the baU which was drawn came from A, then it belonged to the group a,a: of 

white balls, and so for the other possibiUties. 

Therefore i Qi ■ Qs=<hX ■ “a!/ = “a* =l>i •• Pz' Pa. 

where Pj=a,/(oi + 6i), p^=a^l(a^+bf), Pn=aJ(a, + bf); 

for, from (A), we have 

a;=fc/(ai + 6i), y = */K + &a)» z = kl{a^ + bs), 

and therefore a^x : a^ : OgZ=Oj/K + ^i) = + + 

Now a white ball w drawn, therefore 

Qi + Q 2 + Q 3 = 1 and Qi=Pil{Pi+Pt+P3)B 

tol^i^^°thSp?f« the probability that the event will occur on the supposUion 
fihqX the ball comes A, and sojor p^, Pz- 




106 


GENERAL STATEMENT 


Ex. 2. The same as the preceding, except that there are bags such as A coniairung 
(Zj white and 6j black balls, such as B, and such as C, as in Ex, 1. Also Qj, Q^, <?, 
are the chances that the ball came from an A, B, C bag respectively. 

Alter the numbers of the balls as in the preceding. Then any one of the 

WiOia; + m^a^y + m^a^z 

white balls is as likely to be drawn as anotlier, and Qj is the chance that it comes from 
one of the groups of a^z balls, so also for (? 2 » Q^y therefore 

Qi' Qi - = : m^azy : m^a^z-m^^ : 

and as before, + P 3 + ^3 = L 

therefore = ^ri^p^j + ^zVi + "^aPs)* 

with similar values for Q^, Q:^. 

Note. If 1\ is the chance estimated before the event that an A bag ^vill be chosen 
and P^, P 3 have similar meanings, we have 

Px : P 2 : P^ — m^ : tn 2 : ; 

therefore Qi ' Q 2 - ^3 = APi = ■ ^sPa 

and Qi = PiPil{PiPi + -^aPa + ^*3P3)» otc. 

Observe that PiPi is the chance that a white ballis drawm, and that from an *4 bag. 

(2) A General Statement. Suppose that an event has occurred which 
must have been due to one of the causes, C 2 , ••• C^. 

Let Pr be the probability of the existence of the cause C^, estimated 
before the event took place. 

Let be the probability of the event on the assumption that the cause 
Cf exists. 

Then the probability Qy. of the existeyice of the cause C,., estimated after 
the event lias occurred, is giveyi by 

Qr ~ ^rPr!i^lPx ^2p2 "k • • • PfiVn)’ 

For an argument similar to that in the last two examples shows that 

Ql • Q 2 • Qz • ••• • ^2^2 • ^zPz • ••• J 

and since the event has happened, 

Ql + Q2 + ••• = U 

whence the result follows. 

Note. It i.s usual to call /’j, Pj,... the a priori probabilitioa of tho existence of 
tho causes and (?,, ••• Qn a po^^criorf prt>babiUtios. 

The product P^Pr ^bo antecedent probability that tho event will occur, and that 
from tho rth cause. 

Tho argument depends on tho assumption (1) that ^ 3 ,... arc proportional to 
P,p,, P 2 P 2 . . wlucli i.s justificHl in (1). 

In particular, if an event is duo to one of two causes, the odds in favour of iU having 
occurred from tho first cause aixi as P|;>| : P 2 P 2 . 

Tho way in which those priniuplos are applied to determine tho Probability of Future 
Events is illustrated in Exx. 4 and 0. 



A POSTERIORI PROBABILITY 107 

Ex 3. A bag contains 5 balls, and of these it is eqvally likely that 0, 1, 2, 3, 4, 5 are 
white. A ball is dranm and is found to be white. WhxU is the chance that thxs xs the only 

white ball f u n i o o 4 

There are 6 possible hypotheses; the number of white balls may be 0, 1, Z. 6, 4, t>. 

Denoting these possibmties by Co. ... C,. and using a notation similar to the 
above, we have pjj = Pj = ... =p 5 = ^ ; and Pi = 5» ?>2 = 5**“» 

1 l+2 + 3 + 4 + 5_l, 

■F’oi’o ++ ■ " + ^6^5 - g ’ 5 2’ 

the required chance = Qi = -PiPi-r^ = ^- 


Ex. 4. // in the Iasi example the ball which was drawn is replaced, what ts the chance 

that a second drawing will give a white ball ? 

QoPe + «I2>1 + - + QsPs = i(Po^ +.. • +Pi‘) + 2» + 3= ++ 5=). 

Hence the required chance = i 5 * 

Ex. 5. A pack of cards is counted, face downwards, and it is found that one card is 
missing. Two cards are drawn and are found to be spades. What are the odds against 

the missing card being a spade ? 

The ‘ event ’ is that two spades are drawn. There are two possible hypotheses : 

(Cj) The missing card is a spade. 

{C 2 ) The missing card is not a spade. 

The a priori probabilities Pj. ^^2 of Cj, 02 are Pi = 4 * P 2 —4- 
The chances Pi, P 2 of the event under the hypotheses Ci, Cj are 

Pi=if 

The odds against the missing card being a spade are as 

Ex Q A bag contains m balls which are either white or black, all possible numbers 
being equally likely. If p white and q black balls have been drawn in p +q successive 
trials without replacement, the chance that another drawing will give a white ball is 

(P + 1)/(P + 3 + 2). 

The possible hypotheses. aU equally likely, are that the number of white balls are 

m-q, ••• m-^-r + l, ... p. 

Denote these by Cj, ••• G ^,... . xv 

H Pi, P 2 . are the antecedent probabilities of the event under these hypotheses, 

we have = 

where tt,=r(r + l)(r + 2)... (r + g-l), 

= (n — r)(n — r + l){7i — r + 2)... (w — r + p — 1), 

n=m-g-p + 2 , 

and A is independent of r. xu n _ /c 

If are the a posferiori probabilities of Cj, Cg. then Qj.—u^v^lc>, 

(by H.A., Ch. XXI, 10, Ex. 1.) 


|P \q I +1 
S = ^^f^r= |p + g+T * |n-2 


where 
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TESTEVIONY AND CREDIBILITY 


If is the cliance that, with hypothesis another drawing gives a white ball, 

m—g—p—r+1 n—\-r 

m — q — 'p m — q—p* 

thus 7 >^_j= 0 , and the chance that another drawing gives a white ball is 

= where = - 1 -r)(n-r)(n-r+p). 

TJius S' can bo obtained from S by writing n - 1 for n and p for p - 1; and hence 


S' = 


P + 7 + 2 m + 1 S' (p + l)(n-2 ) , . 

and p+y + 2 * the chance = (p + l)/(p + g+ 2). 


7 ^ + 1 


2. Value of Testimony. The theory of probability has been used 
to estimate the value of the testimony of witnesses. Such an application is 
open to adverse criticism. It rests on two assumptions which can hardly 
be justified, namely: (i) that to each witness there pertains a constant p 
(his credibility), which measures the average frequency with which he speaks 
the truth; (ii) that the statements of witnesses are independent of one 
another in the sense required in the theory of probability. 

If w’e are prepared to make these assumptions, the procedure is as follows. 


Ex. 1. If p is the. probability that a statement made by A is true and p' has a similar 
meaning Jot JS, uhat are the odds in favour of the truth of a statement which A and B concur 
in making ? 

The ‘ event ’ is the agreement of A and B in making a certain statement. The 
possibilities are : (i) the statement is true ; (ii) it is false. 

If it is true, the chance that they both say it is true is pp'. 

If it is false, the chance that they both say it is true is (1 -p)(I -pO* 

Thus the antecedent probabilities of the event on the hypotheses (i), (ii) are 

pp' and (l-p)(l-p'). 

and the odds in favour of the truth of the statement are as pp': (1 -p)(l -p')» 


Ex. 2. A bag contains n balls, one of which is while. The probabilities that A and 
B speak the truth are p, p' respectively. A ball is drawn from t?i€ bag, and A and B both 
assert that it is white. What are the odds m favour of its being white t 

The * event * is the agreement of A and B in making a statement. The possibilities 
are (i) it is true, (ii) it is false. 

The a priori probabilities Px» of (i)» (“) Pi = l/n, P, = (n-l)/n. 

If Pi» p 2 the chances of the event under (i) and (ii), wo have p^=pp^ 

In the cose of (ii), (n - 1) balls remain in the bag, and one of these is white. The 
chance that A should choose this ball and wrongly assort that it was drawn from the 
bag is (l-p)/(a-l). The chance that R should do the same thing is (1—pO/(^“l); 

and the odds in favour of a white ball having been drawn are as 


^iPi •• J°iP, = l rp' : 


(1 -p)(l -p') 


(n-D* 


= («-l)pp':(l-p)(l-p'). 
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GAMES OE SKn.lL 


3. Duration of Play. (1) A and B engage in a series of games which 
cannot be drawn, and p, q are their respective chances of winning a single 
game. At the start, A has £m, B has £n, and the loser in any game is to 
give £1 to his opponent. It is required to find each person’s chance of winning 

all the other's money. 

Suppose that after a certain number of games A has £x, and that then 
his chance of winning aU of 5’s money is In the next game A must 
win or lose £ 1 , and the respective chances of these happenings are p and q. 

In the first case A's chance of winning all of B'b money is W 3 .+ 1 , and in 
the second case it is therefore 

+ . 

(1) If p^q, the solution is given by u^^Aix^ + B^^, where a, P are 
the roots of py^-y + q = 0. Since p + q = l, the roots are 1, qjp. Hence 

the solution is given by / ^\ x 

u,. = A.,B{i). 

Now A'a chance is zero when he has no money, and unity when he has 


£(m + n): hence 

Uo^A + B=0 






whence we find that Wj. = _ ^+n). 

At the beginning of the contest the chances which A and B respectively 
have each of winning all of the other’s money are and u„, and these 


are given by 




q^ (p” — g") 


^tn —m+n _ /itn+n * 


ptn-Ht _ qfn+n 


i^) If A and B are equally shilled, then p = 3 =i> equation (A) 

becomes 


Wai+l “ 2Wjg + Wa._i = 0 or Wx+i“‘Wa; —^x-l> 
showing that Uq, « 2 > arithmetic progression, and since Uq—0 

and «„+„== 1 , we have 


w„,=m/(m + w) and u^=^nl(7n + n). 

It follows that + «„ = I (a fact which is not evident a priori). Whence 
we conclude that after a certain number of games, one of the two A, B 
will have won all of the other’s money. Also their respective chances of 
doing this are in the ratio of their respective capitals. 

This may be taken as justifying a remark made by Whitworth, when he 
says, ‘ To the community gambling is disadvantageous because its tendency 
is opposed to the equable distribution of wealth,. .. making the rich richer 

and the poor poorer.’ 
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CONSECUTIVE SUCCESS OR FAILURE 


4. ‘Runs of Luck/ Let jt be the chance in favour of an event 
at a single trial and q the chance against it. 

(1) // is required to find the chance that in 7i trials the event may happen 
on k successive occasions bounded by failures. Such a happening is called a 
run of k. 

Denoting the required probability by we shall prove that 

Wn+i = w„+ (1 .(A) 

For if there is a run of ^ in (n + 1) trials, then either 


(i) the run occurs in the first n trials, the chance of which is ; or 


(ii) the run is completed at the (n + l)th trial. In order that this may 
be the case, the successes ( 5 ) and the failures (/) must be distributed as 
under : 


No. of trial 

1.2 .... n - 


happening 

no run of k 

/ 


k + 2f... n,n + l 
S •• • Sf s 


The chance that there is no run of k in the first n~k trials is 1 - Wn-fc» 
the chance that the (n - + 1) th trial fails and that the following k trials 
succeed is qp^. Hence the chance that (ii) happens is (1 - 
Also the happenings (i) and (ii) are mutually exclusive; 


^n+l = Wn + (1 “ ^n-k) 

(2) If is the chance that in n trials there is no run of ky then 

1 - p*^JC^ 

1 ~ X + qp^x^'^^ ’ 

For u„ = l-w„, hence by the preceding, 

fn+l -Vn + qP^^n-k = 0 ; '.(B) 

/. tJn =: coefficient of x” in the expansion of 

where ^(r)=rtQ + aja: + a 2 ^’^ +•••••• are independent 

of x. (See H.A.y XXII, 4.) 


1 - X + qp^x^'^^ * 


v^ = coclficient of x” in the expansion of 


To find the constants, we observe that 


Wj — U 2 — • • •— 0, ,, Uj — v^ •—• • * > — '1 ^ ■ 

Also '^k~f^ and 

and Vfc+i-+ = 

Taking tJp as defined by (B) when n — ky we have 
so that Hence, for sufficiently small values of x, 


1 + x + x2 + ... +X*’'' + (1 -p*')x^*+ ... 


1 -x + <//>*x*+'’ 
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hence, by multiplication and equating coefficients, we find that ao = 1, and 
aj^ = -1 + every other a being zero. 

Therefore ^ (x) = 1 - 

In the special case in which k — 2 , we can proceed more simply thus : 

Ex. 1. If p is the chance of svxxess and q that of failure at a single trial, the chance Vn 
that in n trials there are no two consecutive successes is given by 

*^n+i = ?*-’n+Wn-i Vo = ^i = l- 

For suppose that there are no two consecutive successes in tH- 1 trials ; the chance 
of this is Vn^^y and 

(i) If the last trial fails, success must not occur twice running in the first n trials. 

(ii) If the last trial succeeds, the nth trial must fail, and two consecutive successes 
must not occur in the first n - 1 trials. 

The chances of (i) and (ii) are respectively qv^ and pqVn-\ ; 
hence, Vn+i = ?v„+p?v„_i. 

Also we have = v^ — \~p^y pqV(i = Vz-qv^, and ro = l* 

5 . Expectation. ( 1 ) Suppose that a person (A) has a ticket in a 
lottery which gives him a chance ^ of a prize of £a. 

If the lottery were held N times, where iV is a large number, we may 
expect him to get the prize about pN times, receiving ipNa. Thus we 
may say that on an average he receives £^a for a single lottery, and this 
is called his expectation. 

Next suppose that A *3 ticket gives him a chance p^ of receiving £ai, a 
chance p^ of receiving ia^y and so on. 

If the lottery were held N times, where N is large, we may expect him 
to receive £% on about p^N occasions, £a2 on about p^N occasions, and so 
on. Altogether he may be expected to get about £i^(piai+p2®2+•••)• 
Thus we may say that on an average he gets £ + P2®2 + • • •) ^ 

single lottery. This sum is the sum of the expectations arising from his 
chances of securing the separate sums, and is called his expectation. 

Definitions. The average valine of a quantity P, subject to risk, is the 
average value .which P assumes in the long run. This value is also called 
the expected value of P or the expectation with regard to P. 

If a quantity P can assume the values P^, Pg, P3, ... and the chances 
that it has these values are respectively p^, pgj Pa* ••• ? average or the 
expected value of P is ^?iPi++Ps^a + • • * • 

This is merely a 
lottery. 

It should be observed that every p denotes the chance that P has the 
corresponding value, so that events need not he independent. 


generalisation of what has been said m the case of a 
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SUCCESS IN THE LONG RUN 

Ex. 1. A man’s expectation of life ia usually taken to mean the average number of 
years which men of his age survive. 

If p^ is the chance that he will survive r years, dying before the end of the next year, 
his expectation of life is roughly . 1 + P 2 - 2 + Ps • 3 +... . A closer estimate is given 
below in Art. 6 , Ex. 1. 

Ex. 2. A person draws 2 balls from a bag containing 3 while and 5 black balls. If he 
is to receive \0s. for every white ball which he draws and Is. for every black ball, whcU is his 
expectation ? 

The number of ways in which 2 balls can bo drawn is C| = 28. 

Of these the number of ways in which 

2 white balls can bo drawn is C| = 3, 

1 white and 1 black ball can be drawn is 3.5 = 16, 

2 black balls can be drawn is C| = 10 . 

Hence his chances of receiving 20s., 11s. and 23. are respectively 3/28,16/28,10/28; 

.*. expectation = (^g • 20 + ' 2~8 * ’ 2) =83. 9d. 

( 2 ) If ft is the chance that an event fails in the first r trials and s is the 
number of trials in which on an average a single success is ohtainedy then 

s = l+/1+/2+/3+••• > . 

where the series terminates or is assumed to he convergent. 

For suppose that the first (r — 1 ) trials have failed, and that then is 
the chance that the rth trial succeeds. 

The chance that success occurs at the rth trial and not before is fr-i^v 
Hence, as in § ( 1 ), 

s = Wj. 1 +/1W2 • 2 4-/2^ • 3 ..(B) 

Assuming that s has a finite value, this series must terminate or converge. 

Also we have /i = l -Wp /2=/i(l ” W2)» ••• /r=/r-l(l ”“r)» ••• '* 

ure occurs in r trials if it occurs in the first (r — 1 ) trials and also at the 

rth trial; hence, 

Wl = 1 - fit fi^2 —fl "/2* • • • fr~i^r “/r-l “/r> • • * » 

therefore, s = (1 -/J + 2 (/^ -/g) + 3 (/a -/s) +... 

= 1 +/i +/2 +/3 + • • * • 

Note, (i) If success is certain at the rth trial, then 7^ = 0. Consequently 
/r+i*/r+ 2 * *^>^0 zero and the series terminates, (ii) If w, does not tend to zero 

as r^oo, then frffr-i i® less than unity by a finite number and therefore the 
series (A) is convergent. In this case the series (B) is also convergent, for its sum to 
r terras < that of the series (A). 

Ex. 3. If p, q are the chances of success and failure at any irialy then, as in § (1)» 
s = \lp. Deduce this from the preceding. 

Wo have ff.=q^f therefore 

5 = l+g + g* + ... to CO =1/(1-g) —1/p. 
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(A) 


( 3 ) If Pj q are the respective chances of the success and failure of an event 
at a single trial, then the average number of trials required to obtain a run of 
k successes is -1)/^. 

Let s be the number of trials in question, and let be the chance that 
in n trials there is no run of k successes. By Art. 4 , ( 2 ), we have 

1 — p^x^ 

and s = l+Vi + V2+. 

Putting x = l in (A), it follows that 

s = (1 -p^)lqp^ = {p-^ ~ 1)/?. 

Ex. 4. A coin is tossed until a run of 4 heads occurs. Find the average nwnber of throws. 

Required number={(J)“* - l}/^ = 2(2* -1) = 30. 

( 4 ) If at any trial, an event may turn out in one of the ways denoted by 
A-yy , and if on an average A^ happens once in s^ trials and A2 happens 

once in S2 trials, then the average number (cr) of trials in which one of the 
two A^y A^ happens is given by 1/ct= 1/si + l/^g. 

For on an average, A-^ happens once in s^ trials; 
hence, A^ happens ^2 times in S1S2 trials. 

Similarly A^ happens 5 ^ times in ; 

therefore one of the two A^, A^ happens S1+S2 times in 5^52 trials; 

S1S2 


(T = 


Si +s. 


.3 1 1 1 

and - — — + 


cr 5i Sg 


6 . Life Contingencies. In the business of life insurance, the 
necessary calculations are based on 

(i) statistics regarding the average duration of life. These are to be 
found in ‘ Mortality ’ or ‘ Life ’ Tables; 

(ii) careful estimates as to the interest likely to be yielded by invest¬ 
ments. 

( 1 ) Explanation of the tables on p. 116 . Of 100,000 persons of age 5 , 
the number who reach the age x is denoted by l^j a-nd p^. is the probability 
that a person of age x and of the type referred to in the tables will live a 

year. 

We also take q^, to represent the chance that such a person dies within 
the year, so that 

,, B.C.A. u. 
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riip chuiicM's t liat u persou of age x dies in the first, second, third, ... years 


a re 


— i^r-u^~f'x + 2 ‘x + 2 ‘^x+s 


X -X^l ^x+l ^ 

'L ’ 


I 


I 


I ’ I 

* 'x ^X 

For, taking the third year as an instance, out of persons, (2x+2“^x+3) 
die during this year. 

A man’s expectation of life is usually taken to mean the average number 
of years wliich men of his age survive. Ihis can be calculated as follows , 

ICx. I. Fiml the. expectation of life. (FJ of a person of aeje x. 

Suppose the deaths in any year to ho uniformly distributed through the year, then 
if he is to die in the first year, his e.xpeetation of life is J a year, if he dies in the second 

year it is 1 J years, and so on, tliereforc 

' i+(^X(l+^X^^■^ ^X + 3 + ••* )/^X’ 
whore the series continues \intil tl»o / s bc(‘onio zero. 

Ex. 2. Find, the chance {P) that a person A of age z lives longer than one B of age y. 

If tiiia event happens, then cither 

(i) A dies in a year subsequent to 71, 

(ii) or else A, B die in the same year, B dying first. 

It is easy to see that tlio chance of (i) is 


fy n ^ v \2 . (x * 


'x ^ 'v 'x 


^ • • 


With regard to (ii), if A, B die in the same year and deaths are uniformly distributed 
through tlie year, the chance that B dies first is Hence the chance of (ii) is 

1 (ly-lyti ^X ~ fx U . n ~ fv>2 . fx4l ~~ f 

2VL ’ I 


I 




Tlie required cliance P is the sum of the two expressions just found ; therefore 

7*-{(/y - /yn)(fx + ^x fi) + (^y + i “^w+aK^x+i + 

“ 2 + {(^x+dy “^u+i) ■^(^x+2^y+i “ ^i+dvt2)***)/“fx^v 

= i + {lx \lilu~ “^V+3)‘b*** “ fx^V+l)/^^X^V* 


7. Annuities, If an insurance company agrees to make a yearly 
payment of 1 monetary unit to a person A of age x, the first payment to 
be made one year after the agreement, the next at the end of the second 
year, and so on, as long as A lives, we say that A secures an annuity of 1 
(on his life). 

The value or the cost of such an annuity is the sum of the present values 
of A's expectations under the agreement, and is denoted by a^. 
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Taking an appropriate rate per cent, r and writing 



the present value of £M due n years hence is 
Now ^’s expectations are the sums of 

^x+ll^xi ^x+sl^xy > 

due one, two, three, ... years hence. Therefore 

= i^h+i + ^%+2 + ^%+3 + • • • )/^ x * 

In actual practice, a ‘ commutation column ’ is formed, giving values of 
Z)^, where 

D^ = V^lj;y 

so that we have 

O'x — (^x+l "t ^x+2 + ^x+3 • • •)I^X' 

The function is very important, and its values are to be found in 
Tables of Annuities. 


8. Life Insurance. The ordinary contract is as follows : A person 
A agrees to make certain payments (called fremiums) to an insurance 
company at stated intervals, the company agreeing to pay a certain sum 
to his heirs at some specified time after his death. 


Ex. 1. WJuU annual premium {P^) should a person of age x pay in order that his heirs 
may receive 1 monetary unit at the end of the year in which he dieSy the first premium to be 
paid at once, and the others at the end of the first, second ,... years, until he dies ? 

At the time of the agreement the present value of the company’s expectation arising 
from payment of the premium is 

Tx + Px{vlx+X + vHx+2 + . ••)!lx — Px {T>x + T>x+\ + l^X+2 + * ")l^X‘ 

Also the present value of the expectation of the heirs is 

where for different values of x 

These expectations are supposed to be equal, therefore 

'«+! ^X+2 + •• • 


p _ 


w 'x+i 

In practice a ‘ commutation * column is formed giving the values of C 


Ex. 2. Prove that Px = v-axl(l+ax)‘ 

From the preceding it easily follows that the company’s expectation = Pj.(l+<*x)» 
and that of the heirs = v + (v — 1) ; 

/. Px{l+aJ = v{l+a^)'-a^. 

Thus P^ can be calculated from the table of annuities. 


LIFE TABLES* (see Art. 6) 

(Based on experience of alt Government Annuities exclusive of the first year 
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EXERCISE IX 


1. A bag contains 3 balls, and it is equally likely that 1 , 2 or all of them are 
white. A ball is drawn and found to be white. 

(i) What is the chance that this is the only white ball ? 

(ii) What is the chance that another drawing wall give a white ball ? 

2. The same question as the last, except that each ball is as likely as not to 
be white. 

[Here Pq, Pj, P^^ Ps are the terms in the expansion of (i + i)®.] 

3. A bag contains 5 balls, and it is not known how many of these are white. 
Two balls are drawn and are found to be white. What is the chance that all are 
white ? 


4. A bag contains 20 dice, one of which has every face marked six, aU the rest 
being correctly marked. A die is d^a^\^l from the bag, it is thrown three times 
and always turns up six. What are the odds in favour of this being the false 
die ? 

1 19 1 


5. A bag contains five dice, two of which are marked 1, 2, 3, 4, 6 , 6 , the others 
being correctly marked. Two dice are drawn from the bag, they are thrown, 
and both turn up six. What is the chance that they are both correctly marked ? 
[If Oj, Cg, Oq denote the hypotheses both incorrect, one incorrect, both correct, 


Fi—1^, 

p ® 

2 —10» 

p- 6 . 

3 —10> 

Pi=h 


Pz—"^* 


Qz— 360 “^iVo — AO 


/ 


6 . A speaks the truth three times out of four, and B four times out of five. 
They agree in asserting that from a bag containing ten balls, all of different 
colours, a white ball has been drawn. Find the probability that this is true. 

7. The chances that A, B, C speak the truth are respectively p, p', p'\ What 
are the odds in favour of an event actually having happened which 

(i) all three assert to have happened ? 

(ii) .4, P assert to have happened and C denies ? 

[(i)pp'p":{l-p){l-p'){l-p")- 
(ii) pp'(l -p") : (1 -i>)(l -p')p"-] 

8 . The probability of a statement made by n witnesses of respective credibilities 
Ply p 2 y Pn ^ 

PiPz ■”Pj{PiP2 "• Pn + (1 -Pi)(l -pz) ••• (1 

Prove that this increases with n, provided that eveiy p>i. 


9. Each of X witnesses speaks the truth nine times out of ten. 
assert that an event has happened of which the a priori probability is 
Prove that if ^ 1 9 ^ 


They all 

a(<i). 


it is at least an even chance that the event actually occurred. 
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10. How many witnesses to a hand at whist consisting entirely of trumps 
make it at least an even chance that this actually occurred, assuming that the 
credibility of each witness is and that the a priori probability of the event 
is 03 . 10-*=* ? 


11. A bag contains n balls, and of these it is equally likely that 0, 1, 2, ... n 
are white. If balls are drawn from the bag and are not replaced, prove that 

(i) the chance that the first r drawings give white balls is l/(r+ 1 ); 

(ii) if this event has happened, the chance that the next drawing gives a white 
ball is (r + l)/(r + 2). 


12 . A and B play draughts, and in each game the odds are k: 1 in favour of 
the one who has the first move. They agree that the winner of each game shall 
have the first move in the next. 


(i) If denotes .-I’s chance of winning the 7ith game, prove that 


(ii) Hence show that 


1 1 /I- - 1 

^•+l 


n 


""' 2^2 


f 


according as .1 has, or has not, the first move in the first game. 

(iii) If they bet £l on each game, show that the advantage of having the first 
move in the first game is £,{k - 1). 


13. A bag contains a white and b black balls, and balls are drawn one by one 
until a wliite ball comes out. A bets B at each drawing z to y that a black ball 
is drawn. Prove that at the outset expectation is 

byl{a-^l)-z. 


14. A bag contains a shillings and b sovereigns. If a person is to draw coins 
from the bag one by one until he draws a sovereign, prove that his expectation is 

{20 + a/(6 + 1)} shillings. 

15. Out of a total of 7n white and 7n black balls, m balls are selected at random 
and are put in a bag and the remaining 7n balls are put in another bag. If a ball 
is drawn from each bag, sliow that the chance that the two balls arc of the same 
colour is (w — l)/(2 wi — 1). 

[Show that the required chance is equal to 

m -1 2 r(wt —r) ^ 

^r=i -J 

16. If a die with p faces is thrown 7i times, show that the chance that/specified 
faces turn up is 

-/(? - 1)" (P - 2)" -...}. 

17. If a coin is tossed five times, show that the chance of three consecutive 
heads is 

[Chance that this does not occur is 

1 - ' .r^ 

eoefiicient of in -— .1 

1 + 



CHANCE OF A DEAL 



18. K a coin is tossed n times, the chance (v„) that head never turns up twice 
running is given by 

= 2^ {(1 + s/5)"+» - {1 - V5)"«} 


71 + 2 
2n+3 


{1 + 


(n + 1)71 
1.2.3 


5 + ...}. 


19. A and B play a series of games of which on an average A wins two out of 
three. Prove that on an average 

(i) they must play 7^ games before A wins 3 consecutive games ; 

(ii) they must play 39 before B wins 3 consecutive games ; 

(iii) they must play 5jf games before one or the other wins 3 consecutive 

games. 

_1 33 — 1 111 

[Solution. s = = - = - + -• Art. 5,(3).] 

M ^ s s 


20. Cards are dealt from a pack until the ace of spades turns up. Prove that, 
on an average, the number of cards dealt is 26i. 

[The number = 1 + + ff + jf + • • • to 52 terms.] 


21. A die is thrown until every face has turned up at least once. Prove that 
on an average the number of throws is 14-7. 

[The average number is 1 +/i +/2 + ... to oo , where 

fn=C\ {t)« - Cl (I)" + C% (t)" - C\ (|)« + Cl (i)".] 

22. If n cards are dealt from a pack and ^ denotes the chance that exactly 
r spades turn up, prove that 

(i) u„, , = 

(“) “n, r + r+i + “n, r+2 + • • • to 40 terms = If ; 

(iii) if/„ denotes the chance that when n cards are dealt, r spades do 

not turn up, show that 

fn—'^n, 0 2 "*■ *■* *^^n> r-i » 

(iv) hence show that if cards are dealt from a pack until r spades turn 

up, on an average the number of cards dealt is ffr. 

[Sum the series 1 +/i +/2 + • • ‘ by columns.] 


23. (i) If n cards are dealt from a pack, find the chance that (i) no spade occurs ; 
(a) no spade or heart occurs ; {b) no spade, heart or diamond occurs. 

(ii) If these probabilities are denoted by r„, respectively and is the 

chance that one or other of the four suits is not represented, prove that 

fn = - K + 


(iii) Cards are dealt from a pack untU at least one card of every suit turns up. 
Prove that on an average the number of cards dealt is 7|^. 

[The average number is l+/i+/ 2+/3 + -" » where/„ has the same meaning 
as in the last question.] 


[Solution. 


5=1 +4 


+ ^2 + • . • — 1 4 » 


26 




Vi+ V2 + ...=tt, 

^ a . . 13. 

14—O' 27+^ 40“*630 


y419 


•] 
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TYPES OF iVNNUITIES 


ANNUITIES 


24. ‘ Deferred temporary annuity' The symbol denotes the cost of an 

annuity of 1 issued to a person of age Xy the annuity to commence to run n years 
lieiico (i.e. the first payment is (n + l) years hence) and to continue for t years, 
if the annuitant lives so long. Prove that 

nlt^x i^x+n^x+n ~ ^x+n+t^x+n+t^l 


25. ‘ Temporary annuity.' The symbol denotes the value of an annuity 
as in Ex. 24, except that it is to commence to run at once. Prove that 




^eij. = - tf 

(This is a ‘ temporary ' annuity.) 




26. ‘ Deferred annuity.' The symbol denotes the value of an annuity as 

described in Ex. 24, except that it is to run until the death of the annuitant. 
Prove that ^ „ n in 

«/®x ~ ^x+n^x+tJ^x- 


27. Annuity on the joint lives of two persons. The ages oi Ay B are x, y respec¬ 
tively, and denotes the value of an annuity to begin at once and to continue 
so long as both A and B are alive. 

Prove that 

^XV~(*^^X+l^V+l "I" *'^^X4 2^V+2 

{Tables exist giving values of a^y.) 


28. The symbol a-^ denotes the value of an annuity as in Ex. 27, except that 
it is to cease only when both A and B are dead. Prove that 




CHAPTEE IX 

CONTINUED FRACTIONS (1) 

This chapter and the following Exercise occur in H.A. as Ch. XXXIII and 

Ex. LYI; they are reprinted here for convenience. 

Expression of a Quadratic Surd as a Simple 

Continued Fraction 

1, Surds of the Form (rt ^/N±bl)/^l. From E.A., Ch. XXIV, 

33, it follows that any simple recurring continued fraction is equal to a 
quadratic surd. In other words, its value is of the form ± ( JN ± h)/i\y where 
Ny ri are positive integers, except that may be zero, and N is not 

a perfect square. 

We shall prove that conversely any positive number of the form 

±{JN±b,)/r^ 

can be express^ as a simple recurring continued f raction. 

In considering this theorem, it is to be observed that: 

(i) There is no loss of generality in assuming that N - bj^ is divisible 
by ry 

For UN±b,)/r^^{jN^±b,r^)K^ and Nr^^-(b,rr)^ is divisible by 
r^^y hence (JN±bj)/r-^ can always be replaced by an expression of the 
same form for which the above condition holds. 

(ii) We need only consider surds which are greater than unity. 

For if N -bj^^ ±r^r 2 , where r^ is a positive integer, then 

JN±b, 

ri ■ ^*2 ’ 

It foUows that every positive quadratic surd or its reciprocal is of one of 
four types considered in the next article. 

2. Types of Quadratic Surds. In every case it is assumed that 

(i) The surd in question is greater than unity, 

(ii) N - b-^ is divisible by r^ 

(k) The type (JX■^h^)lr^ wh^re b^^<N, This will be called the 
normal type, and is of special importance in the theory: it includes the 

forms ^AjB and 
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J ^ W 


To express (JN + b^)lr.^ as a simple continued Jracliony we form the 
equations 

JN^h, JN-h^ r 


— fli -f 


= a, + 




(A) 


where is the integral part of (JN + ^i)/ri and 


^2 = «i^i ~h^ .(B) 

\\ e shall first show that 63 , 7*2 are positive integers. 

Since a-^ is the integral part of {JN 


«i^i < + r^, .(C) 

and therefore h<JN<b 2 + T^ .(D) . 


If we suppose that it follows that JN<r^, but h^<JNy 

therefore b^<r^ and consequently byc^apr^. This is contrary to the sup¬ 
position that /^o^O. Hence positive, and it is obviously an integer. 

Again, b^ is a positive number less than JN, therefore N 
and consequently is positive. Further, we have 


N -h^ — N ~ (ojfj - b^Y = N - bY - 

and since N-b^ is divisible by so also is N-b^. Hence 
positive integer. Continuing the process, we form the equations 


^/iV + 6„ 






= «n + 


n+1 


n 


n 


JN + 6^+1 


is a 

.(E) 


for n = 2, 3, ... 
and 

leading to 


where «„ is an integer such that 

«„<(N/iV + 6„)/r„<a„ + l, .(F) 

~~ ^nTn ~ ^ny ^n^n+1 ~“ ^n+1* .(®) 


JN + 6 , 1 


1 


flo + 


«n + 


(H) 


By steps similar to the above, we can show that every by r is a posUive 
integer. For taking ?i = 2 , by the preceding therefore Ug 

is a positive integer. Also N— hY is divisible by rg. Reasoning as before, 
it will be seen that />3 and rg are positive integers, and so for n = 3 , 4 , 5 ,... . 

Finally, the fraction ts pcriodicy for the nth complete quotient is 


and for every n, by,<JNy therefore r„ = ( 6 „ + 6 „+j)/a„< 27 iV. 

Hence the fraction (N/A^ + 6 „)/r„ cannot have more than 2N distinct 
values, and one of the complete quotient-s must occur again. From this 
stage, all the succeeding a's recur and in the same order : the same is true 
for the b s and r s. Thus the continued fraction is periodic. 
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It will now be shown that in the process of expressing a positive quadratic 
surd of any other type as a simple continued fraction, a stage must occur at 
which the complete quotient is a surd of normal type. Whence it will follow 
that in emery case the continued fraction is periodic. 

(B) The type (JN-bf^lr^ where h^<N. Here the second complete 
quotient is a surd of normal type. 

7^-7 J 2 + 7 111111 

' iw:rr'! ' 


For instance, 


and 


^57 - 3 


2 


= 2 + 


n/57-7 _ 


= 2 + l/ 


3 + 1 + 1 + + ^ 

V57+7 


(C) The form (6i + v/1V)/h where hi^>N. We form the equations 

bi+JN _ , b^ + JN ro 


= + 


=a, + 


^ b^-JN’ 


b^-JN 


Oa + 


b,-JN 


= flo + 


63 + ^^ 


• y 


where a^, a^, ... are the integral parts of the fractions on the left and, 
for every n, 

&n+l“^n“^n^n) ^n^n+1 ” ^n+1 ~ 

As in (A), every t is an integer and every h is an integer or zero, and by 
hypothesis 

Suppose that 61 , 63 , ••• greater than JN ; then r^, r 2 > ••• 

are aU positive, and b^, b^, ... 6 „+i is a decreasing sequence of integers. 

Hence a stage must occur at which 

> sj^ ^ ^n+1* 

This being so, n cannot be even ; for in that case we should have 

bn-JN>a^r^, 

and therefore bn+i>J^' 

Hence n is odd, and b^ + JN>a^rn‘ Consequently JN + 6„+i>0; and 
since also JN-b„^i>0, it follows that iV-6^+i>0, and therefore r„+i 

is negative. 

Now (n + 1) being even, the (n + l)th complete quotient may be 
written 

and since b^+i<N, this or the next quotient is a surd of normal type 
according as bn+i$0. 

(D) The type {b^-JN^ri where bi^>N. Here the second complete 
quotient is a surd of type (C). 
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3. Theorem. Let the surd (JN + 6)/r he expressed as a simple reaur- 
rin(j fraction, then (i) if b<JN<b + r, the fraction has no acyclic part; 
('0 if JN^b-^-r, it has an acyclic part consisting of a single quotient’ 
(iiO f b> ^/iV, it has an acyclic part of one or more quotients. 

PV if x = (JN + b)lr, then (rx-bY=^N and the second root of this 
quadratic is (~JN + b)lr\ hence, from Chap. XXIV, 33, it follows that 
(i) if + i)/r<0, the fraction has no acyclic part and these 

conditions are equivalent to h<JN<b-\-r’, (ii) if (-^/iV + 6)/r<-1, 

that IS, if JN>h + r, the acyclic part consists of a single quotient; and 

if ( “ + ^)/r >0, that is, if b^JN, the acyclic part contains one 

or more quotients. 

In particular, if A^B, the simple continued fraction equivalent to 
jAjB has a single non-recurring quotient. 


4. Method of Reckoning, In practice we replace the written 
work involving surds by an easy mental process, as in the next example. 

Ex. 1. Exprrjis (\/37 + 8)/0 ns a sinqyle contmued frarlion. 

Hero aj —intej^ral pnrt of the surd = l, also 6j=8, rj = 9. The various quantities 
are now found in Huccesaion from the equations 

1 2 3 




integral part of {sJE + 6„)/r 


n» 


giving tho table: 


n 

b 

r 

a 


8 

9 

1 


1 

4 

1 


3 

7 

1 


4 

4 

3 

3 


5 

5 

4 

2 


G 

3 

7 

1 


J he reckoning, if continued, is a repetition of tho part between tho dotted lines, and 

v/37 + 8^ 1111 


9 


1+ 1+ 3+ 2+ 

* * 


Note. Tho third complete quotient, (v/37 + 3)/7, marks tho beginning of the 
recurring period, for 3<v/37<3 + 7, It wiU bo sho>vn in the last article of this 
chapter that, from ihU stage, the above reckoning can be replaced by a g.o.m. process. 

5. n/A/B as a Continued Fraction. 

(1) It is supposed that.^4, B are positive integers and that A^B. We 


V 


X 

therefore of the type discussed in Art. 3, and it is expressed as a simple 
continued fraction by constructing equations of the type 

r^ 


= «n + 


s/A^ - 


+1 




fl 


— > for values of n = l, 2, 3, ...; 
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where is an integer such that a„< (JN + 6n)/r„< +1, 

~ ~ ^n^n+1 

Vs" ri "^■^a2+ + 

As in Art. 2, every a, 6 and r is a positive integer and the continued 
fraction is periodic. Also, it has been shown in Art. 3 that is the only 
non-recurring quotient. 


and 

leading to 


(2) The following inequalities are required. Every complete quotient 


is greater than 1, therefore JN + &„>?■„.(A) 

Also r„_i ^(N- = (JN - 6„) (JN + 6„)/r„ >JN~ therefore 

+ (B) 

Again, if ?t>l, the continued fraction equivalent to (^/A/ + &n)/^n 
no acyclic part, therefore, as in Art. 3, + («^2).(C) 

For any suffix m, b^<iJNy hence from (B) and (C), 

and 6^-6„<r„ (n^2) .(D) 


(3) The Cycle of Quotients. Let c be the number of elements in the 
cycle, then 111 


-a, = 


• • 


UgH- U3+ dc+i 
* * 


Now V-N/rj-aj is a root of {x + = N^ the other root of this 

equation being Therefore by H.A.j Ch. XXIV, 31, 


JN 1 1 

= a^+i + 


• » • 


Hence a^+i + 


1 


+ ^c+1 + 


Uc+ Ctc-l’t 

* 

1 o 1 


1 


a. 


• »• 


dti + 


a 


c+l 


+ 4- 


and therefore 


a 


c+l 


— 2c[’lf Clg — ®c—1 otc. 


Summary. It has been shown that jAjB can be expressed as a simple 
recurring fraction in which (i) there is a single non-recurring element, ; 
(ii) the last 'partial quotient of the cycle is 20 ^ ; (iii) for the rest of the cycle, the 
partial quotients equidistant from the beginning and end are equal. 

All this may be expressed by writing 


A JN 11 

— -= Uj 4- 

B ri 02+^3 + 


* 

and we shall call the sequence, a^y a^, 
cycle of quotients. 


1 1 1 
• •• •••% 

(Z 3 + (Z2 + 

* 

... a^, Ug, the reciprocal part of the 
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(1) The b and r Cycles. Let c be the number of elements in the 

cycle, so that / V 1 1 

- =tti H-...-. 

/, a2+ 

The recurrence is due to the fact that the second complete quotient 
appears again as the (c + 2) th. From this stage all the complete quotients 
recur in the same order; hence, + = + 

and therefore = and = for 

Remembering that a^_„ = « 2 +„, for m = 0, 1, 2, ... , we have 

^c+\ ~ ~ ^c+ 2 )Ac +2 ~ “ ^ 2^)/^2 “ ^I» ^c~ “ ^c+l)/^c+l “ “■ ^ 2 ^)/^l = 

^c +1 =^^c+l^c+l ~ ^c +2 ^ 2 a|rj — ^2 = ^ 2 » ~ ^c +1 “ ^ 2^2 “ ^2 ~ ^ 3 > 

and so on. 


Hence, (i) the cycle of b's is 63 , 63 , ... 6^+1 and is reciprocal^ i.e. 6 c+i = & 2 > 

^c —»■ (ii) cyc/c 0 / r’5 zi' rj, r 2 , ... r^, a}id is reciprocal after the 
first term, i.e. r^ = r^, r^^.^ = r^, etc. 

The character of the recurrence and the reciprocity of the three 

sequences is exhibited below, where the recurring periods are enclosed in 

brackets. i o q 1 « 

12 3c c +1 c + 2 , 

[^2 ^3 ^3 ^ 2 ] ^^ 2 * 

[^1 ^2 ^3 ••• ^ 2 ] ^ 2 * 

a^ \P"2 ®3 ••• Uo 2(i|J 

It should be noticed that the a and h cycles correspond, and the reciprocal 
parts of the a and r cycles correspond. 


^2* 


(5) Calculation of the Quotients. In finding the values of 6 „, r„, o„, 
if we can tell token the tniddle of the b cycle has been reached, no further 
calculation is necessary. This matter is settled by the following theorem. 

U respectively equal to b„^y, r„, a„, then and b^+i 

are equidistant from the ends of the b cycle. 


For 


= (N - bl^,)/r„ = {N - bjyr^ = r^_,. 

~ ^n+l^n+1 ~ ^n+2 ^n+1 

Subtracting and using the hypothesis, we find that 


Also 


®m-l ^n+l — (^ni-1 ~ ^n+2)Am-l.(■^) 

Now by the inequalities in (2), (D), both and 

(^^n+2 “ Icss than Unity. Therefore the right-hand side of (A) is 

numerically less than unity, and consequently = and 6m-i==^n+2- 
We can show by a similar argument that are respec¬ 
tively equal to r„^ 2 » ®n+ 2 » so on. 
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Putting 7)1 = n and m = n + l in succession, we have the following : 

(i) If two consecutive 7iamely 6„, and 6^+^, are equalj tlie)i a)id 
are the mid-terms of the reciprocal parts of the r and a cycles, hi this case 
c is even. 


(ii) If = and a„ = an+i that two consecutive r's are equal and 
likewise the corresponding a’s), then r„, r^+i and a„, a„^i are the mid¬ 
terms of the reciprocal parts of the r and a cijcleSy and 6„^.i is the mid-term of 
the h cycle. In this case c is odd. 

Ex. 1. Express and -^61 as simple continued fractions. 

V 17 k/187 

Yl= . Hence iV = 187, ri = ll, 0 ^ = 1, and proceeding as in Art. 4, 

we construct the following table by a mental process : 

b 0 [11 13 11 11 

r [11 6 3 22 

a 1 [4 8 1 8 4 2]. 

Because 64 = 65 = 11 , therefore is the mid-term of the reciprocal part of the 
a cycle. This cycle can therefore be completed, for its last term is 2 ai = 2 , thus 


/17_ 111111 

V 11 “ ‘*'4+ 8 + 1 + 8 + 4+ 2 ' 

* * 

(ii) For ^/61 we have ri = l, Oj = 7 and the 6 , r, a, table is 

60 [7 57546 

r [1 12 3 4 9 5 5 

a 1 [1 431221341 14]. 

Seeing that 05 = 0 , and r^ = r^y we conclude that Cg, a, are the mid-terms of the 
reciprocal part of the a cycle. Also the last quotient of the cycle is 14. 

m , f ,.,,,11111111111 

Therefore ^61 = 7+^ ^ ^ ^ . 

* * 

(6) Relations connecting the p’s and q’s. Suppose that 

lA JN ^ ^ I 1 
y B ri ^ 02 + + 

where N^AB, r^^B; and let Priqr be the rth convergent, then 

t 


JN 1 


an -p 


—where 

an + Z ^n +1 


therefore ^Tn+Vn-i (JN+ + 

»'l 2<Zn + ?n-l + 

and 

JN [JN q„ + b„+iq„ + = r^UNf„ + 

Equating rational and irrational parts, 

^9.n ~ (^n+l7^n "1" ^n+l7^n-l)> ^iPn ~ ^n+l ?n + ^n+ 1 7n—!• 





8 CONTINUED FRACTION FOR s/N 

vSolving for and r„+i and putting N=^AB and ri = R, we find 


that 

Aqnqn-l' . W 

Bp,^-Aq„^ =(-l)"^n+l.(B) 


(7) Integral Solutions of Bx2-Ay2 = M. If for some value of n it 
happens that = then, by equation (B), (p„, y„) is a solution 

of Bx^ - Ay^ — M. 

Ex. 1. Find two positive integral solutions of llx^ - 17y® = 3. 

Expressing as a continued fraction (§ (6), Ex. 1), wo find that r 3 =r 5 = 3. Also 

pjq^ = 5l4, pJq^ = 4Gf37, and thoreforo (5,4), (46,37) aro solutions. 


6 . ^/N as a Continued Fraction. (1) Here ri = l and all the 
conclusions of the last article hold. Additional theorems are the following. 

(i) In the cycle ofr^s, one member" and only one is equal to 1, namely r^. 
For suppose that r^ = l, then, remembering that 62 = 01 and using the 
equations = iV - 

we have a„, = integral part of (V^V + 6 ^)/r^ = ai + 6 ^ = 62 'h^ 


m* 


Also am = 6m + ?'m+l. 


therefore />m+i = 


'■m+i = N-f>l+i = N-b2- = = r^. 

Therefore (JN + = + h^)lri, and r„ = l marks the 

beginning of a new cycle of r’s. 

(ii) If rf^2y then For in this case n>l and ViV< 6 „ + r„, 

so that a„< ( 7 iV + 6„)/r„<(26„ + r,)lr^<b, + 1 < 6 „. 

(iii) If r„ = 2, the 7iumber (c) of elements in the cycle belonging to JN is 
even. Also a„ is the 7nid~t€rm of the reciprocal part of the * a * cyc^e, atid 
a„ = cfi or a^-\. 

For Uj is the integral part of JN and JN^b^y therefore ai^ 6 „. 
Also a„ is the integral part of (ai + 6 „)/r„, and so if rn = 2 we have 

a„>(ai + 6„)/2 - 1 > 6„ -1 ^6„. 

But by the preceding, therefore a^ = 6 „. Also 2 a„ = 6 „ + 6 „^.i, 

therefore = 

Hence by §(5), (i), c is even and a„ is the mid-term of the reciprocal 
j)art of the a cycle. Finally a„ is the integral part of (ai-(-a„)/2, so that 
^n = (®i + a „)/2 or (ai + a„-l)/ 2 , and therefore a„ = ai or ^i-l* 


(2) Equations (A) and (B) at the top of the page become 


. 

Vn-^'qn =(-l)"''„+l.(®) 
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CALCULATION OF CONVERGENTS 

(3) Integral Solutions of x2-Ny- = M. If, for some value of n, it is 
found that = then (p„, ?„) is a solution of x^-Ny^ = M. 

In particular, if c is the number of elements in the cycle belonging to 
JN, the necessary and sufficient condition that r„^.i may be equal to 1 
is that n — tc where i = l, 2, 3, ; hence, it follows that 

(\) for the eqication x^-Ny^ = l, solutions are {pu, qu) when c is even 

and (P 2 u>%tc) when c is odd; 

(ii) for the equation x^-Ny^=-l, solutions are (P( 2 (-i)c. ?( 2 (-i)c) 
c is odd ; the method giving no solution when c is even. 

Ex. 1. Find a ‘positive integral solution of x^ — 13y^= — 1* 

We find that ^/13=3 + ^^ rjl 6 ’ 

* * 

SO that c=:5. Also 2)5 = 18 , ^ 5=5 and {18,5} is a solution. 


(4) Calculation of Convergents. The following formulae are useful in 
this connection. If we multiply equations (A), (B) firstly by and 
and secondly by and we obtain by addition 

^?n = ^n+l?n-l + ^n+l?n + ^n+tPn.(®) 

Again, changing n into n — 1 in equation (B) and using equation (A), 

we find that = •^g’n-l==^nPn-^n+l??n-l. 

In general, the p'a are considerably larger than the g's, and to find 
Pnl9n we need only calculate the q*s and then use the first of equations (C). 


(5) The Convergent pjq,. (i) If ?n + n=c, where c is the number of 
elements in the cycle belonging to then 

Pc^Pm9n+l-^Pm-l^n 9c = 9fn9n+l + 9m-l9n 

Pc_ 1 1 ^ 


For 


where /=Om+i + 


— — (l\ +- • • • f y 

gc ®m+/ 

II 11 


a 


m+2 


+ 


.. •- Cl 

a- 


n+l 


+ 


a„+ a„_i + 


• • 


i_ _?!L±1 

9n 


(E) 


therefore 


If X is 


£c _ fPm + Pm-l _ Pm9n+l'^Pm~l9n ^ 

9c /?m + 9m~l 9m9n+l + 9m-l9n 
the numerator and Y the denominator of the last fraction, 


Xq„ - Ypn = ( -1)"*”^?™ and Xq„_^ - Yp„_i = (- 

Hence any common factor of X and F is a factor of q„ and of 
and since these numbers are prime to one another, so also are X and Y. 

Thus the fractions pjq, and XIY are in their lowest terms, and therefore 
p^ = X and qc=Y, which are the results in question. 


B.C.A. II. 
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HALF-CYCLES 


(ii) Iq j)articular, if c is odd ayid n = \(c - 1), 

7>c=Mn+?n+i'?n+i and q, = q„^ + ql+i .(P) 

If c is even ayid n = ^c, 

Pc=Pnqn+i+Pn-iqr, and = ?„ (?„+i + ?„_i).(0) 


(iii) If ni‘\-n = c, then 

Pn + J^qr, = {-'^)”'(Pm-J^qJ{Pc+-J^qc), .( h ) 

which is equivalent io the two equatioiis 

~ ( “ ^ ) Pny Vm^c~ ^mPc~ .(I) 

For using equations (E), y„?c-?mFc = {Fm!7m-i-?mFm-i)?n = (-l)”’?„. 
Also we have the identity 

(PmPc - ^'qmqc? - ^ (Fm?c “ qmPcY = (Pv? “ Nqj) {j,,^ - Nq,^). 

Now :7>m“-Ny„2 = (-l)’»r„^.i, p„^-iV?„2 = (-l)"r„+i; 
and, since m + n = c, we have ’i^m+i — ^n+i'y and therefore 

Pn^ ~ NqJ) = (pj^ ~ NqJ) (p,^ - Nq,^). 

^ I°”ce - Nq^q^)^ = p„\ 

It remains to consider the sign of Pj^Pc ~ ^qmlle' 

The convergent p^lqm precedes pjqc- First suppose that c is even. 
If m is even, JN<pJq^<pJq^ and PmPc>%m?c- ^ is odd, it 
follows from H.A,, XXIV, 25, that^,rtj5g<jYy„g'g. The same results follow 
in a similar way when c is odd, and thus PmPe-^qmqc = i“^)”*Pn^ 

It should be noticed that these results hold if c is replaced by tc. 


(iv) If N is a prime and c is even and n — Jc, then 

7^c + N/^?c=l(Pn + 7-^?n)^ .(J) 

which is equivalent to i iPn^ + awd (/c=i^n9n- 

Also pJ^^ - Nqf^ = ( - 1)» , 2, and the ynid-term of the reciprocal part of the 
a cycle is or a^-l. 


For by equations (I), ;>„Pc-^?n?c = (-l)"Pn and ;>„?c-?nP« = (-!)"?«> 


therefore 
and ( 


pj<lc = (?„* + Nq„^)/2p„q 



hence 


{Pn - ^qf?) 
Pnqn 



the sign being determined by the fact that p^ 5 according as n is 

even or odd. Since is a prime and p^ is prime to the last fraction 
is in its lowest terms. Hence = (“!)”• 2 or (-1)", and the 

latter alternative is impossible. 
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Therefore = • 2 and qc = Pn^n* 

Hence, ?*n+i = 2 ; and the rest follows by § (1), (iii), p. 128. 

Note. When N is not a primes and may be found by using equation (K) 
and noting that pjqc w in its lowest terms. 

Thus we End that 

* * 

so that for c = 6, P 3 = 9, ?3 = 2, and 


Va 81 +21.4 55 - , • gj- - ^ 

— = 2 9 2 ~12’ P« = 55. ?« = 12. 


(6) The Convergent p„+/c/<ln+«c- (i) U PJ^n “ convergent of 

,7.7 111 

sj xV —• CL\ " 4 * ••♦rt 


dnd c is the number of quotients in the cycles then 

Pn+tc = PnPtc + ^Mtc qn+U=Pn<lu + inPu .(I*) 

For the (te 4 -l)th quotient is 2d^ and the corresponding complete 
quotient is therefore 

!N. (^1 + +ytc-i 

(«! + JN) g,, + • 

Kemoving fractions and equating rational and irrational parts, we have 

aiVtc+Ptc-i^^iu and a^q,c + qtc-i=Ptc .W 

Again, 

?n±Lc=<,+JL - 1 --L l=a+-i- ^ 

?n+(. *■^02+ ■" 2 ai+ <*2+ «n ‘ «2+ ai+Pnlqn’ 

the last quotient being the (te + l)th. From this, by means of equations 

(I), 

Pn+te ^ (gl+y«/gn)y<c+y<c-l ^ c + ^gngfc ^ 

2 n+<c Pn^tc'^ ^nPic 

If X is the numerator and Y the denominator of the last fraction, 

PtcX-NqtcY=Pn{Ptc^-^qu) and PteY~qtc^ = qn(Pu-^quy 

Now Pu-^qtc= ±li by (5), (iii), therefore any common factor of X 
and Y divides and g„, which are prime to one another. Hence XjY is 
in its lowest terms : so also is i?n4-<c/?n+(c- Therefore pn+tc=^i 5 'n+ec=T’, 
which are the equations in question. 

As d specidl cdse we have 

P(s+t)e^TsePte + ^qscqtc and ?(,+t)o ; .W 

in particuhr, P2ie=Ptc^'^^qtc^ ?2«c= 2 ^(c?(c.( 0 ) 
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abbreviated calculation 


(,i) Since JN is irrational, equations (L) are equivalent to the single 

relation + JNq„_^u = (Pn + iPic + 

Putting (=1 and « = c, 2c, 3c, ... in succession, we find that 

Pic+J^^2c = iPc+J^’'lc)'’ Plc + J^'l3c = (Pc + J^<!cf--- . 

and generally, for every positive/, Pu +\/^1ic = ^Pc + J^ 9 cY '< .(^) 

and therefore 7 ^n+tc JNqn^ic = (Pn + (Pc + -JNqd . (Q) 


Ex. 1.* Find a solution in positive intajcrs of x--01y-=l. 

In Ex. I, p. 127, s/lil is expressed as a continued fraction, the number of quotient 
in the cycle being 11. Hence the smallest solution of the equation in question is 
(Pa 2 . 922 )- mrd-elements of the cycle are the 5th and Gth. and j)s = 164, 55 = 21, 

p, = 453, 5 « = 58. Hence by equations (F), 

P,i=P»95 + P696 = Hi-l' 21 +453.58 = 29718, 5„ =55® + 96’* = 2P + 582 = 3805. 


Using equations (0) and observing that Pu^-Glyu^- 

p„ = p „2 + Gl 7 n 2 ^ 2 pi ,2 + i^l7GG319049, 5,3 = 2p„g„ = 226153980. 

Thus the least solution is (17GG319049, 22G153980). 


7 . The Cycle belonging to z = (VN + b)/r. Suppose that 

2>1, h<JN<b + r, N-b- = rr’, 

where r' is a positive integer, then the simple continued fraction corre¬ 
sponding to 2 has no acyclic part (Art. 3), and the cycle can be calculated 

as follows. 

Rule. Let (x, y) be a solution in positive integers of any one of the 
equations x^ — Ny-=±\ or ±4, . 

the latter pair being used only when r, / are both even and N, b are odd. 

Substitute xly for JN in the given surd. Express the resuU as a smple 
continued fraction with an even or an odd number of quotknts according as 
the sign on the right of the chosen equation is + or - . This fraction consists 

of one or more of the cycles belonging to (JN + b)jr. 

Proof. Since iV = + rr', the surd (.JN + b)jr is the positive root of 

r 22 - 2 h 2 - r' = 0.(®) 


(1) We shall prove that tliis equation can be written in the form 

z = (pz + p')l(qz + q'), where p, q, p’, q' are positive integers .(C) 

such that pq'—p'q=±\ and q . . 

For equation (C) is the same as qz--(p-q')z-p'=0, which is identical 

with (B) if q^ry, p-q' = 2by, p'^r'y, . 


where y may be any rational. 

• Tills problem was set by Fermat aa a cludlenge to the English mathematicians ol his tlm». 
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•(F) 


From (D), (E) we have \{f + ^f = Ny'^±\=x^ . 

where a: is rational. All possible cases are included in the following : 

(A) X, y are positive integers such that x^-Ny^= ±1. 

(B) x = il2, y = vl^ where Tj are odd integers such that ^-Nr,^=±4:. 

In case (B), r, r' are both even, for q = ry, p’ = r'y. Hence N-b^ is 
divisible by 4, and if N is odd so also is b. 

In both cases, from (E) and (F), we find that 



p = x + by, q' = x-by, 

Plq=(xly+b)lr. . 


(G) 

(H) 


It remains to be shown that q'< q. This will be so if x/y^ b + r. 


Three cases must be considered ; 

(i) If - Ny^ = -1 or f- - = - 4, then 

x!y<JN<b + r and q'<q. 

(ii) If x^-Ni/ = l, the least value of 2 /is 1, and 

xVy^^N + l!t/<N + l. 

Now N<(b + r)^, therefore N^{b + rf-l- Hence 

xjy^jN + i<b + r and q'<q. 

(iii) If x=^/2, y = V2 where f - Nr,^ = 4, the least value of ^ is 1 and 

x/y^jN + 4:^ 

Let pf ^ lb+ rY-Jc so that kisa. positive integer, then rr' ^r(2b + r)-k 
where r, r' are even. Therefore k is divisible by 4, and 4 is its least value. 

Hence xly<,JN^^h + r and 


(2) It follows that if 


P ^ 

= at + —- 

q <3^2 + 


• • • 


I 

a 


(I) 


n 


A 

where n is even or odd according as pq'-p'q = '^ or --1, then P M ^ 
the convergent immediately preceding piq. (H.A., XXIV, 12.) Now le e 

be determined by 111 

2 = at + 


flo + 


a„+ z 


then 


pz' + p' j Pz'+P' W + V' 
^~qz+q' ? 2 ' + 3 ' + 


Hence z' = z and the fraction (I) consists of one or more of the cycles 


belonging to z. 

The rule can be used (as in Ex. 2) to express any quadratic surd as a 
continued fraction, beginning at the stage where recurrence commences. 
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EXAMPLES 


Ex.l. Express (V621+21)/18 as a simple continued Jraciion. 

Since 21<V62l<21 +18, there is no acyclic part. Also 18^ = 621-21* = 180, 
giring r^ = 10. 

Thus r, r' are even and b is odd, also 

25*-621 . 1*=4. 

Using the rule, we substitute 25/1 for s/621 in the given surd, and express the 
result as a simple continued fraction with an even number of quotients, thus 

25 + 21_23_^, 1 1 1 

18 ■“ 9 ” *^1+ 1+ 4* 


and 


V621+21 ^.1 11 

18 “1+ 1+4* 


Ex. 2. Express (s/1' + 7)/4 as a shnple continued fraction. 

Since 7>V13, there is an acyclic part. The reckoning on the right 
shows that the second complete quotient is (^/13 + l)/3, and since 
l>^/13>l+3, we can apply the rule. We have 

3*-13.1*=:-4 and 18* - 13.5»= -1. 

Since r = 3, an odd number, the first equation is useless. Taking the second, wo 
substitute 18/5 for ^13 in (V13 + l)/3, and express the result as a simple continued 
fraction with an odd number of quotients, thus 

/18 ,\1_23_, ^1111 

5 V3 15 *^1+ 1+ 6+ r 

This is the cycle belonging to the given surd, and 

V13 + 7 _^ . 1 1 J_ J_1 

4 1+1+1+6+1 

« * 


6 7. 1 

r 4, 3 

a 2, 1 


EXERCISE X 

1. Verify some of the following results, where the values of 6, r, a are given 
as far as the middle of the first cycle : 

•6.0.3.1.2 f6.0.4.2.3.3 

(i) .yl3 i r . 1.4.3.3 (u) s/19 j r . 1.3.6.2.6 

la.3.1.1.1 I 0 . 4 . 2 .1.3 . 1 

f 6.0.5. 1.4.5.5 [-6.0.6.1.6.4.6.6 

(iii) s/31 J r . 1.6.5.3.2.3 (iv) s/43j r.1.7.6.3.9.2.9 

I a.5.1.1.3.6.3 la.6.1.1.3.1.5.1 

f6.0. 9.1.8. 7.7 
(v) s/9M r . 1 . 10.9.3.14.3 
ia.9.1.1.6.1.5 


ib 0.10.8. 7.6.9. 7.8.10 
(vi)Vl09-!r. 1. 9.6.12.7.4.16.3. 3 

lo.lO. 2.3. 1.2.4. 1.6. 6 
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(vii) va^ + l 


(ix) va* + 2 



6.0 . a . a 


(xi) Va{a + 1 ) "I 7 * . 1 . CE • 1 

CE« A • 2 • 2ce 


6. 0 . a-1 . 

(viii) — 1 ^ ^ • 1 . 2(a — 1) . 1 

а. a-1. 1 .2(a-l) 

б. 0 . a-1 . a-2. a-2 

(x) Va* — 2 1 .2a — 3. 2 .2a — 3 

а. a — 1. 1 .a — 2. 1 

(a>2) 

б. 0. a .a-2.2 

(xii) '^a2 + 4 r . 1 . 4 . a .a 

a. a . f (a - 1). 1 *1 

(a>l and odd) 


6. 0 . a + 1 . ce-2 .a. a 

(xiu) Va(a + 4 j-! r . 1 . 2 a-l. 4 .a. 4 

a.a + 1 . 1 . i(a - 1 ) . 2 . i(a - 1 ) 


(a> 1 and odd) 


2. In certain cases, a solution of one of the equations x- ±1 or ±4 

can be written down at once ; thus 

if iV = o 2 ±l, then a^-i^l-==Fl; 

if ^ = o^ib 2 , then {a^±lY-Na~ = l; 

if i^=a(a + l), then ( 2 a + l)^. 2 * = 1 ; 
if i^=o 2 ± 4 , then a 2 -iV.l*=T 4 . 

Apply this to write down the integral solutions of x^ - Ny^ = 1 when 

iV = 51 , 47 , 56 . 

3 . Find a solution of a:“- 109 y*= - 4 , and apply the h.c.f. process to show 

./109 + 7 _ 1 

—lO 1 + 2 + 1 + 9 + 1 + 2 


4 . Obtain the following : 


1 1 


(i) 


8 


2 + 1 + 1 + 3 * 
* * 


/13 , 11111 . 

V'6" 

’ * * 
/17 1 

VT"'^'''2+ 1+ 1+ 1- 


.... s /61 + 7 
(“) —H— 


. V19 + 1 

(iv) -5— 


2 + 
* 


J_ 1 

2 + 7 ’ 

* 


JL J- J__i- 1. 

^■^ 8 + 2 + 1 + 3 + 2 ’ 
» * 


+ 2+4 

* 

TT 

5 . Find two positive integral solutions of 

(i) 5 x^-lZy^= 1 , (ii) 5 a: 2 - 13 y'^=- 7 , (ui) 3 x 2 - 17 y 2 = 7 . 

6 Find positive integral solutions of ^^- 621 y^ = 4 

7 verify that if 623/25 and 7775/312 are substituted for y 621 

^thTfriction (y 621 + 21 )/ 18 , the first gives two cycles and the second three 
cycles of the fraction. 
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If iV = (2m-f 3)^-4, prove that 


sjN + 2m - 1 


1 1 1 


1 


1 


= m + 


2+ m+ 1+ 4(m-f 1)+ 1 


8. If a is odd, find a positive integral solution of 

(i) x^-{a^ + 4)y^ = a; (ii) - {a‘+ 4)if= - a. 


9. Prove that r„^2a^, and that if r„ = 2ai, then o„ = l and a„ is the mid¬ 
term of the reciprocal part of the a cycle. 

Show also that if N is an odd prime and r„ = 2a,, then must be equal to 3. 
[If r„ = 2a„ a„<(^y + b„)ir„^l, therefore 6„ + 6„*, = a„r =2a, so that 
b =6„+j. Hence a„ is the mid-term of the reciprocal part of the a cycle. 11 A 

is an odd prime, we must have u„ = a, or Oi-l. xr o 

Hence = 1 or 2, and N = 3, 5, 7. On trial it is found that A = 3.] 


10. If r„ = r„+, = a|, then = = so that a„. Un+i are the mid-terms 

of the reciprocal part of the a cycle. 

[a„ = I(a.+b„)la^ = \ or 2, according as or 6„=ai. If = 

= = so that = This is impossible. Hence a„=l and 

On *1 = -^(^1 + ♦ l)/^i = ^*1 


11. If Oj is an odd prime, or a power of such a number, and —Oi, then 


o„ = l. 

[For r„r „+1 = 

of a:* = A'(mod Oi), and since each ^Oi, 
therefore a„ = (6„ + b^ +i)/r„ = Oi/Oi = 1.] 


, therefore b„ and are solutions 

and o, is an odd prime, 6n + ^n+i=fli» 


12. If, after a certain stage, the simple continued fractions which are equivalent 
to two irrationals z and z' are identical, ])rove that 

z' = {pz-\-p')!{gz-i-ql where pq'-p'q=±^ 
where p^ p\ q' are integers. Show also that the converse is true. 


13. If the number (c) of elements in the cycle belonging to »JN is even, 
(i) prove that Pc/a/'7c/a = (Pc± according ns c is or is not divisible by 4. 

(ii) By taking A^ = 21, illustrate the fact that equations (J) of Art. 6, (6), (iv). 
are not necessarily true unless N is a prime, and verify the equations for A —19. 


14. If the number (c) of elements in the cycle belonging to VA is odd: 

(i) Prove that N is the sum of tw-o squares which are prime to one another. 

Also, by taking A^ = 205, show that the converse of this is not generally true. 

(ii) If m = i(c-l) and 7i = l(c-|-l), prove that 

Ptn + Pn ~ ^ (im* + ?„*) = , 

Pm* d* A q^^T^ ={2pm7mPe "h l)/7c* 

Pm* - = (Pm'Zn + P„7m)/7c* 

and verify when A" = 29. 

[(i) N is a factor of Pc“+ !•] 



CHAPTER X 

QUADRATIC RESIDUES 


1. Quadratic Residues. (1) Choosing any number n as modulus, 

- ' ' when 


^ 2 > 




and the 


Hence, for any 


consider the squares 12,22,32,... and the remainders 
these are divided by n. 

If a: is any number, (?n-x)^ = 3:“(mod w), therefore 

terms of the sequence ••• recur. 

Again, (n —x)^^x^{mod n), therefore i‘n-x~^x' 
modulus n, not more than \n or i(n-l) of the numbers 1,2,3, ...n-1 
can be congruent (mod n) with a square, according as n is even or odd. 

Since (m + l)2 = m2 + 2m + l, we have r„,+j = r„+ 2»! + l (mod n). Using 
this formula, the values of r^, r^, r^, ... can be calculated rapidly in sue- 

cession. 


Ex. 1. If 1*, 2*, 3“, ... arc divided by 17, the remainders are 

1, 4, 9, 16, 8, 2, 15, 13, 15, 2, 8, 16, 9, 4, 1, 0, 1, . 

Having found that r* = 8, we have 

rft=8 + ll=2, r,= 2 + 13 = 15, r8=15 + 15=13, r^^r^T_^=r^, rio = r 7 , etc. 

(2) A number is said to be a quadratic residue or a non-residue of a 
modulus n, according as it is or is not congruent (mod n) with some square. 

From what has just been said, it appears that not more than ^ or 
i{n-l) of the numbers 1, 2, 3,... n-1 are quadratic residues of n, 

according as n is even or odd. 

Ex 2. 1, 2, 4, 8, 9, 13, 15, 16 are quadratic residues of 17, and 3, 5, 6, 7, 10, 

11, 12, 14 are non-residues. 

(3) For any modulus n, the product of two quadratic residues {A, B) is a 
TSS'tduS * 

For if A=a^ and R = 62{modn), then ^R = (a6)2(mod n). 

Again, if Ak^ is a quadratic residue of n and k is prime to w, then A is a 

For let AF = a2(modn), then, since k is prime to n, we can find x so 

that ita; = a(mod w), and then Ak^^kH^ and A=^x^. 

For example, 52 (-2)^72(mod 99) and 5 is prime to 99, therefore 

-2 = (|)2 = 412(mod99). It should be noticed that 2.99 = 142 + 2 and 2 

is prime to 99, so that we also have -2 = 14^. 
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(4) Quadratic residues of a given number n and squares with which they 
are congruent may be found as follows. By the square root process, 
followed by suitable additions or subtractions, we find values of a, 6 so 
that kn = b^±a, where k is any number we may choose which is prime to 
n, and then 6^= =Fa(mod w). Special attention is given to values of a 
which have square factors or are the products of small primes. 

As will be explained later, this process is very useful in determining 
whether a large number is prime or composite. It also affords the readiest 
means of solving congruences of the form x^ = .4(mody) where p is a 
prime. 

Note. When no ambiguity can arise, a * quadratic residue * is often 
spoken of as a * residue.’ The symbol aRn is used to denote that n is a 
quadratic residue of n and aNn indicates that a is a non-residue. This 
notation was introduced by Gauss. 


Ex. 3. Find four primes nuvicricalUj less than 100 which are quadratic residues of 
n = 178979. 

Show also that - 2 is a residue^ and find a square congruent with it. 


Hy the square root process, we find that 

n = 423=+50, 

and .so 423^= -50(mod n). Starting with this and 
proceeding both ways os on the right, we find the 
residues - 5^. 2, 5^. 2.07, -2.11. 79. 

In the same way, 3n = 733^ —352, and 3 is prime 
to 71, therefore 733’= 352 =4^ . 2 . 11 (mod n). 

Removing square factors which are prime to n and 
romomboring tliat the product of two residues is a 
residue, wo see that -2, —11, -07 and -79 are 
residues. 

. . ^ /423V /2a-423'» 




7150 




427*s 3350 =5».2.67 


426*s 


425»s 


424* s 


423*s 


422*s 


853 

2497 

851 

1646 

849 

797 

847 

- 50 = - 5* . 2 
845 
-895 
843 


421*s -1738= -2.11 . 79 


2. Residues of a Prime Modulus. If p is an odd prime, 
(1) the squares P, 2^, 3^, ... {i(p - 1)}2 are mutually incongruent (modp). 

For if a^, P are any two of them (o>6) and we suppose that 
we should have divisible by p, and since is a prime, a+ 6 or 

a — b would be divisible. This is impossible, for a + b and a — b are both 
less than p. 

(2) Half of the numbers 1, 2, 3, ... p - I are quadratic residues of j), 
and the other half are non-residues. 

For among these numbers there are \(p —1) residues, namely those 
which arc congruent with 1-, 2“, 3", ... and by Art. 1, (2), there 

are no more. Hence the remaining numbers are non-residues. 
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(3) Products. For a prime modulus the product of two quadratic 
residues or of two non-residues is a residue: that of a residue and a non¬ 
residue is a non-residue, 

(i) Suppose that ^ and Rare residues, and let A^a^ and B = h’^(raodp). 

Then AB^(ahy‘ and AB is a residue. 

(ii) If ^ is a residue and B a non-residue, let A^aP- and suppose that 

^R = F(modp). Since a is prime to we can find 6 so that ab = k(modp), 

and then a%^ = AB = a^B. Hence B^h^, which is impossible, for R is a 
non-residue. Therefore AB is a non-residue. 

(iii) Let A and R be non-residues. Among the numbers 1, 2, 3, ... p~^ 
there are i(p-l) residues, and if all of these are multipUed by A, the 
resulting products are non-residues and are mutually incongruent (modp). 

Moreover, AB is not congruent with any of these products, hence if AB 

were a non-residue, there would be Hp + l) non-residues incongruent two 

and two. This is impossible, and so AB is a residue. 

(4) Quotients. For a prime modulus p, the quotient alb(modp) is a 
quadratic residue of p if a and b are both residues or if they are both non¬ 
residues. If either a or h is a residue and the other a non-residue, then 

alh{modp) is a non-residue. 

For let a: = a/6 (mod p), then bx = a, and the result follows on consider¬ 
ing difierent possibilities with regard to the product hx. 

(5) The Congruence x2 = A(modp). Solutions exist, or there is no 

solution, according as A is or is not a quadratic residue of p. n t e 
first case, among the numbers 1, 2, 3, ... -1) there is just one of which 

the square is congruent with A. Denoting this number by a it follows 
that a and p-a are the only numbers of the set 1, 2, 3, ... p 1 of w^ch 
the squares are congruent with A. Hence the solution is ±a(mod p). 
The value of o is most readily determined by the method of Art. 1 ( ). 


Ex. 1. Solve *2=^(mod 179) for A=-2, 3, 5, 13, 17, 19. ^ 

Let m = 179 (a prime number). We find that m--^3 + , 

14*=17. Also 2?rt = 182+34, therefore 182 =-34, 19=3. 

Hence - 2^ (f) = (^) 

and 5^ 30*. 

Again 13= 192 = 8* . 3= (8.19)*= 2 / , 

® 19= -160= 4* (-10)= (4.13)*= 52*. 

Thus the solutions are x= ±78, ±19, ±30, ±27, ±14, ±5-. 

If the solution is not obtained after a few operations of this kind it is 
advisable to use the method of - exclusion ’ desenbea at the end of this 

cliapter. 
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(6) The Congruence ax^ + bx-f c = 0(niodp). If j> is an odd 'prime 
and a is prime to p, this congruence can be put into the form y^ = A(modp). 

For integers //?, n can Jilways he found so that 6 = 2?wct(niod p) and 
c = p) and then, dividing by «, the congruence becomes 

5-2 + 2mx + 71 = 0 or (x + mf = m^-n (mod p). 

Ex. 2. Find the gr.nrra! solution in intrgrrsof Tx® - + 4 = 13y. 

Tlio values of x are given by Tx- - 5x + 4= ()(m'Kl 13). 

Dividing by 7 and observing that 5/7(mod 13) = 10 and 4/7(mod 13) = 8, we have 
x2-10x^8=0, and therefore (x - 5)^= 17= 22(mf)d 13). 

llenoc .r-5=±2 and x=3 or 7{mod 13). Thus the general solution of the 
equation is x -13( + 3, ij = 9\t- + 21l + 4 or x = 13( + 7, y = 91(2+ 93(+ 24. 

3. Forms of Primes with given Residues. It is important to be 
able to say whether a given number A is or is not a quadratic residue of 
a prime p. Here wc shall consider the ca.ses xl = - 1, ! 2, ±3, which can 

be settled by Fermat’s theorem, leaving the general question till later. 

(1) With regard to a prime - 1 is a quadratic residue U'hen p is of the 

form in + 1, and a non-residue when it is of the form l/t - 1. 

For (-i)Tip or (-l)iVp, according as the congruence x2 + l=0(modp) 

has or has not a solution. 

If p^\n-\-\y then is a factor of Now by Fermat’s 

theorem the congruence - I =0(mod p) has p-l distinct solutions. 
Therefore x^q-1 =0(mod/>) has two solutions and -\Bp. 

If and x has such a value that x2= -l(modj)), we should 

have x‘*"-2 = ( - 1)2"-^ and therefore x»’-^=-l. This is impossible, for 
by Fermat's theorem x^-^ = \. Hence in this case - \Np. 

(2) We shall prove that +2 is a quadratic residue of odd primes of the 
form Sn (1 and a non-residue of those of the form 8» ±3. 

(i) 8uppo.se that p = Sn + 1 ; then, by Fermat's theorem, 

X®" - 1 =0(mod p) 

has Sn distinct roots. Now x'*+l is a factor of x®"-!, therefore 
x‘* + l=0 has four solutions. The last congruence may be written in 
either of the forms (x2+l)2 = 2x2 or (x^- 1)2 = -2x2. 

Hence each of the congruences, (x"* + x^)^ = 2x‘* = - 2, (x^ - x)“ = - 2x'* = 2 
has solutions, and con.secpiently both +2 and —2 are residues of })> 

(ii) Let p = 8« .i 3, and suppose that, if possible, 2/?/7, then there are 
two ro{)ts le.ss than /> of x2zE2(mod ;>). If a is one of these, the other is 
p-ocy so that one root is odd and the other even. Let a be the odd root, 
then we have the equation a~ — 2~pq where g<ip, and therefore 2Rq, 
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Again, a being odd, is of the form 8m + 1, and so we have an equation 
of tL form 8m -1 = (Sn ±3) q. Hence ^ is a prime of the form 8» ±3, or 
else it has a prime factor of this form. Therefore in every case, if 2 is a 
residue of a prime of one of the forms 8n±3, it is also a residue of a 
smaller prime of one of these forms, and therefore of one smaller still, and 

SO on. , 

Now the smallest primes of the forms 8 h± 3 are 3 and 5. Thus the 
ar<Tument shows that with the above supposition 2 must be a residue of 
ei^er 3 or 5. But this is not the case, therefore 2 is a non-residue o 

primes of the forms Sn ±3. 

(iii) In a similar way we can show that if p is a prime of the form Sn -1, 
then (-2)Nj). Now by § (1), in this case ( - l)Np, and the product of 

these non-residues is a residue, that is to say, 2Rp. 

(iv) This completes the proof of the statement in question, and applying 
the product theorem of Art. 2, we form the following table, where R 
stands for ‘ residue * and N for ‘ non-residue . 


Prime forms 8n -t 1 
_1 R 

+ 2 R 

-2 R 


8/1 — 1 

8/1 + 3 

8/1-3 

N 

N 

R 

R 

N 

N 

N 

R 

N 

is a quadratic residue 

or a 


(3) If p is an odd prime, 

according as p is of the form 3n +1 or 3n -1. 

For if p = 3n + 1, then x^ + l is a factor of x*" » -1 • Consequently 

x^ + x + l is a factor of x'-i-l. Now oip-i- 1 = 0(mody) has p-\ 

distinct roots, and therefore x^ + x + 1^0(modp) has two distinct roots. 

Moreover, 2 is prime to p, therefore the last congruence is the same as 

y2 + 3 = 0(mod;)) where y = 2x4-l. 

Hence 3(mod^) has two distinct roots and ( —3)/tp. 

But if p^3n-l and 2 /is such that /=-3(modji), we should have 
x2 + x + l30(modj)) where y = 2x+l. Consequently x3-l=0(modp) 
and x»" - 1 =0(mod p), that is to say, x^+i ^ 1 (mod p). Now by Fermat s 

theorem xP-i = l(mod p), for x is prime to y, therefore x^+^ = x^ (mody) 

and a:^=l(mody). 

Hence x^±l{modp) and x^ + x + l=S or 1. 

But x2 + x + l=0, hence = _ 3 (mod;>) has no solution and (-S)JS/p, 
Applying the product theorem of Art. 2, we have the following results : 

Prime forms 12n + l 1271-1 12/14-5 12«-5 

R N R ^ 

N N R 

R N N 


-1 
-3 
+ 3 


R 

R 



142 


POWER OF ODD PRIME 


4. Residues of a Composite Modulus. (1) For the modulus 
where p is an odd prime^ we have the following : 

(i) Half of the numbers less than p^ and not divisible by p are quadratic 
residues of p^, the other half are non-residuesy so that there are \(p^—p) of 
each sort. 

Consider the numbers less than -Jp” and not divisible by p. There are 
— such numbers, and by Art. 2, (2), every residue not divisible by 
is congruent with the square of one of them. 

It is therefore sufficient to show that the squares of these numbers are 
incongruent, two and two. 

Let a, b be two of them and suppose that a^ = h^(mod Then 

(a+ 6 )(a-6 ) would be divisible by 

Now a + b and a~b are not both divisible by p, for if this were so 2a, 
and therefore also a, would be divisible by p. Moreover, neither a + b 
nor a-6 is divisible by for each of these <p”. 

Thus is not congruent with ^^(mod^”), and the result follows. 

(ii) With regard to nuynbers not divisible by p^ a quadratic residue of p 
is a quadratic residue of p^, and a non-residue of p is a non-residue of p”. 

The second part of this statement is obvious. Consequently, if the first 
part were not true, among the numbers less than p"^ and not divisible by 
p there would be more residues of p than of p^y that is, more than 
2 (p^—^). But the number of residues of p less than p” is easily seen to 
be \p'^~^(p-\). Thus the first part of the theorem is true. 

(\\\) If = a‘^(mod p^) where a is prime to py then x= ±.a(modp'^). 

For {X'\-a)(x~a) is divisible by p". Also x + a and x-a are not both 
divisible by py for if this were the case 2a, and therefore also a, would be 
so divisible. 

Hence x + a or x~a is divisible by p**. 

(iv) If ARpy the congruence x^ = .<4{modhas two incongruent 
solutions, which can be obtained as follows : 

Ex.l. Solve (i) x*~23(mod49) arid (ii) x*= 23(mod 343). 

(i) Wo must have a:*= 23= 2= 3*{mod 7). thoroforo a: = 7t/d:3 where 

(7//±3)2=23(mod 49). 

Hence ±42y= 14(mod 49) and ±3*/= l(mod 7), giving j/—±5(mod 7). 

Thus y = 7z±5 and a:=:492±38= dbl^mod 49), which is the solution. 

(ii) Wo must have ar*=23(mod 49), and so by the preceding x=49<±ll where 
(49i±n)^=23(mod 343). 

Hence ±7^ . 22(= - 98(mod 7®) and dblH= - l(niod 7), giving <=:±6(mod7). 

Thus ( = 7 h± 5 and a: = 343u±26G= ±87(mod 7*), which is the solution. 
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(2) The Modulus 2". (i) Every number is a quadratic residue of 2. 

Every odd number of the form 4A: +1 is a residue of 4, and those of 
the form 4^1:-1 are non-residues. Hence if x2 = a^(mod4), then 

a:2 = l(mod 4), 

and X may be any odd number, so that there are two incongruent solutions. 

For the modulus 2” where n^3, all odd numbers of the form are 

quadratic residues and the others are non-residues. 

The proof of this may be arranged as follows : 

(a) Every odd residue is of the form 8/: -H1. For if A is odd and 

^ =a^(mod 2”), 

then .4=a^(mod 8); and, since a is odd, a^ is of the form 8^-f-l; hence, 
.4 = 1 (mod 8). 

(j3) Every odd residue of 2” is congruent with th^ square of an odd number 
less than 

For if 4 is any odd residue of 2" and 4 = a2(mod 2"), we can find x 
so that a = m.2"-i±a: and x<|. 2"-\ and then 4=a:2(mod2«) where 

X is an odd number. 

(y) The squares of all odd numbers less than 2”-2 are mutually incon¬ 
gruent (mod 2^). 

For let a, 6 (a>6) be any two odd numbers less than 2"-^ and suppose 
that a2 = 62(mod2"), then (a+ 6) (a-6) is divisible by 2". 

Now 0 + 6 and a-h are both divisible by 2, but only one of them 
is divisible by 4 : hence one of them is divisible by 2"“^, which is 
impossible, for each is less than 2^-\ Hence a^ is not congruent 

with 6^ (mod 2”). 

(8) There are 2"-^ odd numbers less than 2”-2, hence there are 2"-=^ 
odd quadratic residues of 2" which are mutually incongruent. Also, of 
the numbers less than 2«, there are 2"-3 of the form 8^ +1 : all of these 
are therefore residues and the rest are non-residues. 

(ii)// a;^=o2(?nod2”) where a is odd and n^3, then x = 2"-i.i±o, 
where t is any integer or zero, giviny four incongruent solutions. 

For {x-\-a)(x-a) is divisible by 2", therefore x + o or x-a is divisible 
by 2"-\ as in § (1), (iii). Hence x=^2^~^.t±a, so that x= ±a or 

2n-i+a(mod2”), according as ^ is of the form 2m or 2»i + l. 

Ex. 2. Solve a^=l*I{modZ2). 

Solutions exist, for 17 is of the form 8A: + 1, in fact 17=72(mod 32). Hence 
x=16t±7, so that x= ±7, ±9(mod 32). 
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(.3) The Modulus 2n. If A is a quadratic residue of an odd modulus n, 

it is a residue of 2n. • j i 

For if A^aHmodn). then A ^ (n - a)Hmod n), and since n is odd. 

just one of the two n. n-a is even, and the same is true of A-a^ and 

A - (n -a)2. Also each of the last pair is divisible by hence A is con¬ 
gruent (mod 2 m) with either or but not with both. 

The converse theorem is obviously true, and it follows that if n is odd, 
the congruence x^^A(mod 2h) has the same number of incongruent solutions 

as x^ = A(modn). 


Ex. 3. Solve x^=3{mod 20). .o i. 

Here X is an odd number such that 3= 4Mmod 13). so that x = \3y±4: whore 


y is odd. Therefore 


x = 13(2« + l)±4= iO(mod 26). 


(4) The Modulus ajSy ... . Let a, JS, y, ... be different primes or powers 
of different primes, and let A be prime to all of these numbers, then if A 
is a quadratic residue of each of a, y, ... it is a quadratic residue of the 
product a^y ■■■ , and conversely. 

For suppose that A^a\ b\ c’-, ... respectively with regard to the 
moduli a, y, ... . Since a, jS, y, ... are prime to one another, there is 

just one value of x, less than a^y ... , such that 

a: = a(moda), x = h(mod^), y^rfmod y), ... , 
and .since x^^-A is divisible by each of a,^,y, .... it is divisible by their 
product. Therefore x, is a solution of x^s(mod a^y ...) and ^ is a 
residue of aj8y .... The converse theorem is obviously true. 

(ii) To every .set of values of a, b, c, ... there corresponds a single value 
of X less than apy ... . Hence if Uj, u,, ... are the numbers of incon¬ 
gruent solutions of x- = A to the moduli a, y, ... respectively, the 
number of incongruent solutions of x- = i4(mod a^y ...) is niii^n^ ... . 

Combining this with the results of §§ (2), (3), we have the following : 

jj ... where p, q, ... are the odd prime factors of n, in order 

that the congruence x^^A(mod n) may have a solution, it is necessary and 
sufficient that A should be a quadratic residue of 2'^ and of p, q, ... . 

If this is so, the number of incongruent solutions is 2', 2‘+', 2'+*, accord¬ 
ing as k<2, k = 2, k>2, where t is the number of odd prime factors p. 



Ex. 4. Solve 13(mod 153). 

Wo have 153 = 3^.17 and 13 is n residue of 3 and of 17. Hence solutions exist, 
and the numbor of incongruent roots is 2* or 4. The values of * are given by 

13=2*(inod 9), 13^8»(inod 17), 

.r-9y±2 = 172-J:8. 


giving 
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Now if x = ^y^-a = \lz->rb, then ~ z= {a ~ b){mod 9), so that z = b-a+9t and 
x=186-17a(mod 153). Putting a=±2, 6= ±8, we have x= ±25, ±43(niod 153), 

giving the four solutions. 

Or we may proceed as in the next example. 


Ex. 5. Solve x^=-41 (mod 210). 

We have 210=2.3.5.7 and -41 is a residue of 3, 5, 7, therefore solutions 
exist and the number of incongruent roots is 2^ or 8. Also x is an odd number, 

satisfying the congruences 

a;2= -41=U(mod3), -41=2-(mod 5), x-= -41=U(mod7), 


giving 

The odd numbers 
1, 13, 15, 


x = 3y±l=52±2 = 7«±l. 

. 210 which are of the form 7u± 1 are 
27, 29, 41. 43, 55, 57, 69, 71, 83, 





Omitting multiples of 3 and numbers which are not of the form 53 ±2 (i.e. those 
which do not end with 3 or 7), we are left with 13, 43, 83, 97. Hence 


ars ±13, ±43, ±83, ±97(mod210). 


Or thus, it x= 3 y±a = 52 + 6 = 7u±c, we find that x= - 35 a± 2 U + 15c(mod 105). 
Putting a=±l, 6= ±2, c= ±1, we have a:= ±13, ±22. ±8, ±43(mod 105), 

and since x is odd, it follows that 

x=±13, ±83, ±97, ±43(mod210). 


Ex. Q. Solve x®s73(mod 304). 

We have 304 = 2^.19, and 73 is a residue of 2‘, being of the form 8i + l; it is 
also a residue of 19. Hence solutions exist, the number of distinct roots being 2i+* 

or 8. They are given by 

*2= 73= S^mod 16), * 2 = 73=42(mod 19), 

so that a: = 8y±3 = 19z±4. 

jf 1 = 8^ + 0 = 192 + 6, then 3z= o-6(mod 8), giving 2 = 5(6-a) + 8i and 

X =966 — 95^1 + 152i. 

Hence x= 965-95a or x= 966 -95a ±152 (mod 304). 

Putting a=±3, 6= ±4, we get the eight solutions, 

a:= ±61, ±99, ±91, ±53(mod 304). 

Or by the method of Ex. 2. 

6 Euler*s Criterion. Any number a is a quadratic residue or a 
non-residue of an odd prime p acceding as aif'-D is congruent with +1 

or with -I. n , 1.1 • 

Corresponding to any number r of the set I, 2, 3, ... ^?-I, there is a 

single number r', also belonging to the set, such that rr'^a(modp). 

This is merely another way of saying that the congruence 

ra; = a(mod p) 

has a single solution less than p. 

(i)If aRp, the congruence x 2 = a(mody) has two solutions lessjhan 
V Denoting one of these by r, the other is p - r and r (ji - r) ^ = - a. 

B.C.A. n. 
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If, then, from the set 1, 2, 3, 1 we exclude r and p-r, the 

remaining ^>-3 numbers can be arranged in 2 0^-3) pairs such that 
the product of each pair is congruent with a. 

Therefore {-a) . \p~l or at(p-i)= - |y-l . 

Now 1 is a quadratic residue of every prime, and putting a = l, we have 

which is AVilson’s theorem. Hence if aRp, = 


(ii) If aNp, r cannot be equal to r, for in that case we should have 
r^ = a, which is impossible. Hence the numbers 1, 2, 3, ... p — \ can be 
arranged in \{jp “I) pairs such that the product of each pair is congruent 

with a. 

Therefore, in this case, j? - 1 = - 1. 


Note. If a is prirao to p, no matter whether it is a residue or a non-residue, it 
follows from the above that a**-'= 1 (mod p), which is Format’s theorem. It also 

follows that -1 is a residue of primes of the form 4n + l and a non-residue of those 

of the form 4n - 1. 

Ex.\. Examine whether +3 and -3 are residues or non-residues 0 } Zl, 

Here ^ (p - 1) = 18 and, to the modulus 37, 

(±3y« = 27«=1000»=l, 

therefore 3 and -3 are residues of 37. 


6. Gauss's Lemma. If p is an odd prime and a is any nwmher 
prune to p and if p is the number of absolute least residues to the modulus p 
of the products 1 . a, 2 . a, 3a,.,. which are negative, then a is 

a residue or a jioti-residue of p according as p is even or odd. 

Denote the absolute least residues by 

where every a and b is positive, then 

. |-^(y-l ) = ( - l)*'aifl2 ••• •••V 

Now consider the numbers a^, flg* them 

are equal, for in that case we should have ar congruent with as or -as, 
where r and s are less than Ip, that is a(r-5) or a(r + s) would be 
divisible by p, which is impossible. 

Hence a^, a^, ... hj, b^, ... b^ are the numbers 1, 2, 3, ... 
in some order or other. Therefore 

flKp-i). |^(y-l ) = (-l)M.| ^(p-l ) and (-1)^ 

since |4 (;J-1) is prime to 

Hence by Eulers criterion, (-1 )m=+ 1 or -1 according as aRp or 
a^p, which proves the lemma in question. 
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Ex. 1. Prove that 2 is a quadratic residue of all primes of the form 8/i ±1, and is a 

non-residue of all primes of the form 8« ±3. ^ 

Consider the products 1.2, 2.2, 3.2,...J(p-l)2. t m ® ® 

least of these which is greater than ip, then the products which have negatwe 

absolute least residues are 2m and those which foUow 2m. If then p is the number 
of such products, we have p=4(p -1)-m +1 = i(j) +1) - where 

2 {m-l)<ij)< 2 m or m-l<ip<m. 

(i) If p = 8n + l, m = 2a + l, /r = 2n. (ii) If p = 8«-l, m=2n, p = 2n. 

(iii) If p = 8a + 3, m = 2ji + l, p = 2n + l. (iv) If p = 8n-3, m = 2n, p = 2n-l, 

and the results in question follow by Gauss’s lemma. 


7. Law of Quadratic Reciprocity. The following important 

theorem was stated by Legendre : the proof given below is due to Lange 

(except as regards the diagrammatic illustration). 

If p and q are odd primes, then (i) each is a residue or each a non-residue 

of the other if at least one of them is of the form 4w +1, and (ii) p is a residue 
or a non-residue of q according as q is a non-residue or a residue of p when 

both are of the form 4w -1. 

Suppose that p<q, and consider the sequences 

1 . q, 2q, ... rq, ... \<,p-V)q, .(A) 

l.p, 2p, ... sp, ... 4(9-1)?.(®) 

These sets of numbers may be represented by the points of division of 
two scales set edge to edge, the zero points coinciding. 


■q 




o 


o 


p 


ip 


B 








)p \(q-^)P 


Fia. 48. 

The diagram illustrates the case in which p<q<3p ; if 9 > 3 ?, more 
than one division of the ;)-scale wiU be outside the 9 -scale. 

Let u be the number of terms of the sequence (A) with negative absolute 
least residues (mod p). Every term of (A) lies between two consecutive 
terms of (B). Suppose that rq Hes between (s-1)? and sp, these 
numbers being represented by the points A, B, C ; then BA and CA 
respectively represent the least positive and the numerically least negative 

residues of rq(modp). 

Hence the absolute least residue of r 9 (mod?) is negative if At<BA, 

i.e. if AC<\BC or if sp-rq<ip. 
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It follows that /i is the nunihor of pairs of positive integers (r, s) which 

satisfy the conditions 

Again, let v he the nuniher of terms of the sequence (B) with negative 
absolute least residues (mod 7 ). 

If Xy r are the last points of division on the q- and ;)-scales, 


XY = }Aq-v)<h' 

Therefore XY re])resents the absolute least residue of J( 7 -l);j(mod 7 ), 
which is therefore positive. So also is the absolute least residue of any 
term of the sequence (B) greater than representative 

point is in XY. 

Hence every term in (B) with a negative absolute least residue (mod 7 ) 
lies between two consecutive terms of (A). Therefore, as above, v is the 
number of pairs of j)ositive integers (r, s) which satisfy the conditions 

r<lj), s<lq, 0<rq-sp<lq, 


i.e., r<l}), s<lq, -lq<s})-rq<0. 

Now sp - rq cannot be zero, therefore n + v is the number of pairs of 
positiv'e integers (r, s) which satisfy the conditions 

r<lp, s<lq, -lq<xp-rq<ip .(C) 

Next let r + r' = i(p + l) and s+ .s-' = i ((/+ 1). Since r, s are positive, 
integers less than Ip and Iq respectively, so also are r', s'. Also if we 
substitute l{p + l)-r’ for r and 1 ( 7 + 1 )-s’ for .s in the last of the 

inequalities (C), we find that 

-iq<{'Aq + 'i)-x'}}>-{i(P+^)-'^'}^<i'P- 

Adding Al-p) to each of the unequals, we have -\p<r'q-s'p<iq, 
or - lq<s'p - r'q<lp ; hence the pair (r', s') satisfy the conditions (C). 

Again, the pairs (r, ,s), {r',s') arc identical if r = r' = + and 

5 = 5 ' = i(y + l). This can happen if both p and q are of the form 4»-l, 

but not otherwise. 

If then at leant one of the tu'O p, q is of the form in+ ly the solutions 
(r, s) of (C) can be arranged in i>airs. Consequently ^ + v is even, so 
that /X and v are both even or both odd; and, by Gaxiss’s lemma, 
qRp and pRqy or else qNp and pNq. 

But ifp and q are both of the form 4n- 1, the solutions {r, s) cannot be 
arranged in pairs, and p + v is odd; therefore p is even and v odd, or 
vice versa \ and, by Gauss's lemma, qlip and pNq^ or else qNp txud pRq^ 




LEGENDRE’S UNITIES 


149 


The law of reciprocity, together with the supplementary theorems on the 
quadratic character of -1 and 2, completely settles the question as to 
whether any given number a is or is not a residue of a prime p. It also 
enables us to find the forms of primes of which a given prime is a residue. 

Ex. 1. Find the forms of primes of which (i) +5, and (ii) —5, is a residue. 

Since + 1 and - 1 are residues of 5, and + 2 and - 2 are non-residues, therefore 
all primes of the forms 5n±l are residues of 5, and all primes of the forms 5n±2 
are non-residues of 5. 

Now 5 is of the form 47n-l-l, therefore 5 is a residue of all primes of the forms 5n±l 
and a non-residue of all pri?nes of the forms 5rt-db2, by the law of reciprocity. 

Using the theorems of Art. 2, we can now fill up the following table. 


Forms 

2Qn -1-1 

20^1 + 3 

20a+ 7 20n + 9 

20a - 9 20a - 7 

20a-3 

20 a-1 

+ 5 

72 

N 

N 

72 

72 

N 

TV 

72 

-1 

72 

N 

N 

72 

N 

72 

72 

TV 

-5 

72 

72 

72 

72 

N 

N 

TV 

TV 

Ex. 2. 

Prove that (i) 5972281 ; 

(ii) 43 TV 61 ; 

(iii) -4372103. 




(i) Both 59 and 281 are primes, and 281 is of the form Hence 59i?281 

if 2811259, orif 45i?59, orif 51259, or if 4i25, which is the case. Hence 5912281. 

(ii) 431261 if 611243, orif 18i243, orif 2i243. 

Now 43 is of the form 8n. + 3, therefore, byArt. 3, 2N43 and 43A61. 

(iii) -43i2103 if 60 i2103, orif 15i2103. 

Now 312103 if 103 A 3, orif IN 3, which is not the case, therefore 3N103. 

Also 512103 if 103 i2 5, orif 3725, which is not the case, therefore 5N103. 
Hence 1572103 and -4372103. 

In examples of this kind the reckoning is simplified by using the notation of Art. 8. 


8, Legendre's Unities. Legendre introduced the following very 
convenient notation : If p is an odd prime and a is any number, the 

symbol is to stand for +1 or -1, according as aRp or aNp. 

The law of reciprocity may be written in the form 


where p, q are odd primes. For is even if p or g is 

of the form 4n +1, and is odd if both are of the form 4n -1. 

The supplementary theorems relating to -1 and 2 may be written 


= and = 

Pcj i(p-l) is even or odd according asp is of the form 4n + l or 4w-l, 
i.e. according as -IRp or -INp. Also is even or odd according 

as p is of the forms 8w±l or 8w±3, i.e. according as 2Rp or 2Np. 
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Again, if a and h are any numbers, positive or negative, not divisible 
by 7 ?, abRj) if a and b are both residues or both non-residues and not 

otherwise, hence general 

'( 4 )=©'€)■©■■" 

The convenience of this notation in working out such examples as the 
preceding is obvious. Thus, to investigate the quadratic character of - 43 
with regard to 103, we may proceed as follows : 

therefore — 43 72103. 


9. Solution of x2=A(modn) by the Method of Exclusion. 
To solve this congruence is to find the integral solutions of the equation 
x^ — ny + A. We require values of 2 /for which ny-\-A is a square. These 
can be found by trial, and the number of trials which are actually necessary 
can be greatly reduced by the following considerations. 

(i) It is sufficient to know the positive values of x which do not exceed 

A A 

iriy and so we need only consider values of y for which-• 

TV TV 

(ii) Choose any number e greater than 2, which for this purpose is called 
an excludenty and let p be any non-residue of e. 

If ny-\-A is a square, it cannot be congruent (mod e) with j8. Hence 
we may exclude from trial all values of y which satisfy the congruence 

7iy + A=p(mod e). 

After using a properly chosen set of excludents, it will be found that the 
number of trials which have to be made is quite small. 

Notes, (i) It is easy to soo that if e, are prime to one another, the use of these 
numbers in succession ns excludont-s is equivalent to the use of ed. Hence only 
primes which are not divisors of n and powers of such primes shoxdd be used as ejrcludenls, 

(ii) If p is a prime and p^ has been used as an exoludent, the use of the excludent 
p*’{v>p} only rejects values of y for which ny-\-A is a residue of p^ and a non-residuc 
o/p^ 

(iii) is unnecessary to solve the coiigruence ny + A = p(mod e), for this may bo 
written in the form y+ a = pln{mod e) where a = A/»{mode). 

Now pjn is a residue or a non-residue of c according as n is a non-residue or a 
residue. Hence, if ap aj,...» are the residues, and /Sp /S*. ...» are the non-residues, 
of €y the values of y which may bo rejected are, (i) aj - a, - a, ..., when nAe, and 
(ii)/3i-a, /ia-o, ..., when nRe. 
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Ex.\, Find the general solution in integers of the eq^ultion —157y + 109. 

Here a:»=109(mod 157), and it is easy to show that 109i2157, so that solutions 

1 , 792-109 

exist. Itissufficienttotake2:<2.157<79 and y <— 


Let r = 157j/ + 109. 

Talcing e = 3 and p = 2 (a non-residue of 3), we have F=y + l(mod 3), and if 

y-l-l=2(mod3), then y=l(nlod3). Hence we may exclude values of y of the form 

Sw-f 1. 

Taking e=4 and ^ = 2,3 (non-residues of 4), K=i/+ l(mod 4), and if i/ + l=2,3, 

then 2/=l, 2(mod4), so that we may exclude values of y of the forms 4m-f-l and 

4m-I-2. 

Taking e=5 and j3 = 2, 3 (non-residues of 5), F=2y-1. and if 2y-l=2, 3, 
then 2y = 3, 4(mod5) and y=4, 2(mod5). Hence we can exclude values of y of 

the forms 5m-t-2 and 5m-t-4. 

If from the numbers 1, 2, 3, ... 39 we reject those of the forms mentioned above, 
the remaining numbers are 3, 8, 11, 12, 15, 20, 23, 24, 27, 32, 35, 36. 

Taking e=7 and j3=3, 5, 6 (non-residues of 7), 7= 3;/-f 4 (mod 7), and if 
3y + 4:=B then ;/-l=(3/3, whieh is a residue. Hence we can reject values of y such 

that 2, 4 or y=2, 3, 5(mod7). This excludes 3, 12, 23, 24, 32. 

Taking e = 8, the non-residues of 8 are 2, 3, 5, 6, 7. Of these, 5 only is a residue 

of 4. Hence fresh numbers will be excluded only by taking ^=5. 

Now F=5y-*-5(mod8), and if 5y-^5=5, then 0 (mod 8), and we can reject 

values of y of the form Sm, namely 8, 24, 32. (The last two have already dis- 
appeared.) There remain 11, 15, 20, 27, 35, 36. 

Taking e = ll and ^=2, 6, 7, 8, 10 (non-residues of 11), F=3y-1, and if 
3y-l=/3(modll). then 3y-l-21=i3 and y + 7=^/3, which is a non-residue. Hence 

we can reject values of y such that y-H7=2, 6, 7, 8, 10, or y=-5, —1, 0, 1, , 
or y=0, i, 2, 3, 6, thus excluding 11, [35 and 36. Therejemain 15, 20, 27. 

Taking e = 13 and fi=2, 5, 6, 7, 8, 11 (non-residues of 13), K=y-t-5(mod 13), 
and we can reject values of y such that y= - 3, 0, 1, 2, 3, 6. This excludes 15 and 
27. The only remaining value of y is 20, which must give a solution. 

In fact, 157.20-1-109 = 57*, thus the solution of the congruence x*= 109(mod 157) 

is ar= ±57 mod (157). . 

Hence a: = 157f±57 and y = 157P±314«-(-20, which i 3 _the solution required. 


EXERCISE XI 

Solve the foUowing congruences. (In each case the modulus is a prime.) 

1. a==.d(mod79) for .4 = 5, 13, 19. 2. a:“=4(mod 103) for 4=2, 7, 13. 

3. a:*=4(mod 157) for 4 = - 1, 109, 11, 17, 31. 

4. a:*=4(mod 179) for 4 = 3, 5, 13, 19, 22. 

5. a:*^4(mod 197) for 4=6,7, -10. 6. a: 2=4 (mod 229) for 4=3,5,19. 

7. a:»=4(mod2011) for 4=-2, 6, -10, -17. 

8. a»=4(mod.l0007) for 4 =2, 6,> 17,>23. 
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Solve the following, the modulus in each case being a composite number. 

9. j:“=7(inod 58). 10. :t:2 = 5(!nod 44). 11. - 2(mod 99). 

12. I0(rnod 135). 13. 51 (mod 203). 14. -79(mod 1760). 

15. x^=23{mod I(X)1). 

16. If p is a j)rimc, the congruence -f a; + 1 = 0(mod p) has solutions if, 
and onh' if, p is of tlie form 3n+ 1. Also if Xj, Xj arc incongruent solutions, 
then X, fX2= -Gmodp) and XjXjS 1 (mod/?). 


Find the general solution in integers of: 

17. X2 + X+l = 0(mod 73). 18. 6x= + 7x - 4= 0(mod 71). 

19. 3x2 + 2x + 29 = 0(mod85). 20. 6x2-x+7 = 29y. 

21. 7x2-nx-3 = 3l//. 22. x* = 4(mod 313). 

23. Prove that x^ hx2 + l = 0(mod 19) has four incongruent solutions; find them. 

24. Show that 0 is a quadratic residue of primes of the forms 24«±1» ±5. 
and that -6 is a residue of those of the forms 24ft+l, 5, 7, 11. 

25. Show that 10 is a quadratic residue of primes of the forms 40 h± 1* ±3, 
d 9, :h 13, and tliat -10 is a residue of those of tlic forms 40«-f-l, 7, 9, 11, 
13, 19, 23, 37. 

26. For any prime p, i)rove that 

(i) 7/^/1 if 7 )=:hl» i3, d:^l(niod 28). 

(ii) 11/0) if P=:hl. ifi, ±7, :h9, ±19(mod44). 

(iii) 13/0) if /)=±1. d:3, ±4(mod 13). 

(iv) 17/?p if ;)=±1. J.2, ±4, ±8(mod 17). 

27. Provo that -41 is a quadratic residue of 283, 307, 409. 

28. Show that if a solution exists of the equation x^ —+ where N is an 
odd prime number, then there are two solutions, and only two, for which xaN. 

29. Show that, if a solution, (x, y), of the equation x^==yy + a, where iV is an 
odd prime e.xists, then the general soltition is A' = 7HA’d:X, }' = ?n*iYd:2mx+y. 

(dve the general solution, and the fust foxir solutions of: 

30. x2=I.3//^-23. 31. x2 = 23x4-13. 32. x2 = 97y4-22. 

In Exx. 33, 34, obtain the transformations indicated and give three solutions. 

33. x2 = 2I//( 123, w2 = 7v-}-2. 34. x2 = 21y4-112, = 

35. Show that neither x—11^ = 2 or 7, nor x^-13^ = 2 or 7 have any 
solutions; and tliat con.sequently x^—143 j/ = 2 or 7 have no solutions. 

36. Show that .r2-143y~14 may be reduced to x 2 =llw 4 - 3 , or to x2=13o + l; 
hence that for solutions of the first equation x must be of the form llw±5 , and 

of the form I3«ri:l, and therefore of the form 143A*d:27, or 143A'±38. Give 
the corresponding forms of y, and four solutions. 

37. Verify, by the method of Ex. 36, the solutions of x2= I53y 4-13, obtained 
m Art. 4,(4), Fx. 4 ; and give a general .solution. 


Use the 
38. x= 


method of e.xeludents to solve th<' following eijuations : 

39. x2 = 83y- 15. 
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INDETERMINATE EQUATIONS OF THE SECOND DEGREE 

1, Solutions in Integers. In this chapter we consider equations 
of the second degree in x, y with integral coefficients, our object being 
to find any integral solutions which may exist. 

It will be shown that the question can be made to depend on the solution 
in integers of an equation of one of the following types : 

x^ = my -\-n, x^^Ny^ = M, xy — M^ 

where m, n, M, N are integers and N is positive and not a square. The first 
type has already been considered in the preceding chapter. With regard to 
the second type, the following theorems are of fundamental importance. 

2. The Forms x^iNy^. It is supposed that W is a given positive 
integer which is not a square, and that x, y have any integral values. 

(1) The product of any two numbers of the form x^-\-Ny'^ can he expressed 
in the same form, and the same is true far numbers of the form x^-Ny'^. 

This follows from the identities 

(x^ + Ny^) (x'2 + Ny'^) = (xx' ±Nyy'Y + ^ x'yY, 

(x^ - Ny"^) (x'2 - Ny’^) == (xx' ±Nyy'y' - N {xy' ±x'y)^, 

showing that in general the product can be expressed in the specified form 
in ways. If, however, xy'=x'y, only one form is obtained, thus 

(x2 + %2)2 = (x2 - Nt/f + W (2x^)2. 

Ex. 1. Express 91 and 91® in the form a;® + 3y®, showing that this can be done in 
two ways. 

91=7 . 13 = (2® + 3 . l®)(12 + 3.2®) = (2.1 ±3.1.2)®+ 3(2,2=Fl . 1)^ 

therefore 01 = 8® + 3.3® = 4® + 3.5®, 

and 912 = 37®+ 3.48® = 59®+ 3.40®. 

(2) If x2 + = ilf jMg and = x^ + ^y^t ‘inhere x is prime to y and 

Xi to ?/i, then M^^x^-\-lS!y^, where Xg, y^ ctre integers prime to one 
another, provided that is an odd prime, a power of an odd prime or twice 
such a number. Also numbers of the form x^-Ny'^ have similar properties. 

For M 2 ^ = (x^ + Ny'^)IM-^^ = {x^-\-Ny^){x^-\-Ny^)IM^ = x^-{'Ny^ where 
x^ = (xx^±NyyfjlM^ and y 2 ={xy{^yxfilM-^, both upper or both lower 
signs being taken. 
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Now - yW = + Ntf)- y -+ Ny^^) = - y^); 

therefore (xyi - y^j) (xyi + y^i) is divisible by ilfi; and, if is an odd 
prime p, at least one of the factors xy^-yx^ and xy-^ + yx^ is divisible 
by p. This gives an integral value for yj 1 Vi integer, so 

also is Xo. 

Suppose that where p is an odd prime. Both xy^^-yx^ and 

x^i + yxi cannot be divisible by for if it were so, 2xy^ and 2yx^ would 
both be divisible by p, and so would xy^ and yx^. This is not the case, 
for x is prime to y and Xj to y^. Since (xyY — yxT^(x7j^-\-yx^ is divisible 
by it follows that one and only one of ^y^-yx^ and. xi/i + i/Xi is 
divisible by i.e. by A/j. 

Next, let ^/l = 2p^ then since {xy^-yx^)(xy-^-\-yx^) is divisible by 2, 
one and therefore both of xy^ — yx^ and xy^ + yx^ are divisible by 2 , 

As before, one of these is divisible by 7 )^, and therefore by 2 j 3 *’, i.e. by My 

Thus, for one arrangement of signs, y^, and consequently x^ is an 
integer. Moreover, 

^i 2/2 - 2 / 1^2 = {^i(^ 2/1 2 /^ 1 ) “ 2 /x^ 2 /* 

Hence any common divisor of Xg, 2/2 ^ divisor of y : it is also a 

divisor of A/ 2 ) and therefore also of x. But x is prime to y, and so 35^ 
prime to 2 / 2 - 

This reasoning holds if -N is substituted for N. 

3. The Equation x2 + Ny2 = M. (1) It is supposed that M and 
N are integers, and that N is positive and not a square. 

A solution (x', 1/) such that x' is prime to y' is called a primitive solution. 

Non-primitive solutions cannot exist unless M has a square factor, and 
any such solution can be obtained from a primitive solution of an equation 
of similar form. 

Thus if x^~Ny^^M and x, y have a common factor a, writing x = aAL, 

y = aY we have X^-NY- = Mla~, so that Af is divisible by a^. 

To find all the non-primitive solutions, every square factor a of Af must 
be considered separately, 

(2) The Case in which M is a Composite Number, If Afj (or Afj) is 
of the form Ny-, and if it is an odd prime, a power of an odd prime 
or twice such a number, then all the primitive solutions of = Af jAf j 

(if any exist) can be derived from those of x^ -f- Ny^ = Af j and x^ -f* — A/q. 

For if (X,-y), (xp yi) are primitive solutions of x®-f-Ny* = AfjAfg and 
x^ + Ny^ = Af 1 respectively, then by Art. 2 a primitive solution (xg, yg) of 
x^ + A^y-^A/g must exist such that 

+ N Y2 = (xi^ + Nyi^) (xgS + Nyg®). 
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SOLUTION OF ax^^-hy^ = M 

Ex. 1. Fiind all the positive integral solvXions of + 7t/^ = 7067. 

We have 7067 = 37.191 and 37 (an odd prime) = 3=* + 7.2®, thus if the equation 
has a solution, 191 must be of the form + ly^. On trial, we find 191 =4^ + 7.5^ : 
moreover, 37 and 191 cannot be expressed in the form + in any other way. 
Thus 

7067 = (32 + 7.22)(4* + 7.52) = (3.4db7.2.5)2 + 7(3.5=F2.4)2, 

so there are just two solutions, namely (82, 7) and (58, 23). 

4. The Equation ax2 + by2=M, where a, b, M are Positive 
Integers. If any solutions exist, their number is obviously limited, 
and they can always be found as follows. 

(1) Method of Exclusion. Choose one of the variables, say x 
(supposed to be positive), and let Y — (M — ax'^)lb. We require values of 
X for which F is a square ; and obviously the conditions 

xcJM/a and a:^ = M/a(mod 6) 

must be satisfied. Writing down all values of x for which these conditions 
hold, the number of those which have to be actually tested may be reduced 

to something quite small as follows. 

Choose any number e greater than 2 and not a factor of a (called an 
excludent)y and let /3 be any non-residue of e. Since V is to be a perfect 
square, we may reject every x for which V = ^(mod e). 

All the remarks made in Art. 9 of the preceding chapter with regard to 

the choice of excludents hold good. 

Ex. 1 . Search for positive integral soliUions of 

(i) 10x2 + 31/2 = 2797; (ii) 3x2 + 7y2 = 11506. 

(i) Let V = (2797 - 10x2)/3, then F is to be a square, and we must have 

x<^/280<17 and x2=l(mod3), 

giving X = 3f ± !• Hence x must be one of the numbers 

1, 2, 4, 5, 7, 8, 10, 11, 13, 14, 16.(A) 

Taking e=4 and 3 (non-residues of 4), we have 

F=(l-2x2)/(-1)= -i+2x2(mod4), 

and if F=2, 3, then 2x2=3, 0. The congruence 2x2=3 is impossible, and if 
2x2=0, X is even, and so we can reject all even numbers from (A), leaving 1, 5, 7, 

11 13* 

If e = 7 and ^ = 3, 5, 6 (non-residues of 7), then F= (-3 -3x2)/3= -1-x2(mod 7) 
and if F=3, 5, 6, then x2=3, 1, 0. Now 3N7 and if x2=0, 1, then x = 7f, 7f±l, 
and we can reject every x of these forms, i.e. 1, 7, leaving 5, 11, 13 as the only possible 
values of x. On trial we find that x=ll gives the solution (11, 23), and there is no 

other. 

(ii) We can proceed exactly as in (i), or as follows : The equation may be written 

.Z2+21t/2 = 3.11506 where X=3x. 

Now 3.11606=22.1569 and 22 = 12 + 21.12, moreover 22 is twice a prime, and 
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therefore if the given equation has a solution, integers (^, 17 ) must exist so that 

|2 + 2l7j2 = 1569. 

We must have 1509 ^ 0(mod 3) and ^ 2 = 1569= 1 (mod 7), hence ^ is a multiple 

of 3 of the form Tfil- Also ^<v/1669<40. 

Writing down all multii)Ies of 3 less than 40 and keeping only those of the form 
’ll I 1, we have the luimhcrs 6 , 15, 27, 36, which are the only possible values of f 
Let f = (l569 -| 2 jy 21 , tlien V is to be a square. 

L't c —5 and /3 = 2, 3 (non residues of 5), then 1'= ( - 1 - ^)/l (mod 5), and if 
r=2,3, then ^^=2,1. So we reject every ^ such that ^2=i(niod5), or ^ = 5(±1, 
i.e. the numbers 6 , 36. Wo have left 15. 27 as the only possible values of Only the 
first of these gives the solution, (15, 8 ), and tliorc is no other. 

Thus we have (3r)2 + 21y=-(U + 21 . 1 =)( 1524-21 . S^) 

= (1 . 15±21 . 1 . 8)2 + 21(1 . 8T 1 . 15)®. 

giving X = 7.8±5 = 61, 51, y - 15-T 8 = 7. 23 ; so there are just two solutions, viz. 
(61, 7) and (51, 23). 

5. The Equation x2-Ny2 = M. (1) As before, it is supposed 
that JN is irrational. The «th complete quotient in the process of 
expressing JN as a simple continued fraction is denoted by 

{J^-^K)irn> 

the nth convergent is 7 >„/ 7 n» ^ number of elements in the cycle. 

We have 

Vn-^qn= = (-l)"''n+l- 

Hence, if for some value of n, j 1/ = ( - then { 7 )n» (7n) a 

primitive solution of - Ny^ = M. 

It will be shown that if | d/|<^A^, and also under certain other 
conditions, all the primitive solutions can be obtained in this way. 

Theorem. If 0<M<JN aad (;>, < 7 ) is a)iij primitive solution of 
x^-Ny^= ±My then p’q is a convergent of the simple continued fraction 

equal to JN. 

(i) If p^~Nq^ = M, then p-JNq = M/{p-\-JNq)>0 and 

0<P- JNq< M/(2 JNq) < 1 !2q. 

Hence ^ 

Moreover, p is prime to q^ for (py q) is a primitive solution, therefore 
piq is a convergent to JN. (II.A.^ Oh. XXIV, 23.) 

(ii) If p--Nq“—-My then JNq-p = Mj{jNq + p)>0 and 

0< JNq - p<Ml2p< JN/2p. 

Hence 0<qlp-\!JN<i;2p\ 

C()nse(|uently q/p is a convergent to X/JN and pIq is a convergent 

to JN, 
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SOLUTION OF a:2 - Ny^ = M< ^(N 

6. General Solution of x2-Ny2=±1. 

(i) 7/ ('p,q) is the least positive integral solution of ■- N 2 j^ = ly tke 
general solution is given by 

x-\-JNy = {p-\-JNqY where / = 0, 1, 2, 3,.... 

(ii) If (p\ q') is the least solution of x^-lSlif= -1, the general solution 
is given by 

x + JNy = {p' + JNqT'^'^. 

For if {Xy y) is a solution of either of these equations, x must be prime 
toy; and by the last theorem y = qn where pjqn is a convergent 

to JN, 

Also p„^-Nqy,^^{~l)^r^+i and r„+i = l if, and only if, n = tCy where 
c is the number of elements in the period belonging to and 

^ = 0 , 1 , 2 , ... . 

The general solution of x^ — Ny^ = l is (ptc>9ic) when c is even, and 
{P 2 tc> Iztc) when c is odd. 

The general solution of x^ — Ny^— —1 is (7>(2i+i)c> ?( 2 (+i)c) when c is 
odd, and there is no solution when c is even. 

Also 'Ptc + JN<ltc = iVc + ‘J^<lcY (equation (P), p. 132), whence the results 

in question immediately follow. 


7. The Equation x2-Ny2 = M, where |M|<^N. 

(1) General Solution. 7/ (f, q) is the least solution of x^-Ny^ = l and 
(2i,2/i), (^ 2 , 2 / 2 ).primitive solutions of x^-Nf = M 

less than (p, q), then all the primitive solutions of the latter equation are 

given by 

a: + JNy = {x^ + JNy^) (p + 
where m= 1, 2, 3, ... A: and t is any positive integer. 


For since | M \ <:iJNy every primitive solution is of the type (pmy 9'wi)» 

where pmlqm is a convergent to JN such that (-l)”*r^+i = ^* 

Also for every iy ^l^ere c is the number of elements in 

the cycle belonging to JN. 

Hence if (p^y ?m) a solution, so also is {Pm+tcy Im+tc) ^ 

and (Pm-, 2 tcy qm+ 2 tc) ^hen c is odd. . . . , 

Also the least solution (p, ?) of x^-Ny^ = l is {Pc»qc) or (^? 2 c» 72c)> 

according as c is even or odd, and by equation (Q), p. 132, 

Pm+tc + = (Pm + (Pc + IcYy 

whence the result in question. 
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SOLUTION OF x^-Ny^ = M (|J^/|>^^iV) 


(2) rririutivo solutions less than (p, 7 ) are connected as follows: If 
(X, y) is a j)rimifive solution less than (pf^)* then a solution (^, ■>?), also 

less than {p, q), ts given by 

I + jNti = ±{X-JNY){p + JNq), 

where the upper or lower sign is to be taken according as M^O. 

For we may take X = p„,, where 7n<c or 2c, according as c 

is even or odd and M = { — l)”*^Tn+i- m + n = te, then 
taking t=l or 2 according as c is even or odd, we have 

Thus {pJ^, q„) is a solution less than (pj q)j and by equation (H), p. 130, 

Pn + JNqr^^(-ir{Pm-JNQm){p-^J^^)> 
giving the result in question. 


Ex. 1. Find the general solution of x®-13r/® = 3. 

For ^/13 woiindthat c = 5, p^=lS. 75 = 5. thus the least solution {;>, 7 ) of 

x*-13j/* = 1 

is given by 7 ) + v /137 = (18 + s/13.5)®. Also (4,1) is a solution of x*-13i/* = 3, and 
the only other solution less than (p, 7 ) is given by x +V13y = (4 - V13){p + V137). 
Hence the general solution is given by 

x + ^/13y = (4±^yl3){18 + ^/13.5)*^ 

where < = 0 , 1 , 2 . 


8. The Equation x2-Ny2=M where |Ml>.yN. 

(1) We shall prove that if \M\>JN, all the primitive solutions of 
- N 7 / = M can be derived from those of one or more equations of the same 

foryn in which |M|<*yiV. 

Suppose that (x, y) is any primitive solution and let M' = ] Af j. Since 
X is prime to y, y must be prime to 3/' : also Af'), and 

therefore (xjyY = X (mod M'). 

Hence is a quadratic residue of 3/', and at least one pair of numbers 


Xj, 3fi exists such that 

+ X and 0<L^<,i\M\ .(A) 

For one such pair, x= d: Li?/(mod 3/'), and we may write 

x= ±(Liy + Myj) .(®) 

Substituting for x in the given equation and using (A), 

Mp/ + 2Liyyi + 3/ y^~ = 1 and (t/3/i + = 3f j. 

Let ±(y3/i + Li?/i), then xf^-Nyjf = M^y and by (B), 

x=-±(± LjXi - A^ 2 /i)/ 3 /i. y = (± . 


where both upper or both lower signs are to be taken inside the brackets. 







GENERAL RULE 


159 


It follows that 

. 

so that \ Xi\ is prime to | [ and (| j, \yi\) primitive solution of 

.(E) 

Again, if \L^\<JN, then \ M^\=iN-L^^)/M'<N/]['r<JN, and if 

Thus it has been shown that if | M | > corresponding to any primitive 

solution (x, y) of x^~~Ny^ = My there is a primitive solution (cc^, ?/i) of 
x^-Ny^ = Miy where |Mil<the greater of JN and i\M\y from which 
X, y may be derived by equations (C). 

Hence the primitive solutions of the given equation may be found as 

follows : 

Rule. Find all the integral solutions (Z^, Mj), (Lj', M/) ... of 

x^ = My + N 

such that for every Z^, 0<Zi^4 | ^ 1* every Mj, take in order the 


primitive solutions (Xj, yi) of 

x^-Ny^ — M^y 

and the corresponding values of ] a; |, \y\ given by 

x^JNy^{L,±JN){x^-^JNy,}/M„ . (D) 

which is equivalent to 

a: = (ZiXi ± Nyj)/Miy y = (L^y^^ ± x^)/M^ ; .(E) 


these give the same values of \x\, | ?/1 as equations (C). Every 

(1 ^ 1» 1 y I) obtained is a rational solution of x^-Ny'^ = M, for 

a;2 - Ny^ = (xj2 - Ny^^) (Z^^ - = M, 

and it has been shown that every primitive solution must occur among 
them. 

If \M-i\>JNy then and in the same way the primitive 

solutions of x^-Ny^^M^^ can be derived from those of one or more 
equations of the type x^~Ny^ = M^ where jMgKthe greater of JN 
and JlMil* Continuing thus the primitive solutions of x^-Ny^=^M 
can be derived from those of one or more equations of the type x^ - Ny^ = M, 
where | | < JN. 

Note. 1} integral solutions are given by both signs in equation (A), then 2N must be 
divisible by \ M\ ]. 

For if ii'fV') are the solutions, by equations (B), and 7j±t)' must 

be divisible by [ |. Hence 2Ny^ and 2x^ must be divisible by 1 | , and 
since is p rim e to N must be divisible by ] | or ^ \ according as \ | 

is odd or even. 
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CASES OF COMPLETE SOLUTION 


K.r. I. FuhI lh> U' .'^'dufioH of - 20-r - «o(u(.o«^. 

Wo tirst express ^ 2\i as a simple continued ,> 1 4 5 5 4 1 


2 1 1 2 10 

11 10 27 70 
2 3 


5 13 


fraction. Tlie values of r. a, p, 7 are shown on | „ y 

the rij-'lit, also c=5. I>et /.-- 70 4-13^.''29. Ip 5 

Tlie .solutions (Li, d/j) of — 9lp + 29 such 1 

that 0- />i':^.91 are /vi-22, 43, 3/i-y, 20. 

{\) Lft Li-22, 3/1^5 and Xi^-2^)yi = o, then 

a-i )-^29;/i = (U±2,y29) . 

and - (^^1 ± (->^1 + 1)/ 1 

= {22± ^/29) (11 ± 2^29) 

Like signs give . + ,/20„ = (G0± 1W29) ...(A) 

and. since 2 . 29 is not divisible by -V., unlike signs must give fractional values 
of X, y. 

i\\)Ut L. = 43. .l/.=20 and V-2-J;/= = 20. Since 20>^29. ,vo require the 

solutions of j:=' = 20// + 29 such that 0<L2^J.20. These are i* , . 

3/2= -1. 1. 

Taking 7.2 = 3. .1/2=-! -2Siy{-=^ we have 

Xg + v^29^2 

a-.+N/2‘Jy. = (3±v/2i))i-‘»‘. 
a: + s/2'Jy = (43 ± v/2'J)(3 ±v/29) i"'+‘/20. 

Unlike signs give 

:c + s/29.v = (5 ± 2^29) A-*‘+\ . 

and, since 2 . 29 is not divisible by d/,. like signs must give fractional values of x. y. 
Taking Lj 7, .1/3=1 and X3»-29y3» = l, we have 

x, + ^29y2 — 

x,+s/29i/, = (7±^/29)P', 

^ + v'2»'/= (dS ± v' 29)(7 ± v'29) t’'/2l>. 

giving fractional values of x,./. Thus the general solution (1x1, 1 y 1) “ 

equations (A). (B). 1‘utting (=0 and 1, tho least solutions are (00. 11), (404, /O), 
(1104,205), (7480,1389). 

(2) If \M\>JN and {p„„q„,) is a solution of x^-Ni/ = M where 
pjq„, is a convergent to JN, the question arises as to whether every 
primitive solution is of this type. It will be shown that this is certain y 
the case if N is a prime and j M j is an odd prime, a power of an oddprme, 

twice such a number or equal to 4. 

This depends on the following : 

(i) We have iU = ( - l)'"r,„+r, and 11 +^=-r,„r„,^, + N,hy Ait- 
Hence the equation + N is satisfied if Lj—± m+i 

= . . 
Again, r„,^,>JN, and therefore Hence all the primitive 

solutions of x^-Ny“ — Mi are given by x = 'pn~\y y = ^n~i 

7 i=:7n-\-tc or W + 2/C', according as c is even or odd. 
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4 

It follows that rational solutions of x^-Ny‘^ = M are given by 


x = 






-1 


(A) 


Again, = W = and by equations (D) on p. 129, 

rnVn = K+\Vn-X + ^yn-l ^ud 

Hence the upper signs give the solutions (p„, ?„), and by § (1), the lower 

signs give fractional solutions unless 2N is divisible by 

(ii) If \M\ is as described above, ±b^+i are the only solutions of 
x2 = W(modl M|), and all the positive integral solutions are given by 
equations (A). Hence all the solutions of x^-Nf = M are of the type 
(Pn» ?n) n}hen \M\ is as described above and 2N is not divisible by r^. 

(iii) If r^ = l, then m = l, M= - and the solutions given by (A) are 

x = \ a^Pic:tNqtc\* y = \ aiqtc^Ptcl- 

The upper signs give x^ptc+i> V^qu+v equations (M) on 

p. 131, Ptc-i = ^qtc-^iPtc and qtc-i^Ptc-^iIto 

1 

so that the lower signs give x=ptc-v V^Itc-v 

(iv) If N is a prime and r^ = 2, then by Art. 6, (1), (m), on p. 128, c is 

even and m^^c + l; thus the upper signs in (A) give x^p^kc+i^ 

where k is any odd number. 

The lower signs give the solutions x^p^kc-i* = J ®^®y 

to show that for elements of the first cycle the solution is (p^e~v Ihe-i)* 
Thus, if we put for n in equations (C) of Art. 6, (4), on p. 129, and note 
that = ^'rom Art. 6, (1), (iii), on p. 128, we have 

= ^c+llic-l - hc+llhc = nc+l?ic-l + hc+2Vkc> 

Pic = ^c+llic-l + hc+llkc = ^ic+l9jc-l + b^c+zlic > 

hence (^^ic “ ^ic+ 2 Pic)l^ic+i =Pic~ly (Pie ” ^lc+ 2 ?ic)A ic +1 “ lU-V 

The statement at the head of this section follows from (ii), (m) and (iv). 


9. The Case in which M is a Composite Number. 

(1) If (a:i, i/i), ( 2 : 2 , 2 / 2 ) are solutions of x^-Ny^^M^y and x^-Ny^ 
respectively, then two solutions of x^--Ny^=^M^M 2 , are given by 

x-{-JNy = {x^±JNyfi(x^-i-JNyz)y . 




or 


X = XjXg ± Nyiy 2 i y = ^1^/2 ± 2/1^2- 


(A) 

.(B) 


L 





2 02 ALTERNATIVE METHODS 

For if equation (A) holds, then, since JN is irrational, 

a: _ JNy = (a^i =F JNy^) (xg - JNy.^) ; 

and therefore - Ny^ = - Ny,^) - Ny,^) = M,M^. 

Further, if Mi is prime to M 2 and (xj, 1 / 1 ), (iji 2f2) primitive 
solutions, so also is (x, y). For from equations (B), 

xxj -Nrjy2 = XiM^, xya - yxa = - r/iMj, 
xxj ± Nyyi = x^il/i, ± ’> 

and since x^ is prime to yi, and x^ to any common factor of x, y 
divides M-^ and Mg. 

(2) If Ml (or Mg) is of the form x^-l^y'^ and is an odd prime, a power 
of an odd prime or twice such a number, then all the primitive solutions 
(1 ^ 1* 1 2/1) x2 - iV?/2 = MiMj (if any exist) can be derived from the 

equation ^ + ^Ny = (xj + JNy-^) (Xg + JNy^), 

where (1 x^ j, 1 y, |), (| x^ j, | 1) are primitive solutions of x?-Nf = Mi 

and x^~Ny^ = M 2 , respectively, and every x, y may have positive or 

negative values. 

This follows from the preceding and from reasoning similar to that m 
the preceding article. 

Again, if -Mi is of the form x^-Ny\ any primitive solutions of 
a:2 - = MiMg which may exist can be derived from those of 

x^ - Ny"^ = - Ml and x^ - Ny^ = - Mg. 


Ex, 1. Give the general solutions of a:*-29»/^ = 7 a7id x*-29(/* —13, and deduce 
that of x*-29i/^ = 91. 

Proceeding as in Ex. 1, p. 160, wo find that tho general solutions of tho firet two 
equations are respectively given by 

x + V29f/ = (6 ±^/29)Jl'** and x + sJ2Qy = (4 ± V29)t-**+S 
where ^• = 70 + ^/29.13 ; and, as 7 is a prime, tho general solution of z*-29i/*=91 

la given by a: + ^29y = (6±N/29)(4±V29)*-’'‘+‘- 

It is not difficult to show that this result is equivalent to that already obtained. 


Ex, 2, Verify that the result obtained in the last example may be got by using the 
equations x* —29y*=—7 and x* — 29f/* = — 13, 

The general solutions of these equations are 

x + V29 = {6±N/29)fc2*+i and x +V29i/ = (4±V29)1.'**. ©to. 


10. Other Methods, Some of the results obtained in this chapter 
can be derived in a more elementary way from tho following inequalities. 

■V {^ 2 »y 2 ) positive solutions of x^-'Ny^ = M such that 

X, + JNy i>X2 + ^A^y2, then Xi>X 2 , yi>!/a and xJyi<X 2 ly 2 - 
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For x^-Ny^^x^-Ny^ and x-^ + JNy{>X 2 + ^Ny^-, therefore 
Xi- JNy^>x-i- JNy.^^. Hence X 1 + X 2 + JN(y^-y^)>x.^ + X 2 -JN(y^-y^, 

SO that 2/1 ^ 2 / 2 * 

Also x^~x^^N{y^-y^)>0, therefore x{>x^. 

Again, x^-JNy^cx^-JNy^ and yi>yi, therefore 

Xi]yi~-JN<xJy 2 -JN and xjyi<xjy^. 

Ex. 1. If (p, g), {^t Y) are soluiioTis of - Ny^ = l such that 

U> +K/Nq)^<X + s/NY<{p + ^Nq)^+K 

where k is any positive integer, then there exists a solution (P, Q) of this equation such 
that P<p and Q<q- 

For let X'+».JNY' ^[p+,JNqf, then by equation (P), p. 132, {X\ Y') isasolution 
and l<P+s!NQ<p-^slNq 

where P +»JNQ={X-\-^NY)l{X'+,sJNY'). Since is irrational, we have also 

p - ,JNQ = (X - Y)l {X' - Y'), 

and therefore P^-NQ^=={X’^~NY^)l{X'^~NY'^) = l. 

Hence (P, Q) is a solution; and, by the theorem above, P<p and Q<q. 

Ex. 2, Deduce the general solution of x^ - Ny^ = 1 from the last example. 

If {p,q) is the least solution, then solutions are given by 

^+KlNq = {jp + ^Nq)^ where i = l,2,3,... ; .(A) 

and if a solution (X, 7) exists which is not included among these, we should have 

(p + slNq)^<^ + ^NY<{p+ ^Nq)^+^ 

for some value of k. Consequently (p, q) would not be the least solution, and there¬ 
fore the general solution is given by (A). 

11. The General Quadratic. The foregoing results may be applied 
to the question of finding solutions in integers of the equation 

ax^ + 2hxy + by^ + 2gx + 2fy + c=0. 

Let C=ab-h^, F^gh-af, G^fh-bg and 

A = abc + 2fgh - af^ -bg^~ 

If C ^ 0, the equation may be written in one of the forms 

C {ax + Ay+ gY + {Cy - + a/1 = 0 where 

C (Aa: + 6y +/ + {Cx ~ GY + bA =0 where 6 0. 

If a = 0, A=0 and Ai^O, the form is 

2 (Aa: +/) (Ay + y) + cA - 2/y=0. 

If C = 0, the forms are 

{ax + Ay +gY - 2-Fy + 5 = 0 (a ^0), 

(Ax + Ay +/)^ - 2Gx + J = 0 (A 7 ^ 0 ), 

where A = bc~p, B = ca-g^. 
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Thus the equation can he written in one of the forms 

X'^ + CY‘^ = M, XY = M, X^ = mY, 

tl. .. i»“S“ ^ *•, « 

btegral co.fflci.nta, in last two equation, r ” 

1 .. -Mnw T V arc integers, so also are A, i , and we can nna 

°rte.ral solutions (X, Y) of any of these equations (if such 

foregoing methods. Having done this, those solutions must be selected 

lych render y integral. In this way, no solution can escape .^covery 
Four distinct cases arise according as J-C is real and rational, real and 

irrational, imaginary or zero. 

a) If J-C is rational, then ax^ + 2hxy + bf is the product of two 
linear factors with rational coefficients, the equation can be put m the 

form XY = M, and we proceed as follows. 

Ex. 1. inlcgral solutions of 

5 =6x2 + 7a:f/- 3f/2 - 19x -1/- 25 =0. 

We have + Ixy - 3y= =(2:r + 3y)(3x - y), and we may assume that 

5 = (2x + 3.v + /0(3a:-!/ + fc) --iU. 

Equating cooflicicnts, wo find that h- , » u-2 

mav^bo written in the form Ay = 35 whore A=2x + 3i/-5 Y 3 y ’ 

If i, y are intogem. so are X, Y: thus we require integral J 

which yield integral values of x, y. Now ^ + ^y- 3 (V+ 3y)(mod 11). 

and X. y are integom if X+ 3y^0(mod 11) i for 3X -2y=3(X+ 3r)(mocl 11) 


X 

Y 


6 , 

7, 


-6, 

7, 

-7. 

35. 

-36, 

1, 

-1 

-7, 

5, 

-5. 

1, 

-1. 

36. 

-35 

-26, 

22. 

-22. 

00 

CO 

-38. 

106, 

-106 


3, 

-1 






2, 

0 






y 

Hence the solutions are (3, 2), ( -1, 0). 

(ii) If s/^C is real and irraiioialy the equation is of the form 

x2_(-c)y^=M, 

and we use the method of Art, 3 or of Art. 8, 

Ex. 2. Search for positive integral solutions of 

5 = 2 x* - 7x(/ + 4y* + 3x + 6i/ -14 =0. 

Hero 8S = (4x - 7y + 3)» -17*/* + 90t/ -121, 

1305 = 17 (4x - 7y + 3)> - (17y - 46)* - 32. 

Hence the equation may bo written 

A'*-171'*= -32, . 

A = 17y-46, y=4x- 7y + 3. 


where 
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CASES WHEN G IS POSITIVE OR ZERO 


By the method of Art. 8, for equation (A) we find the primitive solutions (11, 3), 
(45, 11), (771,187), etc., and the non-primitive solutions (6,2), (74, 18), (470,114), 
, so that possible values of X are ±fi» ±11» ±470, etc. Now 

17y = X-f45, we therefore select values of X for which X= -45 = 6(mod 17), and 


proceed as follows. 


X = 17y-45 = 

+ 6, 

-11. 

2/ = 

3, 

9 

r=4x-7y + 3 = 

2, -2, 

3, -3, 

4x + 3 = 

23, 19, 

17, 11, 

x = 

5, 4, 

.... 2, 


giving the solutions (2, 0), (2, 2), (4, 3), (5, 
this way no solution can be missed. 


-45, 

+ 74, 

-j-771, etc 

0, 

7. 

48 

11. -11. 

00 

i 

00 

00 

1 

00 

11, ... , 

67, 31, 

523, 109 

2, ... , 

16, 7, 

130, 

3), (7,7), 

(16,7), (130,48), etc. 


(iii) 7/ (^>0 the solution depends on that of = and we 

apply the method of Art. 3 in the same way as above. 

(iv) If C = 0 the solution depends on X^ = mYy and the general 
solution can be found as in the following. 


Ex. 3. Find the general solution in integers of 

5=93:2 - \2xy -h 4y^ - 6a: - Sly - 20=0. 

Here 5 = (3x-2y)2-6x-31y-20 

= (3x-2y)2-2(3x-2y)-Hl -35y-21 
= (3x-2y-l)2-7(5y-t-3). 

Hence the equation may be written 

X2 = 7F. . 

where X = 3x-2y-l, y=5y + 3. 

From (A), X’* = 0(mod7); therefore X = 7m, y = 7 « 2 . 

From(B), 7 =7tt2=3(mod 5); hence w2=4(inod5} and m = 5u±2. 

Hence 5y -1-3 = 7 (5v± 2)®, so that 

y = 35v2 ± 28u -f 5 ; also X = 3x - 2y - 1 = 35v ± 14; . 

and we have 3x = 70v2 + 91t;-^25 or lW-2\v-Z, 

according as the upper or lower signs are taken. 

In the first case 

7au2-l-91v-!-25=u**-tv + l = 0(mod 3); 

(2v + 1)2=o, 2v=-1, u=l(mod3), v = 3i + l. 
Hence we find that 

x = 21(10i2-i-110 + 62, y = 21 (15(2-1-140+ 68. 

In the second case, when the lower signs are taken, 

70 ^ 2 -21u-3=0 (mod 3), v=0(mod 3), v = 3(. 


(A) 

(B) 


(C) 



and we find that 

X = 21 (10(2-0-1. y=21(15(2-40+5. 

The general solution is contained in (D) and (E), wheio (is any integer or zero 
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EXAIIPLES OF x^±NY^ = M 


EXERCISE XII 

1. Find all the positive integral solutions of: 

(i) 3*- + 10t/* = 2077 ; (ii) 5a:’= + ni/^ = 1984 ; 

(iii) 6:r' + 131 /^ = 6138; (iv) *= + ^ = 1859. 

2. Show that aU the positive integral solutions (1 a: |, 1 y 1) of a:>-13!/* = 12 
ar“ ^'"e”(5 ±v/ 13)1.-“', 2(4±s/13)fc»‘, 

where fc = 18 + ^13.5 and ( = 0,1,2. 

3. (i) Show that all the positive integral solutions (1 a; 1, | i/1) of 

a;>_ 13^2 = 153 

are given by 

3; + ^13!/ = (19±V13.4)P‘, (59±v/ 13.16)fc“'. 3(16± n/13.4)I:«, 

where it = 18 + ^13.5, and give the four least primitive solutions. 

(ii) Deduee the primitive solutions of - 13i/« = 153 from those of x« - 13!,*=9, 

- 13'/’*= 1’7» showing that they are given by 

a: + ^13y = (2±s/13)(15zbVl3.4)fc=*‘+h 

Verify that the same result may be obtained from the pair x* - 13y*= -9, -17, 
and that it is equivalent to that in (i). 

4. If c is the number of elements in the eyole belonging to ^N, then 

x^ = N(if+l) 

has solutions ife is odd and x^- = N{u- + 2) has solutions if c is of the form 4m+ 2. 

Find tlie least positive integral solutions of 

(i) a;» = 29(y* + l); (ii) x> = 43(!/* + 2). 

For the equations 6-12, prove that t^e g—al 
positive integers is given as under, whore f-0, 1. A ... , ana g 

solutions in each case. 

5. If a:*-72/®=-6, then a: + s/7i/ = (»y7±l)(8 + N/7.3)h 

6. Xf a:®-72/® = 42, then x + s/72/ = (7±s^)(8 + \/7.3)*. 

7. If a:*-72/® = 197. then x+s/ 72 / = ( 16 ± . 2){8 +^/7.3)*. 

8. If x®- 192/® = 30 and I* = K13 +s/19.3)*, then 

X + s/19y -{1± s/19) fc* or (31 ± s/19.7) kK 

9. If X®-192/® = 229, then x+ s/ 192/= (20±s/l^ • 3)fc*. 


10. If x®-3l2/® = 18 and 1,- = ^(39 + s/31 • 7)®, then 

x + s/31y = (7±s/31)it* or 3(39 + s/31.7)fc*. 

11. If x®-15y® = 49 and ^* = 4 + s/16. x +s/152/ = (8±n/1S)^‘^ 

12. If x»-22y® = 179, then x+s/ 22 y = ( 27 ±s^ 2 .6)(14 + ^/22.3)*V2*. 



GENERAL QUADRATICS 

13. If a:2-(a2-2)?/2 = 2 where a>2, then 

x + V(a 2 - 2 ) . 2 / = (a + ^V^)=^*"'V 2 ^ 

14. If X--a(a-^4:)y^=^-CL where a>l and is odd, then 

a; + . 2/= (« + 3) + . (a + 

where = J(a® + 6 a 2 + 9ct + 2) and g' = i(a + l)(a + 3). 

15. Find all the positive integral solutions of: 

(i) 3a:2/-7a;-5y+ll=0; 

(ii) x2-2a:!/-32/2-a:+152/-22 = 0 ; 

(iii) x 2 + 3:c)/-72/-81 = 0 ; 

(iv) x^-f- 2 /^ — 2 x + 32 / —33=0 ; 

(v) x 2 - 6 x 2 / + 92/2 + 5 x- 122/=0 ; 

(vi) 3 a :2 + 5xi/-12t/2_18x+ll2/-9 = 0; 

(vii) 3 x 24 - 2 /^ + 8x-10y-19 = 0; 

(viii) 6 x 2 + 8a:?/-13x-122/+ 19 = 0. 

16. Find two integral solutions of: 

(i) 7 x 2 -t /2 + 4x-82/-15=0; (ii) x2-Ga:!/-22/2+llx-442/ + 24 = 
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CHAPTER XII 

PRIMITIVE ROOTS 

(Continued from H.A., Chap. XXVI) 

1 Theorem. If P is an odd prime and d is p- I, or any dimsor 

,/,,then 6id) of the numbers ^ ^^ ■ V - 

Let rf.( = l), </„ do-- d. (=P-1) be the dmsors of p-1. then by 
II.A., Ch. XXVI, 2, (6), on p. 424, 

</. (d,) + </'(do) + </> (do) + • • • +'^ = P - 1 ■ 

Hence it is sufficient to show that not more than ^d) of the numbers 

less than p l)clong to any particular divisor d. 

Suppose that a belongs to the index d, and consider the numbers 

a», a\ a\ ... a”', ... and their residues 

ro, r„ r^, ... r„, ... . . > 

The congruence x" - 1 (mod p) has at most d incongruent roote, and 
it is satisfied by each of these residues. Hence all the numbers belonging 

to the index d are included in the set (A). , , , , 

Further, if m and d have a common divisor / so that m-n/. « J, 

then me = nd and (a”')'= ("T ^ Mmod p). 

Consequently r,„ belongs to the index e, which is less than 

the only numbers in the set (A) which belong to the index d are the 

with a suffix prime to d; i.c. not more than <f>(d) of t''® 

than p belong to the index d. This establishes the truth of the theorem^ 

In particular, «« odd prime morfufm. p has <^(p-l) pnmUu^ roots, iot 

such roots belong to the index p - 1. Moreover, if a is any pnM 
root, the complete set is congrueiit (mod p) with o'*, aS a , ... wiere , , , 
are the numbers less than - 1 prime to it. 

2. The process of finding a primitive root is one of trial, as in Ex. 1. 

/;.r. 1. « J>r,m.nVc root of 73 ; indc^and^period of the^t 

To a modulus 73. the residues of lowers of 2 are, m order, 1, 2, , . . 

37 1 : lu'iu o 2 i.s a .sulH-nliimto rout belonging to tho index 0. 

■now. has lK..n proved aR,ve. each of these msidues Udongs to an -dox which.s 

equal to or less than (»; henee none of them ean be primitive roots, hor a sec 
tberetore, we choose a number, say 3, which is not ineludeil in those residues. 
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The residues of po^vcrs of 3 are 1, 3, 9, 27, 8, 24, 72, ; and, since 72 is the residue 

of 3^ the residue of 3^2 is 1. Hence 3 is a subordinate root belonging to an index 12, 

and the residues are 1, 3, 9, 27, 8, 24, -1, -3, -9, "27, -8, -24, +1, ... . 

For a third trial take a number not included in the residues of the powers of 2 or 
of 3, say 5. We have 5^=41, 5«=2, 5i^=9, 52*=8, -1 ; hence 5 is a primitive 

root of 73, and all the others can be found at once. 

Again, 10=5^ and 10^=5®-”*, hence 72/9 = 8 is the least value of m for which 

10”*= 1 and 10 belongs to the index 8. Also the residues of 10°, 10*. 10^, ... , 10’ 
are congruent mth 5®. 5®, 5®*^, .... 5®’, and are therefore 1, 10. 27, 51, 72, 63, 46, 22, 
which is the required period. These residues are the remainders m the process o 

expressing 1/73 as a decimal. 

Alternatively. When n is not large, if 1 jn is converted into a decimal, and n -1 figures 
occur in the period, then 10 is a primitive root, and the remainders are the residues of 
powers of 10. If there are (n - l)/( figures in the period, where (=2, 3, 4, 6, 8, 9 or 12, 
then a primitive root can be very readily obtained by writing down the quadra ic 
residues in order (by the addition of the successive odd numbers), and then if necessary 
obtaining from them the residues of the cubes. For, if 10 belongs to an index (ti - 1), 

or dy there is at least one primitive root, j/, such that g*= 10. ^ in 

Thus the period for 1/41 consists of 5 figures ; hence we seek a solution of g = 10 ; 

and from the quadratic residues of 41, wc find j/‘= ±16> g^=±^, ±5, ±2, ±18, 

±13, ±6. For these, 2*®= - 1, 18«= 1, and 2, 39, 18, 23, are subordinate roots ; but 

13*®il0.132^9, 13=*°= "1» 6*°=10.36= -9, 6®®= -1 ; hence ±13, ±6, i.e. 6, 13, 
28, 35, are all primitive roots. 

Similarly, for 73 we require solutions of ff®^ 10 ; and from the residues of the cubes 
we haves’^ -21, -22, - 30, giving 5, 28, 40 ; 7,10,56; 14,20,39; and of these 
it will be found that 5, 14. 20. 28. 39, 40, are primitive roots, 

3. Gausses ‘ Index* Notation. (1) Let p be an odd prime and 

g any primitive root of p which we choose as a base. 

If X is any number prime to p, among the numbers 1, 2, 3, ... p-1, 
we can find one number t and one only such that a:=p*(modp). 

The number l is called the index of x to the base g, and is denoted by 
indg X. The fundamental theorems for indices are as follows: 

(i) If g^'=g*{modp}y then i'= t{mod p-1). 

For if ^‘'“‘ = l(modp) and since g is a primitive root, 

i'_i=^-l, or a multiple of p-1. 

(ii) indg {xy) = indg x ± indg y (mod p -1). 

(iii) indg x” = n . indg x(mod p - 1). 

For let indj,a:=t, ind^2/=j and indg(xy)^k, then a:=^*(modp), 

V = u^(modp) and xy=g^+Hr^odp). 

Hence, by the preceding, k^i+j{modp-l). This proves Theorem (ii) 

and Theorem (iii) is an immediate consequence. 

Thus indices can be used in connection with congruences in much the 

same way as logarithms are used in ordinary reckoning. 
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EXPLANATION OF TABLE OF INDICES 
With regard to the table opposite, the following points should be noticed: 

(i) The first column contains the odd primes (^) less than 100, which 
are taken as moduli. Opposite to each of these, in the second column, is 
a primitive root (^). 

If it happens that 10 is a primitive root, this number is chosen ; other¬ 
wise we choose the primitive root for which 10 has the least index. 

The row at the top contains the primes a: = 2, 3, 5, and below 
are the indices l corresponding to the various moduli, so that a:=^‘(mod p). 

(ii) The figures in the table may be calculated as follows : taking, for 
example, y = 43, ^ = 28, we find that 10 = 28^(mod 43). If, then, 1/43 
and 28/43 are expressed as decimals, the remainders, starting with 1 and 
28, are the numbers corresponding to the indices 0, 2, 4, 6, ... and 1, 3, 
5, 7, ... respectively, and so we find 

indx= 1, 3, 5, 7, ...; 2, 4, 6, 8, ...; 

x = 28, 22, 5, 7, ...; 10, 14, 11, 24, ... . 


(iii) In virtue of Theorems (ii), (iii), it is only necessary to record the 
indices of primes. We can thus find the index of any number, or the 
number corresponding to any index. 


(iv) The table shows whether any 'prime nurnb&r x up to 89 is a quadratic 
residue or a non-residue of any odd prime modulus less than 100. 

For if xRpy a number y exists so that ?/^ = x(mod^), and therefore 
2 ind y=indx(modp — 1). Hence xltp or xNp, according as indx is 
even or odd. For instance, 17, 19, 23, 29 are quadratic residues of 67, 


for the corresponding indices 8, 26, 20, 22 are even. 


4. Application to Congruences. In every case the modulus p 
is supposed to be a prime. 

(1) The Linear Congruence. If is an odd prime, the congruence 
ax = 6 (mod ^) has a single incongruent solution given by 

ind a + ind x=ind 6(mod — 1) or ind x=ind 6 — ind a(mod ^ — 1). 
Thus, ind 6/a=ind 6-ind a (mod ^ — 1). 


Ex. 1. Solve 40a;s 21 (mod 43). 

We have ind a:=ind 21 — ind 40 (mod 42), and since 21 = 3.7 and 40=2* . 5, 

ind a:=17 + 7-(3.39+5)=28(mod 42). 

Now 28 does not occur among the indices of primes, and so we look for the two or 
more indices whose sum=28(mod 42). We find 

28 = 17+ 5+ 6=ind 3+ind 64'ind 11, or 28=4.7=4 ind 7 ; 
x=3.6.11 (mod 43)= 166= 36(mod 43), or a:=7*=6*=36 (mod 43). 
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,2)Th. C«nEn.«»»— Thi. ..ton UoiMn writUninih. 

form I. V« (mod p)- Any .olution. wk.cl. m.y . jml *.= g'vo» ? 

n . indx = mda(inodp-l). 

Moreover any value of ind x which satisfies the last 
co™.;;™* .0 /.olution of th. «,.t. Th, po»bl. ..... ... - Mo-. . 

(i) If « is prime to y - 1, there is a single solution. _ , . 

(iil If 8 is the highest common divisor of n and f , an *n a 
divisible hy I thefe are 8 incongruent solutions; but. if ind a is not 

divisible by 8, there is no solution. 

All this follows at once from Art. 3. 

E..2. (i)x=^19(mod79): (ii) = 2(mod 31). 

,i, 2 i...l X^ind 19=10(mod 78). honco ind x=5 53i.C3(mod 79). 

If ind X.o.83.709-7.ind 31 In T=5 19-16(mod ^ Thus 

If ip(ia.= 44=34 + 10=ind5 + ind llHni'xl 

x= iLlG(raod 79) ^ oxpoct throe incon- 

(ii) Tho liighost common divisor of 21 and 39 is .5, ni i 

grielt soluUons. Wo Imvo 21 ind x.ind 2. 12(mod 30). hence 

ind x=2, 12, 22 (mod 30). 

If indx=2=32=12 t-20=md2 + ind5(mod30). then x= 2 . 10(mod 31). 

If indx=12, 22(inod30). then x= 2, 19(mod 31). 

Tims the solutions aro x=2, 10, 19(mod 31). 


EXERCISE XIII 

1. For the congruence ^ = Xtfons 

i'S, “ it/n 'noSto/rsr',urpT. sva™ -.. 

there is one solution. 

2. vSolvc(i) x^=31(mod37); (ii) x^= 2(mod 71). 

3. If p is an odd prime, show that the congruence 

a:< + x® + x2 + .r+l = 0(mod p) 

has four solutions or no solution, according as p is or is not of the form 5m +1. 

Solve the congruence when p = 41. ^ on . 

4. Solve (i) x'>-ll(modl9); (ii) Hfmod 19); (ii.) x« = 2(mod31). 

(iv) x=“ = 43(mod 97). , 

5. Use tlie tables to show that 7 is the smallest primitive root of 71 : a 

find the values of indea 10 and ind, 10. , r j 

6. Show that the indices given in the tables for j^ = 79 = 29 

in the six groups (0. (i. 12. ...). (1. U. ••■). (-.8,14,...).... 1 

rcspi’ctively. 


CHAPTER XIII 


THE EQUATION a;"-1=0 

Note. Most of this Chapter is taken from Gauss’s Recherchea Ariikmetiqucs. 

1. The Equation x"-1=0, where n is an Odd Prime. 

Gauss discovered a remarkable process in which the solution of the 
equation, a:'*-1=0, is made to depend on that of equations of lower 
degree. His method requires the use of a primitive root of n, and the 
first step is to divide the set of imaginary roots into groups of a special kind. 

(1) Let a be any imaginary root of x” - 1 = 0 ; then the complete set 

of imaginary roots is ... a"-i.(A) 

For convenience is denoted by [A], so that 

[0] = 1, [A]xM = [A+^], [A]^ = [A/x]. 

Also [A] = [^] if and only if A^/x(modn), for a" = l. 

(2) Let g be any primitive root of n ; then^ except as regards order, the 

set (A) is the sarm as [p 2 ]^ |^n- 2 ].(B) 


More generally, the set (A) is the same as 

[A], [A^], [A^^], ... [A^"-^], . 

where A is any number not divisible by n. 

For, apart from order. A, hg, A^^, ... A^””^ = l, 2, 3, 


(C) 


• ■ • 


n-1 (mod n). 


(3) 7/ A is not divisible hy n and [Aif''] = [A^''], tUn ix = v(modn-l), 
and conversely. 

For if [A^^] = [A^‘'], then A^^ = A^r*'(mod n). Therefore ^/^-*' = l(mod n), 
and, since ^ is a primitive root, /x- v is equal to or is a multiple of n-1. 
The converse is obviously true. 

(4) Lei e be any divisor of n — 1, and let n-l = e/. Suppose that G, g 
are any two primitive roots of nand G^ — H, g^=h. Then, except as regards 

order, the two sets of roots 

[A], [AH], [AH2], ... [AH/-1] and [A], [AA], [AA^] ... [AA^"^] 
are identical. 

For no two roots of either set are equal, hence it is sufl&cient to show 





periods of imaginary roots 

that for any number^ </ there is a number ^ 

Let G=r. then [M^] = [A/f'‘] if h''^ H- {mod n), that js if 

gve n), 

or if ve=Ka>e(modn-l), or if v=f^co(mod/). 

Hence if v is the least positive residue of ,iai(mod/), then 

[M^] = [AHe]. 

( 5 ) Thu. Ih. group (A), [AA], [Ai“l, - l«'-) “““'f f '"'“jj;! 

..me rooU, uo ourtter ,h.t priuotiue root 9 mu; .fud lor. Tlu, group 

is called a feriod, and is denoted by (/, A). 

The symbol {/, A) is also used to denote the sum of the / roots 

period, so A) = [A] + [AA] + [A/i2] + ... + [AA^"^], 

whence we have (/"i 

( 6 ) Since AA^ = A 5 "-i = A, W+i = AA(modn), etc., we have 

(/. A) = (/. AA) = {/. AA’^) = ••• • 

Thus if [A'] is any root in the period (/, A), then 

(/.A') = (/,A). 

(7) The courplet. period (A) ol the imuginury roof i. mud. up ol the 

(/.I), (/.9). 

More generally, (A) consists of the periods 

(/, A), (/, Aff), (/, Aff“), As«-^). 

wlipre A is any number not divisible by w. i / i 

In particular, the period (A) is represented by (n- 1 ,1) or y (n . 

( 8 ) The 'product of the roots in any period (/, A) is equal to 1, excepting the 

case in which the period consists of a single root. 

For, denoting the product by P, we have 

p = [A + AA + A/i 2 + ... + AA/-i] where 

^/-l ^ -1 

and A + + • • • "I— 1 — ! 

Now a>f -1 =9”"^ -1 ”)• ^ ^ primitive root, is 

consists^of a single root. Excepting this case, it follows that 

A+AA + ... + AA'-i = 0{modn) and P = [0] = 1. 

- 19 1 n Here n-l = 3 . 3 . 2 , and it will be 

(9) The equation W liere n 
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shown that the solution depends on that of two cubic equations and one 
quadratic. 

Taking ^ = 2, a primitive root of 19, the least positive residues of 
2®, 21, 22, ... 217(mod 19) are 

Index 0.1.2.3. 4. 5.6. 7.8. 9.10.11.12.13.14.15.16.17. 
Residue 1.2.4.8 .16.13.7.14.9.18.17.15.11 . 3 . 6.12 . 6 .10. 

The complete set (A) of imaginary roots, forming the period (18, 1), is 
made up of three periods each of 6 roots, thus 

(■( 6 , l) = [l] + [ 8 ] + [7 ] + [18] + [ll] + [12]=^i, 

(18, 1 ) J(6, 2 ) = [2] + [16] + [U] + [17] + [3] + [5]=P2> 

1^(6, 4) = [ 4 ] + [13] + [ 9 ] + [15] + [ 6 ] + [10] =jp ^. 

The reader should notice such equalities as 

( 6 , 1) - ( 6 , 8 ) = ( 6 , 7), ( 6 , 2) = ( 6 , 3) - ( 6 , 5). 

Again, the periods ( 6 , 1), ( 6 , 2), ( 6 , 4) are made up of three periods 
each of 2 roots, thus : 

r(2, l) = [l] + [18]-yi, [(2, 2) = [2] + [17] = ri, 

(6,l)J(2,8) = [ 8 ] + [ll] = g 2 , (6,2)i(2, 16) = [16]+ [ 3 ] = r 2 , 

[(2,7) = [7] + [12] = g 3 . [(2, 14) = [14] + [ 5 ]=r 3 . 

i(2, 4) = [4] + [15]=Si, 

( 6 , 4) (2, 13) = [13] + [ 6 ] = 52, 

i( 2 , 9) = [9] + [ 10 ] = S3. 

The next step is to find the equations of which the roots are ( 6 , 1), ( 6 , 2), 
(6,4) and (2,1), (2,8), (2,7). 

To do this we require an easy way of finding such products as 

(/,A)x(/,,x). 

and we shall return to this equation later. 

(10) Products. Let (/, A), (/, /x) he two sums of f roots, identical or 
different, and let 

{/, A) = [A] + m + [A"] + ..., 

then (/, A) X (/, /x) = (/, A +/x) + (/, A' +/x) + (/, A" +^) + , 

the series being continued to f terms. 

As in the preceding, n-\=ef, is a primitive root of n and h=g^. 
Thus 

(/, A) = [A] + [AA] + [AA2] + ... ^ (/,;x) = H+[^xA] + LaA2] + ... 
and (/, A) = (/, AA) = (/, Xh^) = ,„ . 

Hence 


(/> A) X (/, g) = [g] . (/, A) + [gh] . (/, AA) + [gh^] . (/, AA^) + 


• • • # 
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(E) 


(F) 


p^xpandiiig each term aud noting that [A] . [p] = [A+/x], the product is 
equal to 

[A+/i] +[A/i2+/x] +... 4-[A/i/-i+fA] 

+[A/i^+p./i] +...+ [A7i^+/x/i] 

+ [A/i2+^/i2] + [AA3+^/i2] + [A;i*+/i/42] + ...+[A7i/+i+^^^^^ I. 

+ etc., to/rows. ^ 

Adding by columns, the product is equal to 

(/» A+/a) + (/, A/i l-/x) + (/, A/r+p.)+ ... + (/, A/t^"^)+p-), 

which is the result stated in the enunciation, for 

A'+/x = A/i+^, A" +/x = A/i2+/x(mod »)> etc. 

(11) Every term in (E) is identical with one of the set 

(/,0), (/,i), ilul iLfh-' 

Therefore (/, A) x(/,/a) may be expressed in the form 
or in the form 

aoif, 0) + ai(/, k)+a.,(f, Av/) + a 3 (/, kg-) + ... +«,(/, kg‘-^) .(Q) 

where a^, aj, aj, ... are positive integers or zero and k is any number not 

divisible by n. 

Thus, for the equation -1=0, we have 

(6, l) = [l] + [8] + [7] + [18] + [ll] + [12]; 

(6, 1)2 = (G, 2) + (6, 9) + (6, 8) + (C, 19) + (6,12) + (6, 13) 

= (6, 2) + (6, 4) + (6,1) + (6, 0) + (6,1) + (6. 4) 

= 6 + 2(6, l) + (6,2) + 2(6,4). 

(6.1) X (6, 2) = (6, 3) + (6,10) + (6, 9) + (6, 20) + (6,13) + (6,14) 

= (6, 2) + (6, 4) + (6, 4) + (6,1) + (6, 4) + (6, 2) 

= (6, l) + 2(6,2) + 3(6, 4). 

Again, the expression (D) contains /- terms, and each of the periods 

(/. 0), (/. 1)> ••• consists of / of these terms. 

Hence /'‘ = Uo/+®i/4'*2/+••• > 

therefore rtQ + (ij + u.j+•••+u<i=/. .(®) 

Moreover, ao = l or 0 according as s is or is not divisible by e, 
where -iijX^cfimod n) and 0<s<n. if A=n, then ao = l ® 

according as f is even or odd. 

For just one value of s satisfies the conditions, and if (/, A/i-' +ft) = (/i 0)i 
then A/i*+/is0(mod ») and h^=g"=g-^(mod n). 

Therefore ex = s(mod ef). 
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This congruence has a single solution </ or no solution, according as s 

is or is not divisible by e, which proves the first part. 

If A=/a, then s = ief, and there is one solution or no solution, according 

as/is even or odd. 

(12) Hence if A, p, v, ... are any whole numbers, any rational integral 
function u of (/, A) (/,fi), (/. v), ... can be expressed m the form 

a^ + a^U,h) + a^(f,hg) + a^(f,W) + -+<^e(lH ')• 

where k is any number not divisible by n and a^, a^, ... are definite 
numbers. Also if the coefficients in u are whole numbers, so also are 

^0» . 

(13) The complete period («-l. 1) of imaginary roots is made up of 
the e periods 

(/, A), (/. As), (/, As^), ... if, As^-i), 

where A is any number not divisible by n. 

These periods will be denoted by Pi, P 2 < P3> ■■■ Ve- 

Theorem. If u is any symmetric function of p^, p^, ... Pe integral 

coefficients, the value of u is a definite whole number. 

By the preceding 

U = CEq + ^iPl + • ■ • e 

where a^, a^,... are integers or zero; and there is only one way of expressing 

u in this form. . 

Again, if hg is written for A, then p^ is changed to p^, Pi to p^, ... p, to 

Pj, and the value of u is unaltered. Hence 

W = tto + CE1P2 + “2^3 + • • • 

and since the expression for u is unique, 

Cti = Ct2 ~ ^3 “ • • • “ 

and w = ao + ai(j)i+P2 +-"+?*) = “o-“i- 


Hence if the equation whose roots are Pi, P2> Pz* Pe 

X® + + ... + X = 0 , 

then A,B,...K are whoU numbers. 

Here + = and we shall prove that 

^pZ-n-f or -/and 5 = 2'PiP2 = “ 2 ^ 2(l+/)» 

according as / is even or odd. 

Let Pi ~ ®o/ + ^iPl + • • • + ^ePe- 

We may change pi to P2, P2 Pz^- Pe Pi i lienee we have 

^^2 _^ 0 / 4 -^ 1^2 ^ 2^3 *•* 


(I) 


M 
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with e - 2 similar equations, namely, 

Vz = «o/+ + • • • + 

= «o/ + «iJ^4 + «2?5 + - • • + 


7>e^ = «o/+«l7>e + «2Pl+--* ’^^eVe-X \ 
whence, by addition, +(aj + fl2 + +®€) • ^V\ 

= ao(n-l)-(/-ao) 

= -/> 

and “ ^Pi = ^ +/“ ®o^* 

Also by (11) Oo —1 or 0, according as/is even or odd. 

(14) If (/, A), (/ft) are any 'periods of f rootSy then (/ft) can he ex¬ 
pressed in the form 

«o + ^iJPx + + ... + 

where 7Ji = (/A) and a^, Oj, ... are definite rational xiurnhers. 

For with the notation of (13), 

0 = 1+;?i+P2+. 

and by (10) we can find e-2 equations of the form 

Pi^ = + ^iPx + ^-iPz + .. ■ + KPey 
Pi = Co + Ci7)i + 027^2 +... + c^p^y 

Px~^ = ^*0 + hPx + hP'i + • • • + Kpey 

where the constants are whole numbers, independent of A. 

Let {fty^^Pn eliminating e-2 of the periods p^y p^y ... p, 

we can obtain the equation 

Mpr = ^0 + ^iPi + +... + 

where il/, ^o» hy rationals independent of A. 

It will be found that M is never zero, but a general proof of this state¬ 
ment is too long to give here. 

(15) Let n-1—e/=e//2 and h=g^y then 

(/ A) = [A] + [A/0 + [AA-] +... + [hXf~^]y 
(/. A) = [A] + [A/iA] + [A/i2/.] +... + [A/tt/i-D/,]. 

Therefore (/A) is made up of the/periods 

(/,A), (/,a;o. (/, A/I^),... {/,AAA-i) .(J) 

Denote these by q^y q^y q^y ... q /^; and observe that if Xh is written for A, 
then qi is changed to q^y ^2 ^3, ..., qj^ to 
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We shall prove that if u is a symmetric function of q^y with 

integral coefficients^ then 

u=aQ‘¥a-^{f, A)+a 2 (/, hg)-^a^{f +*...+ cEe(/, hg^~^)y .(K) 

where Uq, aj, a^y ... cire integers or zero. 

For by (12) 

w = ao + ai{/i, A)+a 2 (/i, A^)+a3(/i, A^r^) + ...+ae/j(/, A/A"^), 

where ceq* definite whole numbers. 

Let Xh, that is Xg\ be written for A. Since « is a symmetric function 

of q^i ... qu, its value is unaltered. 

Also, if r<e(/ 2 -l), the term ar(/, Ap^-i) become^ a,.(/, A^®+*'-i), and 
since the expression for u is unique, it follows that Uf — cte+r* 

Hence u^aQ-\-Elz{ where 

A, = (/i, A^-i) + (/i, . h) + (/i, Xg ^-^. A 2 ) +... to A terms 

= (/.A^-i). 

In particular, any symmetric function of the roots which compose the 
period (/, A), with integral coeffieients, can he expressed as in (K). 

For in this case /i — 1 • 

(16) The equation x^®-l=0. Using the notation of (9), we proceed to 
find the equation of which the roots are ^?i, p^y p^y where 

^>i = ( 6 ,l). ^> 2 =( 6 , 2 ), i?3 = (6,4). 

We have 5 ?i+^) 2 +i^ 3 = J 

If the roots of x^®-l=0 are written [A], [A^r], where ^==2, 

A = l, the substitution of A^ for g is equivalent to the cyclic substitution 
(pj^yP^yPs). So in the last equation, we may change pj^ to p^y Pz 
^3 and ^3 to Pj^. Hence 

P 2 Pz^P 2 + 2 j?3 + 3^?i and PzPi =Pz + "^Pi + ^Pz J 

^i?i7^2 = (l + 2 + 3)(-l)=-6. 

This also follows from (13), (I), by putting w = 19, /= 6 . 

Again PiPzPz^PiiPz-^"^Pz + ^Pi) = - 7 ^i (3 + ^Pz + Pz) J 

therefore PiPzPz = - 3j)i - 2 (^?i + 2^2 + ^Pz) “ ( 7^3 + ^Pi + ^Pz) = 

Hence the equation whose roots are p^y p 2 , Pz is 

+ a:^ — 6 x — 7 =0 .(L) 

Now Pi may be taken as any root of this equation, and then P 2 » Pz 

determined by 

yi+;P 2 +P 3 =- 1 , pi 2 = 6 + 2 pi+pa 4 - 2 p 3 , as found in ( 11 ); 
from which, Pz~^~Pi * Pz~ “5 — pi + Pi> 
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COSINE OF 27r/19 

By IloriU'r’s method one root of (L) is —1-2218761623, and taking this 
as the value of we find that 

‘^-5070186441, ^3= - 2-2851424818. 

We next find the equation of which the roots are (/j, (/2> ?3> ^bere 

7i = (2 , 1), 72 = {2,8), 73 = (2,7). 

We have +1/2 + !/3 = (^> ^) (2, 1) = [1] + [18], thus 

q,q. = (2, 1) X (2, 8) = (2, 9) + (2, 26) = (2, 9) + (2, 7) = S3 + q^. 

Representing the rooks of - 1 =0 as in the preceding, the substitu¬ 
tion of Xg^ for A involves the cyclic substitutions ^2* 93)* (^i* ^2* ^3)» 

(Sj, S2, S3). 

Therefore '/2?3 ='*^1 + ?i 'Z37i = ^2 + ?2) 

and '^?i 72 = (6. 4) + (6, l)=J?3+Pi- 

Also 7 iM 3 = (2, 1){(2,4) + (2, 1)}, 

and (2, 1) X (2, 4) = (2, 5) -t (2, 22) = (2, 14) + (2,16), 

(2, l)x(2, 1) = (2,2) + {2, 0) = (2, 2) + 2. 

Therefore ?i7273 = 2 4-(6, 2) = 2-t-7J2* 

Hence the equation whose roots are q.^y q^ is 

- p ^ x ^ + (+ ^3) a: - (2 + 7)2) = 0.(M) 

Now qy may be taken as any root of this equation, and then all 
the periods (2,2), (2, 3), ... (2. 9) are expressed in terms of q^ by the 

equations ; for, if [1] is denoted by «, ^i=a + - 

(t 

and (2,2)=a2 + 4 = ?,‘=-2, (2.3) = a3 + i=?,3-3y„ 

d ct 


(2, 4) = «^+ ,, = ?,^-4y,2 + 2, 

(t 


(2, 5) = 


and so on. 

Using the values already given for p^y p^y we find that one root of 
equation (M) is - 1-3545631433, and this is taken as the value of Jj. 

2^*7r 

Again, we must have [l] = cos <0 4-4 sin co where w — ^j^ and A: is a 

positive integer. Hence [18] = cos oj ~ l sin oj and 

( 2 , 1 ) = 2 cos CO, (2, A) = 2 cos Aco. 

Since cos co = 271 =-0-6772 ..., reference to any trigonometrical table 
shows that A: = 7, thus 

( 2 ,l) = 2 cos^^, ( 2 , 8 ) = 2 cos^. 


Hence w’e can show that 


27r 


2 cos “-^ = 1-8916344834. 

X V 
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.(N) 


Finally, [1], [18] are the roots of + 

giving a: = i5'i±|7(4-(7i2). 

Thus the complete solution of x^®-l=0 depends on that of equations 
(L), (M) and (N). 

It should be noticed that the periods (2, 2), (2,16), (2,14) which 
compose (6, 2) are the roots of 

x^ - + (^2 + J'l) ^ ~ (2 + ^ 3 ) = 

obtained by the cyclic substitution (pj, p 2 y Ps) from equation (M). 
Similarly (2, 4), (2,13), (2, 9) composing (6, 4) are the roots of 

x^-p^x^ + (^>3+^^ 2 )^ - (2 +i?i) = 0. 

If (2, 2), etc., are found in this way, they can be identified by the 
method explained in Exercise XIV, Exx. 2, 3. 


{11) The equation x^’-l=0. Since 17-1 = 2^ we may expect that 
solution to depend on four quadratic equations. 

Taking ^ = 3, a primitive root of 17, the least positive residues of 
3®, 3^, 32 , etc., are as below. 

Index 0.1.2. 3. 4.5. 6. 7. 8. 9.10.11.12.13.14.15. 
Residue 1.3.9.10.13.5.15.11.16.14. 8. 7. 4.12. 2. 6. 


The set of irrational roots is divided into periods as follows. 


7?i = ( 8 , 1 ) 


f<7i = (4, 1) 
\qs-(^y 9) 


/( 2 , 1 ) 

1(2, 13) =04 
/ (2j 9) ~^8 
t(2,15)=02 


P 2 = ( 8 , 2 ) 


72 = (4, 3) 

?4 = (4, 10) 


/(2,3) =03 
1(2,5) =05 
J(2,10) = 07 

l(2,ll)=V 


(i) If the roots of x^’-l=0 are denoted by \lc\, ... where 

jt = l, ^ = 3, the substitution of leg for k is equivalent to the transposition 
i!P^JP^y and involves the cyclic substitution ( 71727374 )* 

(ii) By (13), or using the rule in (10), 

P\i P% are the roots of + x —4 = 0.(0) 

We choose p^ as the positive root, so that 

2?! = -1 + ijn = 1-5615528128, 

p^= -i-J717= -2*5615528128. 


(iii) We now find the equation of which the roots are q^j q^, the periods 
composing py. We have 7 i + g' 3 = 7 ?i, and 

7i 73 = (4) 1^) d- (4, 22) + (4, 25) + (4,13) 

Thus 5 i, q^ are the roots of x^ - 7 >ia: -1 == 0.(P) 
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We choose as the positive root, so that 

+ 4) = lpy_ + = 2*0494811777. 

73 = (8 -Pi) =- 0 - 4879283649 . 

Making the substitution (i) in equation (P), 

72 » 74 ate the roots of x^-p^x-l^O . 

To identify these, we can easily show that 

(7i“73)(72-74) = 2(Pi-P2)>0, 

80 that 72>74 

72 = iP2 + W(8-P2)= 0-3441507314. 


74 = iP2-W(8-P2)= -2-9057035442. 



(iv) To find the equation of which the roots are Zj, the periods 
composing 7 ,, we have Zi + Z 4 = 7 i and ZjZ^ = q 2 y hence 

Zj, Z 4 are the roots of x^-qiX + q 2 = 0 .(R) 

Taking z^ as the greater root, it is easily shown that 

7i^ - 472 =4 + 73 - 2 ^ 2 . 

+ W(4 + ?3 - 2?3) = 1 -8649444588, 

^4 = 2 7i ” W(4 + 73 ” 272 ) =0-1845367189. 


It follows from (i) and (B.) that 

Zg, Zg are the roots of a:^-732:+ 73=0, (S) 

Z0, Zg are the roots of a:^ - 73a: + 74=0.(T) 

Z7, Zg are the roots of x2-74X + 7i=0.(If) 


To identify these, we find that 

(zi - 24 ) ih - h) = 73 - 74>0» (h- h) (H - h) = ?4 - 7i <<>» 

{^8 “ 22 ) “ 2:g) = 7i — 72> 0, 

SO that Z 3 , Zg. Zg are the greater roots of (S), (T), (U). 

Thus every z can be calculated, and if this is done it will be found that 
Zj is the greatest, and consequently 

cos ^ = 0-9324722294. 

With appropriate changes, equations (O)-(U) are the same as those 
of H.A., Art. 5, (K), p. 174. 

In the same way the equation x”-\=0 can be solved by quadratic 
equations if n is a prime of the form 2 " + 1 . 

(18) TAe periods (»i, 1) and (m^g) where n-l = 2m. These periods 
make up the complete set of imaginary roots of x" -1 = 0 . 
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EXPRESSION FOR 4(x« - l)/(a: - 1) 

Also, (m, 1) = [1] + + [g^] +... = [1] + [i?] + [R1 + • • • . 

(m, g) = \g] + + [g^] + •. • = [N] + [N'] + [iV"] +... , 

where R, R\ ... and N, N', ... are respectively the residues and the 
non-residues of n. For obviously 1, R, R', ... are residues; they are 
all difierent, and their number is Hence N, N', ..., which are 

all different from one another and from 1, R , , are non-residues. 

Again, (m, l) + (m, 5 ')=-1, and putting /=w in (13), (I), we have 

(m, 1) X (m, ^) = -i(2wi -m) - -i(n -1) when m is even, 

(m,l)x{m.,g)=^ i(l+m) - i(n + l) when m is odd. 

Hence, according as n is of the form 4^4-1 or 4^ — 1, the equation of 


which the roots are (m, 1), (wi, y) is 

a;2_|_a;_i(^_l)=0 or x2 + a:-l-i(n-t-l)=0; .(V) 

and {(m,l)-(m,^)P=+n or -n, .(W) 


(19) If n is an odd primey ?i —l=2?/i and w—x" ^ + 

then polynomials X, Y of degrees m and m -1 respectively and with integral 
coefficients can be found such that 4:U = X^-nY^ or 4:U = X^ + n Y^ according 
as n is of the form 4A: 4- 1 or 4^ — 1. 

Let the equations, of which the roots are those contained in the periods 


{m,l) and {m^g) respectively, be 

2 = x'”4-4-^2®”*“^ 4'...4-flErti =0, .(X) 

z' = x^ + 4- 4-... 4- a„,' = 0.(Y) 


Now,by(15), Ui, a^y ... y a^, can be expressed as J 4-5 (m, 1)-hC(m,5r), 
where Ay 3,0 are whole numbers; for they are symmetric functions with 
integral coefficients of the roots in (m, 1). Therefore 

2=54-5(771, l)-l-r(7w, g)y 

4 

where R, S, T are polynomials in x with integral coefficients. 

If the roots of w=0 are represented by [A], etc., where 

A = l, and Xg is substituted for A, then (?n, 1) is changed to (w, ^), {m,g) 
^ and 2 to z'. Hence 2 ' = 54-5(7n,^)4-T(?n, 1). 

Therefore, 2 4- = 25 4 - (5 4- T) {(tw, 1) {m, 5^)} == 25 ~ S — T, 

z-z'^(S-T){(myl)-'{myg)}. 

Also u=^zz' and {(tti, l)-(7n,5')}2= ±w, therefore ^u = X^TnY% 

where Z = 25-5-T, 7 = 5-T, and the upper or lower sign is to be 

taken according as n is of the form 4A: -f-1 or 4^ -1. 
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It is oasilv seen that the highest terms in X are 2x"’ + x”' that in Y 
})ein" In calculating the coefficients of 2 , z\ observe that the 

• / f 

interchange of (w, 1) and (w,^) transforms flj, 02 , ••• into fl 2 » ••• • 

Also by (8), 

Again, if [A] is any root in (w, 1), then since A//"* = - A(mod ?i), the 
root [-A] belongs to (w, 1) or (m,g)y according as m is even or odd. 

Hence i/?n IS even, 2 = 0 is a reciprocal equation and 

ff m is odd, z is transformed into z by writing Ijx for x in 2 and 
multiplying by 2 ”*. Therefore am-r= “^r'- 

The values of aj, a<^, ... may be found as follows : let be the sum 
of the rth powers of the roots in (m, 1), then = 1) or (m,g), accord¬ 
ing as [r] belongs to (w, 1) or to {m,g). For if [A] is any root in (m, 1) 

and r=^Mmodw), then [rA] belongs to (w(, 1) or (m,g), according as 5 

is even or odd. Hence we can find a 2 > ^7 Newton*s theorem. 

t 

Ex. 1. // M = + + ... +a: + 1, H is required to ejcpress 4k in the form X* + 19r*. / 

Hero n = 19, m = 9, and, taking g~2, we have ( 

(9. l) = [l] + [41 + [lG] + [7 1 + [9] + [17] + [ll] + [6] + [5]. 

(9, 2) = [2] f [ 8 J + [13] + [14] + [18] + [15] + [ 3 ] + [12] + [10]. 

7 )^( 9 , 1), 7 = (9, 2), then wo find that p^ = 4p + oq and ~-pq = 5. 

Ix't the equations whoso roots are those in (9, 1), {9, 2) respectively bo 

2 = r*l-rtjX* + ...+(is^ - 1 = 0 , 

2' = x*+ «2^2:’+ ... + Kg' -1=0, 

and let s^. be the sum of the rth powers of the roots of 2 = 0 , then 

= 7 ), s^ = q, ^3 = 7, ^i—P‘ 

Using No^vton's theorem, ap a^, 04 are given by 

7 ) + ^1 = 0 , 7 + fiiP + 2 kj = 0 , 

7 + fli 7 + rtap + 3^3 = 0 , p + aj 7 + a^q + a^p + 4n4 = 0 . 

The values of «/, a^\ ... arc found from those of Kj, a^,... by interchanging p 
and 7 , also ««=-o/. « 6 = “^3 * ^ 5=-04 • Hence 

^Pf 

a^ = - 2, a 2 ' = - 2, <*7=2, 

K3 = 2+p, n3' = 2 + 7, fl#=-(2 + 7), 

k^ = 2 - 7 ), n/ = 2 - 7 , a^ = q-‘'2. 

Substituting the values of a^, a^, ... in 2 and writing z — H + Ep-hTq, 
wo find that 

J{ - - 2.r’ + '2x^ f 2.r^-2x*-'2j^ + 2x^~ly 

,S=-.r* + r®-T*, T-x*-x^ + x. 

Writing A' = 2R -S- T, Y T - .S, it follows that 

4K = AHl9r«. 

A - 2.r» h 0 ^ - 4.i‘ -{ 3x« h - 3.r3 f 4.r2 - x - 2. 

}' = I* - -h X* + X* - X® + X. 


wliere 
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EXERCISE XIV 


1. If a is an imaginary root of x’ —1=0 and pi = a + a^ + a^, ^2 = a^ + a® + a®, 
show that the equation whose roots are pi, is x^-\-x-h2 — 0, and find the 
equations whose roots are a, a^, a* and a®, a®, a® respectively. Hence obtain 
the identity 

4{x^ + x^ + + x^ + x^ X + 1) = X^ + 1Y-, 

where X = 2x^ + x--x~2, Y = x~-i-x. 

2. For the equation x^^ -1=0, take g = 2, a primitive root of 13, and let 

iJi = (4,l), i^2 = (4,2), P3 = (4, 4). 

Prove that (i) PiP 2 = - 1 +p^- 


(ii) The equation of which the roots are p^y p^y p^ is + - 4x+1 =0. 

The smaller positive root is 0-2738905 .... Take this as pi and show that 

P2 = 2-2i)i-pi2^1-37720 ... , 

p3= - I -^>i-p2= -2-65109 ... . 


(iii) Show that (2, 1), (2, 8) are the roots of x- -p^x+ps^O ; 

show that (2, 2), (2, 3) are the roots of x^~p 2 X-\-pi = 0 ; 

show that (2,4), (2,6) are the roots of x^-psX+p 2 = 0. 

Take (2, 1) as the positive root of the first of these equations. To identify the 
roots (2, 2) and (2, 4), prove that 

{(2, 1) - (2, 8)}{(2, 2) - (2, 3)}=pi -p,>0y 

{(2, 2) - (2, 3)}{ (2, 4) - (2, 6)} =p2 - Pi > 0. 

Therefore (2, 2) and (2, 4) are the greater of the roots of the second and 
third quadratics. 

(iv) Show that (2, 1) = 1-77091 ... =2 cos — . 

(v) Show that the equation of \vhich the roots are those in the period (6, 1) is 

' a:® - px® + 2a:* - (p+ l)a:* + 2a:2 -pa: + 1 = 0, 

where p = (6, 1). Hence find polynomials X, Y with integral coefficients such 
that 

4(a:i3 _ i)/(a: - 1) = X^ - 13Y^. 

3. For the equation x”-l=0, taking <7 = 3, p = (8, 1), g' = (8, 3), show that 
the equation of which the roots are those in the period (8, 1) is 

a:®-pa:7+ (3 + ?)a:® + (3-p)a:® + (3 + 23 )a:* + (3-p)a:® + (3+g')a:2-px+l = 0. 

Hence find polynomials X, Y with integral coefficients such that 

4(a:i7 - l)/(a: - 1) = X^ - 11Y^. 

4. Let w be an odd prime. Of the numbers 1, 2, 3, ... n - 1, let i?, ... be 

quadratic residues and iV, X', ... non-residues of». Prove that if 0 = 27rln and 
k is any whole number not divisible by n, then 

X cos kRd — X cos kN6 —or 0, 

X sin kR0 - X sin kN6 =0 or ±»s/w, 

according as 7 i is of the form 41*+ 1 or 41-1, the upper or lower sign being 
taken according as A: is a quadratic residue, or a non-residue of n. 

[This follows from (18), equation (W).] 


CHAPTER XIV 


SUM OF TWO OR MORE SQUARES. FACTORS OF LARGE NXBIBERS 

1. Sum of Two Squares. (1) Every odd number which is the sum 
of two squares is of the form 4n +1. 

For if a2 + 6 ^ jg odd, one of the two o, b is odd and the other even, so 
that a 2 + 62 = l(mod4). 

(2) If a is prime to 6 , every factor of a'^ + b^ is the sum of two squares. 

For let be any prime factor of a2 + 6 ^ and suppose that a^ + b^=pq. 

Let a, P be the absolute least residues of o, b to the modulus g, then 

a2 + /32 = 0(mod q), 

so that <x^ + ^ = qq' where qq'<2{lq)^ and 

Also pq‘‘q' = (a^ + = («“ + W " ^“)^- 

Now a=a and 6 = /S(mody), therefore o^-6a=0(modg). 

Hence also oa +6)3=0 (mod 3 ), and, dividing the last equation by f, 

we have an equation of the form pq' = h^ + k‘^ where q'<q. 

If h, k have a common factor g, q' must be divisible by g\ for y is a 
prime. Thus we can find an equation pqi=x^ + y^ where qi<q and x is 

prime to y. 

By continuing the process, as often as may be necessary, we can express 
p as the sum of two squares. It follows that every factor of o» + 6 » is the 
sum of two squares, of which one may be zero. 

(3) If a is prime to b, every odd factor of a^ + b'‘ is of the form 4n + l. 
This follows from the last two theorems. 


Ex. 1. 
Here, 


Oiven that 34.1489 = 225* + !, express 1489 as the sum of two squares. 
225* +1 (225* +1*)(5* + 3*)_(225.5-1.3) * + (225.3 + l ^2o*. 

“34 34* 34* 


AUeniatively^ the absolute least residue of 225 (mod 34) is -13; also we have 
(_13)a + U = 5.34: thus 5.34* , 1489 = ( - 226.13 +1 . 1)»+ (225.1 +1.13)*, as in 
(2); hence 5.1489 = 86*+ 7*. 

Again 6 = 1* + 2*, therefore 5* . 1489 = (86.1 + 7.2)* + (86,2-7.1)*; 


hence 


1489 = 20*+ 33*. 


Ex. 2. Given that 1489 =20* + 33*, solve the congruence x* + ls0(mod 1489). 
Since 20 is prime to 1489, {|^)2 +1 = 0 (mod 1489). 

Also to = “^6^ = 226, therefore x=± 225. 
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SUM OF TWO SQUARES 

(4) Any prime p of the form 4n +1 is the sum of two squares. 

For, in this case, the congruence — l(mod^)) has a solution ; for 

— 1 is a quadratic residue of a prime of form 4n + l; that is to say, 
integers x, y can be found so that x^ + l^=py. Hence, by (2), p is the 
sum of two squares. 

(5) To express a given number as the sum of two squares, or to show 
that this is impossible, we can use the square root process with suitable 
additions or subtractions. In case of a large number, it is advisable to use 
the method of exclusion. 

Ex. 3. Express 19109 as the sum of two squares, showing that this can be done in 
two ways. 

First Method. With this a table of squares is advisable. 

19109 = 138^+ 65 

548 

= 1363+ 613 

640 

1343 + 1163 
= 1303 + 2209 = 47* 

= 1223+4225 = 65*. 

Hence 19109 = 130*+ 47* = 122*+ 65*. 

Method of Exclusion. Let m = 19109=a:*+y* (x<y), then 2x*<m and a:<97. 
Let o) denote the set of numbers 1, 2, 3, ... 96. Let V=m—x^, then F is to be a 
square. Choosing any excludent e of which j8 is a non-residue, we can omit from co 
values of a: such that F=)3(mode). If e = 3, jS=2, for instance, we can omit every 
a: for which F=2-a:*=2(mod 3) or x=0(mod3). Thus we can exclude all multiples 
of 3. After using 6, 7, 8, 11, 13, 17, 19 as excludents, it will be found that the only 
numbers left are 23, 47, 65, 68. On trial, we find that, if a:=47 or 65, then F is a 
square, giving the same result as before. 


1'91'09 ( 138 

1 


23 


91 

69 


268 


2209=47* 

2144 


65 


(6) Any number (n) which can he expressed as the sum of two squares in 
more than one way is a composite nurnber. 

If the number has a square factor, we suppose this to have been removed 
and we assume that w = + 6'^ where a is prime to h and 

a' to 6'. 

Thus in each of the pairs (a, 6), (a', 6') one number is odd and the other 
even. Let a, a' be even and a<a\ then 6, 6' are odd and 6>6'. 

Hence we may write w=+ 6^ = (a + 2gxf + (6 - 2gy)\ ^ where 2g is 
the greatest common divisor of a* ^ a and 6 — h\ so that x is prime to y. 
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PRIMES OF FORM 4w + l 
Therefore x(a-\-gx)==y(b~gy)=-xyty where i is an integer, 

and consequently fi = yt—yXt b = xt+yyj 

so that « = + 62 = {g^ + 1^)(x^ + 

showing that n is a composite number. 

Ex. 4. (Even f/iat 19109 - 122^ + 05* = 130“ + 47=, Jind the prime factors of 19109. 

With the notation in the text, 

a-122, a'= 130, 6 = 65, 6'= 47. 

2gx = a' -a = S, 2^y = 6-6' = 18, 

where 2 j 7 -2, tlic highest common divisor of 8 and 18, thus 

g = \, x = 4, i/ = 9, t = {a + gz)ly = U; 
therefore 19109 = {P + 14^)(4=> + 9*) = 197.97. 

(7) The Equation =y2 + z^. If any two of x, y and z have a common 
factor, it must be a factor of the third number, and may be removed by 

division. 

We shall therefore suppose that x, y and z are frime to one another. 

Now y and z cannot both be odd, for then x^ would be of the form 
4 ;^+ 2, which is impossible : and since y is prime to z, one of these must 
be even and the other odd. Suppose that y is even, then z and x are both 

odd. 

Again, x^-y’^ is the square of an odd number, therefore x + f/ and 
x-y are both odd. Also any common divisor of these is a common 
divisor of 2x and 2y, and therefore of x and y, which are prime to one 
another. Hence x + y and x-y are prime to one another, and both are 

squares. 

Let x + 2/ = r^ and x-y = s^y then z = rs where r, s are odd and prime 

to one another, then r + 5 and r-s are both even; and if we write 

r + s = 2w, r-5 = 2rt or r = m + «, s = m-n, 

it follows that m is prime to n, and we have 

x + 7/ = (>/i + n)-, X - ?/ = (?» - n)-, z = 

giving the general solution, namely 

x=:?«2 + jr^ y = 2mn, z = m--n% 
where m, n are any two numbers prime to one another. 

(8) A pn'fne (p) of the form 4)i +1 can be expressed as the of ttco 
squares in one way only^ and the same is true for the square of such a pnme. 
The first part follows from (4) and (5). As to the second part, x and y 
are determined uniquely by p^x^ + y^ and then = (x^-f/^)“ + (2xy)®. 

Moreover, x is prime to y, and so, by (7), there is no other way of express¬ 
ing in this form. 
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A similar statement does not apply to powers of liiglier than the 
second, thus 

^3 _ (a:3 _ 3 j;^ 2)2 + (3a;2^ _ = (p^f + [pijf. 

Hence we derive a useful test as to whether a number of the form 4n + 1 
is or is not a prime : if the number can he expressed uniquely as the sum of 
two squares, it is a prime or the square of a prime. 


2. The Congruence x2 + y2+1 =0(mod p). We shall prove that 
if p is a prime, solutions of this congruence alwaijs exist, provided that when 
p is of the form 4n + l or when p = 2, zero values of x, y are admitted. 

If h can be found so that h and -(/i + 1) are quadratic residues of p, 
solutions are given by x^ = h, y"^ = — (h-\-\), for then — I (rciod. p). 

(i) Let p be a prime of the form 4n-l. Of the numbers less than p, 
\{p~\) are quadratic residues and the rest are non-residues. Hence at 
least one of the set 1, 2, 3, ... + is a non-residue, and since 1 is a 

residue, there must be two consecutive numbers h and /t4-l such that 
hRp dJid. 

Also {-\)Np, for is of the form 4n-l, therefore -(h + l)Rp and 
solutions of the congruence exist, neither x nor y being zero. 

(\\) If p is a prime of the form 4n-l-l, then ( — \)Rp, and if 
solutions of the congruence are 0). Of course, solutions may exist 

in which neither x nor y is zero ; thus, if ^ = 197, we find that —10 = 37^ 
and so 32 + 372 +1 =0(mod 197). 

If ^ = 2, a solution is (1,0). 


Ex, Find solutions of z® + 2 /* + l=0(wiO(i 199). 

We require values of h such that h and ~{h + l) are quadratic residues of 199. It 
is easy to show that such values are 2, 5,14,16, Proceeding as in Ex. (13) (I), we obtain 
the results on the right, showing that 2=20^ -3=14^ 14^= -3 (mod 199). 

5 = (^)2 = 762, -6 = {20. 14)2 = 812, 

14 = 2.7-(20.f|)2 = (^)2 = 5l2, 

-15 = (14.76)2 = 692, _ 17= (^ 3^)2 = 882 . 

Thus solutions are (20, 14), (76, 81), (51, 69), (4, 88). 


182 = 52 . 5 . 

202 = 2 . 

232 = -22.17. 
242 = -3.7. 


3. Sum of Four Squares. (1) The product of two numbers each of 
which is the sum of four squares can be expressed as the sum of four squares. 
For if w=a:2 + 2/2 + 22 + m' = x‘^ + y"^ +^'2 ^' 2 ^ then 


mwi' = 

a: + z-\-iw 

• 

y' + ix'. 

w' + iz' 


-z+LW, x-iy \ 

1 

-w' -{• iz', 

y' - t>x' 


and, expanding the right-hand side, 

mm! = {xx' + yy' + zz' + wwy + {yz' - zy' + xw' - wx'f 

+ {zx' - xz' + yw' - wy'f + [xy' - yx' + zw* - wz’f. 
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On the right-hand side we may change the sign of any of the letters, 
and so, in general, the product can be expressed as the sum of four squares 

in several ways. 

(2) Any number can be expressed in the form x^^ + y^ + z^ + w^y zero values 

of X, y, Zy w being admissible. 

Taking first the case of an odd prime p, suppose that we have an equation 

pq~x^ + y^ + z^ + uP'y 

where a:, 2 , w are known numbers. Let x\ y\ z y w be the absolute 

least residues of a:, y, 2 , w to the modulus 5 . then i:x' 2 = 0 (mod q) and 

where qq'^^(\ffi so that 

If q’ = q then q must be even, and each of x\ y\ 2 ', lo' equal to ±\q. 
Hence x, y, 2 , w are all divisible by kq and pq by \q^. Thus ip is divisible 
by qy and since p is an odd prime, the only possible values of q are 2 and 4. 

If q = 2y then 2p=x'^ + y^ + z^ + y>^> so that just two of x, y, 2 , w?, say 
X, y, are odd and 

/x + v \2 /x-v \2 / 2-^«;\2 fz-W\^ 

p={-r) nV) ^{-t) > 

the numbers in brackets being integers or zero. 

If q = iy then ip = x^'}-y^ + z^ + w^ and each of x, y, z, w must be odd, 

thus „ , o 

/x-f-v\^ fz-\-w\^ Jz-wy 

>-(t) n-2) *\~) ■ 

It is easily seen that two of the numbers in brackets are odd and two 
are even integers or zero, and thus (as in the previous case) we can express 

p as the sum of four squares. 

Turning to the general case in which q'<q, we have 

pq'^q' = (xx' + yy' + zz' + wwy + (yz' - zy' + xw'- wx'f 

+ (zx' - xz' + yw' - wy')^ + (xy' - yx' + zw' - wz'f, 

and since x, y, z, w^x', y', z', w' respectively (mod q), the numbers m the 
last three brackets = 0 (mod q). Hence the number in the first bracket 
= 0 (mod q), and, dividing by q^, we have an equation of the form 

pq'^X^+Y'^ + Z^ + W^-, where }'<?. 

Thus, given an odd prime (p) and an equation of the form 

py = x2 -H y2 + z2 + iv^y 

where can always find an equation of the same form with a 

smaller q, and by repeating the process we can express p as the sum of 

four squares. 
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INSUFFICIENCY OF THREE SQUARES 


Now it has been shown that, for any prime p, a relation of the form 
a;2_j_y2^|2_,_Q2^Q(j2iodp) oxists. Hence every prime and consequently 
every composite number can be expressed in the specified form. 

SJx. 1. Given that -17=6312(mod 2011), express 2011 as the sum of four squares. 
We find that 63P + 42 + U = 198.2011. 

The absolute least residues of 631, 4, l(mod 198) are 37, 4, 1, and 

372 + 42 + 12 = 198 . 7 , 

therefore 1982.7.2011 = (631.37 + 4.4 +1.1)« + 0® 

+ (37.1-631.1)2+ (631.4-37.4)2. 

Hence 7.2011 = 1182 + 32 + 122 . 

The absolute least residues of 118, 3, 12(inod 7) are — 1, 3, —2, and 

7.2 = (-l)2 + 32 + (-2)2; 

72 .2.2011 =(-118 + 9-24)2+ (-6-36)2 

+ (-12+ 236)+ (354+ 3)2. 

2.2011= 192 + 62 + 322 +512^ 

/51 +19\2 /61 -19\2 /32 + 6 V /32 - OV 

+(—) n—) 

=352 + 162 + 192 + 132 . 

(3) It is obvious that not every number can be expressed as the sum of 
three squares; for instance, 7 cannot be so expressed. To express a number 
as the sum of three squares (when possible) or as the sum of four squares, 
it is preferable to use the square root process rather than the general 
theory. 


therefore 


Hence 


and 


Ex, 2. Shaw that 63211 can be expressed as the sum of three squares and express it in 
this way. 

We have 63211=2512+ 210 

501 

=2502+ 711 
499 

=2492 + 1210 

Now 1210 = 112.10 = 112(3* + !*), therefore 

63211=2492 + 332 + 11*. 


Ex. 3. Express 10007 as the sum of four squares in three ways. 
Let m = 10007, by the square root process. 


therefore 

Again 

and 

therefore 

and 


m=992 + 206=992 +14* + 32 +1*, 

2m=1392 + 9.77 = 1392 + 92 + 242 + 6*, 
m=742 + 652 + 152 + 92. 

3m = 1722 + 437 = 172*+ 202 + 62 + 1* 

3.1=12 + (-l)2 + 02 + 12, 

32m = {172-20 + l)2 + (6 + 172-l)2 

+ (6 + 20 + l)* + (-172 - 20 + 6)2 
m=51*+ 592+ 92+ 62*. 
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METHODS OF FINDING FACTORS 


4. Factors of Large Numbers. To discover whetlier a large 
ninnher (A^) is or is not a prime, and in the latter case to find it« factors, 
is a prohlem of great interest and of considerable dilHculty. The methods 
given below should be used in the order given ; the first is tentative, and 
should not be carried on to more than two or three subtractions ; if this 
does not quickly give the desired result, the method of exclusion in the 
other two methods will be successful in all cases. 


(1) General Methods. (i)Let A^ be an odd number, and suppose that 
N = ah\ then u and b are odd numbers, a-{-h and a-h are even numbers, 

and A' = [i(a + W-[i(«-W; 

and, in particular, A'’= [J(A^ + 1)]--[|(A/- 1)]^. 

Thus an odd number can be expressed as the difference of two squares; 
and, in this way, it can be factorised. The easiest way is to use the square- 
root process as follows, it being assumed that a table of squares is available. 


Ex. 1. Let A' = I234:)6780 ; then .Y/O ^ I37I7421. From 
margin, where tlie last figure in the square root is taken as 4 
instead of 3, in order to give the least po-tsihle negative number as 
* remainder \ we find that 

A/9 = 37042-219") 

-7409 (=2 x3701 i I) 

37052-9604 


the working in the 

3 ) 13717421 ( 3704 
_9 

(>7 )ll\ 

469 

7404 ) 27421 
29616 


- 370r>2 _ 982 ,, ;i(i07 X 3803 " 

Therefore, 123456789 = 32 . .3607.3803 ; and it will bo found tliat the lost two 


factors are primes. 

When, as in the above example, the factors are nearly equal, the desired 
result will be obtained after two or three subtractions: if not, we may pro¬ 
ceed as follows. Suppose tliat N — ab, and that roughly a = i'6, where 
k = 3, 4, ...: then apply the square-root process to kN or according 
as k is odd or even, and not proceeding to more than two or three sub¬ 
tractions, as in the next examples. 


Ex. 2. Let A'=130.381. Hero the square-root process, applied to N, docs not 
give a ready result; but, on applying it to 8A\ wo find tlmt 

8A^ = 1043048 = 10222 - 143 a = 10232 .3481 = 1023* - 592. 


Ex. 3. I./et iV = 766879. Hero the square-root process applied to N and SN fails 
to give a ready result; but wo have 

3A' = 2300637 = 15172 - 652 = 15KS2 - 3687 = 15192 - 6724 = 1519* - 82*. 


If the above tentative method fails, either of the following methods 
will succeed in all cases. 


(ii) The square-root process would always succeed if carried on to a 
sufficient number of subtractions ; but in general the number of sub¬ 
tractions would be largo. The work can, ho\vever, be shortened by the 
use of quadratic residues, as in the next example. 


FACTORS BY EXCLUSION 
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Ex. 4. Let A = 107399 = 328^ - 18o ; then we suppose that (32S+x)^ - N =y^. 

Hence, to mod 8 , x^ + l^O, 1, or 4 (the residues of 8), that is, x^= - 1, 0, or 3; 
and, since - 1 and 3 are not residues of 8, it follows that x=4«. 

Again, to mod 3, (1 +x)2 -2=0 or 1 (residues of 3), i.e. (1 +a:)’^=2 or 0 ; from which 
it follows that a: = 3i +2. 

Also, to mod 5, (3 +a:)2 -4=0, 1, or 4 (residues of 5), i.e. (3 4*ar)"=4, 0, or 3 ; from 
which it follows that a:+ 3= ±2, or 0, i.e. a:=0, 2, or 4 (mod 5). 

Writing down the multiples of 4 in order, and erasing numbers of the forms 3n, 
3n +1, 5n +1, 5ra + 3, we have left 20, 32, 44, 80, 92, 104, out of all numbers less than 
120 ; and, the use of mod 7 will reduce these further to 32, 92, only. 

On trying x = 32, we hnd that 2/2 = 107399 -360^ = 22201 =149^; and thus 

107399=3602-1492 = 211.509. 


(lii) Denote the aggregate of primes less than JN hy co. If iV is not 
divisible by any of these, it is a prime ; and the question may be settled 
by dividing N by each of these primes. The number of trials which actually 
have to be made can be very much reduced by the method of exclusion. 

For, if a is a quadratic residue of N, and a = Z>^(mod iV), then 
a^h^{modp), when is a prime factor of N. Hence we may exclude from 
the aggregate co any prime p of which o is a non-residue. 


Ex. 5. Let N = 178979 ; here neither 3 nor 5 is a factor ; and, since the remainder 
on dividing N by 1001 is (979-178), or 801, which is not divisible by 7, 11, or 13, 
neither of these primes is a factor of N. 

Now, in Ex. 3 on p. 138, it has been found that -2, -11, -67, and -79 are 
quadratic residues of N ; and we form the table on 
the right (see Ch. X, 7, 8 ). The first column con¬ 
tains primes {p) for which - 2 is a residue ; the letters 
R, Nt in the second column indicate that —11 is a 
residue, or non-residue of the corresponding number 
in the first column, and similarly for the third and 
fourth columns; the numbers —2, -11, —67, and 
- 79 being the values of a used as excludents. 

Hence it appears that 89 is the least prime of which 
-2, -11, -67, — 79 are all residues; and on trial 
we find that 

178979 = 89.2011. 

The reckoning also shows that 2011 has no factor 
less than its square root, so that it is a prime. 


-2 

-11 

-67 

-79 

17 

N 



19 

N 



41 

N 



43 

N 



59 

R 

R 

N 

67 

R 

N 


73 

N 



83 

N 



89 

R 

R 

R 

• • • 

« • • 

• • • 

• * • 


(2) The Forms (i) Any common factor of x^-1 and is 

a factor of — 1, where g is the greatest common divisor of m and n. 

Integers u, v can be found so that mu — nv=g. Let be a prime which 
is a factor of »”* —1 and of a:” —1, so that a:”* = l and a:” = l(mody), 

Now X is prime to p, therefore y is a divisor of — 1. 


FACTORS OF SPECIAL FORMS 

(li) If n is an odd prime, every odd prime factor (p) of x” - 1 which is 
not a factor of x- \ is of the form 2kn + 1. 

For by Fermat’s theorem, since x is prime to p, -1 =0(mod;?). 

Plence, hy the last theorem, ^ is a factor of — 1, where g is the greatest 
common divisor of n and 7 ?- 1 . 

Now as n and p are odd primes, either p — 1 is prime to n or is an even 
multiple of n. In the first case, g=l and p is a factor of x-1. In the 
second case, p is of the form 2kn + 1 . 

(iii) If n IS a prime, every prime factor (p) of — 1 which is not a factor 
of ^ - 1 is of the form kn^ 4 1 . 

For, reasoning as in (ii), it will be seen that p is a factor of -1 where 
g is the greatest common divisor of n'' and p - 1 . 

Since n is a prime, g must be a pow^r of n. Also g cannot be or 

any lower power of for then p would be a factor of - 1, which is 

not the case. Hence g = 7i^ and p—1 is a multiple of 71 **, which proves 
the theorem. 


A.i‘. 2. Prove that 2*^ - 1 is a jirintc. 

Up is any i*riino factor of 2” - 1, by Theorem (ii) p is of the form 341 * + 1. And 
since 2‘“=2(mn(l;)). 2 is a quadratic residue of p. Hence p U of the form 8i*±l. 
It follows easily that p must bo of one of tlic forms I3W + 1, 136 (+ 103 . 

Again, 2” - 1 ' 131071 370=, hence wo need only try as possible factors 137 and 

239, which are tlie only primes of the above forms loss than 370. On trial it is found 
that neither of these is a factor of 2>’ - 1, which is therefore a prime. 


(iv) Every odd prime factor p of + 1 is a factor of x» +1 where g is 
the greatest common divisor of J (p - 1) and n. 

hor p is a factor of x^”- 1, and by Fermat’s theorem it is a factor of 
x^ ^-1. Also 2g is the greatest common divisor of p-1 and 2n, 
hence by (i) p is a factor of x^^^ - 1. Now p is not a factor of x*' -1, for 
then it would be a factor of x« - 1, and this is not so, for p is an odd factor 
of x” + 1. Hence p is a factor of x*' + 1. 


(v) If n is a prime, every odd prime factor p of x» + 1 which is not a factor 
of x+l is of the form 2kn + 1. 

For -2 (p 1) is prime to ti or is a multiple of n. Using the previous 
notation, it follows that p = 1 or else J (p- 1) is a multiple of and the 
theorem follows from (iv). 


{yi)Every odd prime factor p of +I isoftheform 2 «+i,A- 4 -l. 

For p is a factor of but not of and the theorem 

follows from (iii). 

Ex. 3. Prove that 2*‘ + 1 is not a prime, and find its factors. 

Any prime factor of 2 “ + 1 i, a factor of 2 “ - 1 but not of 2** -1, and is therefore 
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of the form 2 U + 1 . The primes of this form are 193, 257, 449, 641, 769 1153 1217 

1409, 1601, 2113, 2689, etc. 

It will bo found that 2^2 + 1 =4294967297 = 641.6700417. 

The latter factor < 2600^, and on trial it will be found that it is not divisible by any 
of the above primes less than 2600. Thus 6700417 is a prime. 


Ex. 4. Find the factors of 10'^ +1. 

Here every prime factor other than 11 is of the form 22w +1 ; also - 10 is a quad¬ 
ratic residue of each prime factor. 

Hence, the factors other than 11 are of the forms 440/* +1, 23, 89, 133 287 331 
397, 419 : for these are the numbers which are of the form 22’« + ’l, a!s weU as of one 
of the forms 40m +1, 7, 9, II, 13, 19, 23, 37, for which - 10 is a residue. 

Trying 11 and 23, we find that 10“ +1 = 1P. 23.35932447, the last factor being 
prime to 11 and 23. ® 

We next try in succession the numbers 89, 331, 397, 419, 463, 727, 859, 881, 1013, 
etc. : the 28th of the series, 4093, proves to be a factor of 35932447, giving a quotient 
8779. If the latter were not a prime, its factors, one of which must be less than 100 
would have been found already. Hence 10“ +1 = 11®. 23.4093 8779 * 


EXERCISE XV 


1. Express 23^ + 42 in another way as the sum of two squares. 

2. Show that each of the following numbers can be expressed as the sum of 
two squares m two ways. Hence express each as the product of prime factors. 

(i) 3161 ; (ii) 6109 ; (iii) 28013. 


3. Show that 2, -3, 10, -11 are quadratic residues of 31. 
two solutions of x^ + y^ + l~0 (mod 31). 


Hence find 


4. If a is prime to 26, any factor of + 26® is of the form + 2yK 

[Letp be a prime factor of a^ + 2b^ and suppose that a^-\-2b^=pq. Since a is 
odd, so are p and q. Let a, p be the absolutely least residues of ct, 6 to the modulus 
then oc + 2p^=qq' where qq'<iq\ so that q'<q.] 

[Proceed as in Art. 3 (2), noting all possible cases.] 

5. Every prime of the form + 1 or 8n + 3 can be expressed in the form 

x* + 2yK 

[For - 2 is a quadratic residue of any prime p of the form Sn +1 or Sn-\-3 

Hence a can be found so that a* + 2,1* is divisible by p; by Ex. 1, p is of the 
form + 2y2.] ’ * ^ 


6 . Every prime of the form 6n + 1 can be put into the form z^ + dy\ 

7. H a is prime to 26, any prime factor of - 26^ is of the same form, and a 
similar theorem holds with regard to 2a® - 6®. 

In this connection, note the identity a:® - 2y®=2 (a:+y)® - (a: + 2y)®, 

8 . Every prime of the form 8n± 1 can be expressed in either of the forms 
®®-2y®, 2x®-y®. 


9. Any prime of the form 8n +1 can be expressed in each of the forms 
2 y®, aj® — 2y®, 2a:® —y®. Express 3001 in each of these ways. 
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SUMS OF THREE OR FOUR SQUARES 


10. Show that + is equal to each of the following expressions : 


6 (- 4 


f r + w y ^ - }Jz w^ -\ !/-z + W J 


* fx-\-ij + z~io 
■^V 4 ) ' 


/x + y + z + w,'^ , fy + z-x-w , fz + x-y-w\- , (x + y-z-wW 

(>>) (^-4-4 ^ ""I 4 ; 2 )’ 

and that, if x, y, z, w arc all odd numbers, all the expressions in brackets in 
either (i) or (ii) are integers. 

11. Oiven that - 10 is a quadratic residue of 2011, obtain a solution of 

x2 + y2_^l = 0(mod 2011). 

Hence express 2011 as the sum of three squares. 

[We find that 5692 + 32+ 12=161.2011, hence 

35.2011=2652+ 122 + 42 and 11.2011 = 1092 + 9G= + 322, 
giving 2011 = 392 + 212 + 72 .] 

12. Given that 10. 1103 = 1022 + 252+ 1, express 1103 as the sum of four 
squares. 

13. If m = 10007, we have 5 m = 2332 + 306 = 2232 +152 + 92 . Use this to 
express 10007 as the sum of four squares. 

14. Given that - 17 = 2452(!uod 10007), express 10007 as the sum of four 
squares. 

15. Show that 770 can be expressed as the sum of three squares in eight ways. 
Give all the results. 

16. Prove that 2‘2 - 1 and 2*» - 1 are primes. 

[2^2 - 1 = 8191, 2*2 - 1 =524287.] 

17. Find the prime factors of 2“ - 1. 

18. Use the fact tliat 22« + 1 = (2" + 1 )2 - 2" +1 to find factors of 22« +1 when 
n is odd. 

19. Express 222 + 1 as the product of primes. 

20. Provo that 10® - 1 =3*. 37.333667, sho^ving that the last factor is a 


prime. 

[Let m = 333667, then since 10» - 1 = lOOO^ - 1, any prime factor of m is of 
the form 6fc+l. Also 10^®= 10(mod 7 / 1 ) and lOBm. Using the squ^ root 
process, we can now find easily that -2, —5, -31, 41 and 61 are residues of 
7rt, etc,, as in Art, 4 (iii).] 

21. Obtain small quadratic residues of 29951, and express this number as the 
product of primes. 

22. Prove that any prime factor of 10" — 1 other than 3 is of one of the forms 
440ifc+l. 67, 89, 111, 133, 199, 243, 397. 

23. Show that 1.2.3.5.7. 11.13 + 1 = 30031 is a composite number, and 
find its prime factors. 

24. Wo have 2" + 3" = 5m, whore 7/1 = 35839. Prove that -6i?m, 
obtain other small quadratic residues of f/i, using the results to prove that m is a 
prime. 

[2"=-6.3'®(mod/«). Other residues are 2, -3, 10, -11,41, -47.J 


CHAPTER XV 


GENERAL THEORY OF CONTINUED FRACTIONS 


1. General Form, We shall consider fractions of the form 




n 


(A) 


where the a’s and 6’s may be any real numbers. 

Observe that an a may be zero, and yet the fraction may have a definite 
value. If one of the h’s is zero, the fraction terminates. 

Moreover, it has been explained in H.A.^ XXIV (1), that we may, with¬ 
out any loss of generality, suppose that every a is positive. 

For the fraction F, and are defined by 

Vn “®nFn—1 ^nPn—2^ ?n “ ^n^n~-l ^nS'n—2» 

with the initial values 

Po~^i Pi~^if 

This being so, pj^n is the nth convergent, not necessarily in its lowest 
terms. 


2. Equivalent Continued Fractions. Two continued fractions 
are said to be equivalent when their corresponding convergents are equal. 

We proceed to consider certain transformations by means of which the 
fraction F may be converted into an equivalent fraction. 

(1) If aj.y are all multiplied by the same number h, then p^y 

Pr-¥\i Pr+ 2 J ••• ?r+i» ?r+ 2 » *” are all midtipUed by Tcy and the Value 

of any convergent is unaltered. 

For if pf Iqf is the nth convergent of 

^1 ^r—1 ^r+2 

a^ + ^r—1 + ^r+1 ^r+2 

then Pn=Pn and = for n<r and 

pf = kay.p^_^ + l\Pr-2 = ^Pt^ 

Pr+l =«r+lP/ + ^’^r+lPr-l=^Pr-fl. 

Pr+2 “®r+2pr+l't^r+2Pr ~kpj.^2y 

and so on, with similar results for the fsy and the theorem follows. 
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EULER’S RULE FOR CONVERGENTS 


(2) It will be seen that, by continued application of the above, any 

convergent of Ich hi-hlclch h h h 

Jc^a^-h ^*202+ /:„a„+ .^ ^ 

is equal to the corresponding convergent of F, that is to say^ the forms (B), 
(A) are equivalent. 

Also if pn'iQn' is the nth convergent (unreduced) of the fraction (B), 

by § (1) ^ 

thus the values of a„a„_i/6„ and ffn?n-i/^n 9 n -2 unaltered by the trans¬ 
formation. 

(3) Any continued fraction of the form (A), in which the a’s and Us are 
rational numbers^ can be transformed into an equivalent fraction of the same 
form, in which the a's and Us are integers. 

For in (B) we can choose the Z:*s so that every numerator and every 
denominator is a whole number. 

(4) Any continued fraction of the form (B) can be transformed into an 
equivalent fraction of the form 

jr —>—•••>— .{®) 

/l + A + /n + 

For we can choose the ^’s so that 

— ... ^*n-l^'n^n = ••• = 1> 

and then if fi=k^a^, f^ — k^o^y etc., we find that 


and 


/ ^1^3^5 ^n-l^n ^2^4 * * * ^n-l^n 

yn~ • • ' 


62^4 ...bf^ 

according as n is even or odd. 


byb^ ... b^ 


3. Euler’s Rule for the Formation of Convergents. 

To obtain the values of pf^ and q„ for the continued fraction, 

1 1 1 

the rule is as follows: The first term of is /i/o/s.-./o* To obtain the 
other terms, omit from this product, m all possible ivays, one or more pairs 
of consecutive f's. If n is even and all the pairs are omiUed, the corresponding 
term is unity. Also p,^ is obtained from / 2 / 3 .../n by exactly the same rule. 
For example, ^ 

^^4 +/4 +/ 2 ' 
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Proof of the rule for the fs. Let stand for f-^j,^ ■••fn'y Sj.^ 

denote the sum of all the terms which can be formed from S(f by omitting 
r pairs of consecutive/’s, and let Then we have to show that 


= + + .(A) 

where or \{n-\), according as n is even or odd. We shall first 

show that + where .(B) 


To prove this, consider first the terms of 5^" which contain /„. The 
sum of these is /„ times the sum of the terms which can be formed from 
fifz •••/n-i t>y omitting r pairs of consecutive/’s, and is therefore 

Next consider the terms of which do not contain /„. Since f^ is 
absent, so also is /„_i; hence the terms are obtained from ff^ ■■■fn- 2 ^ 
by omitting r-1 pairs of consecutive/'s, and their sum is This 

proves equation (B). We have also 

and SJ-^ = 1 .(C) 

Now equation (A) holds for n = 2, 3 and, using equations (B), (C) with 
recurrence formula, we have 


?4 =/4?3 + + 5/, 

=/5?4 + ?3 =f,So^ + + So») + {fA* + Si») = So® + ; 

and so on to any extent. 

The rule for the p^s follows from the fact that is the same function 

of fzyfz^ "’fn as Jn —1 of fxtf^i ‘••fn—v 

For pn is given by the difference equation Pn=fnPn-i-^Pn -2 with the 
initial values Pi = l, P 2 ~f 2 f and all of these equations hold if we change 
the p’s into ^’s and decrease every sufl^x by unity. 


4. Some important Inequalities. For the continued fraction 

1 1 1 

where fitf^y/z* ••• positive rationale ^ the following inequalities hold: 

(i)?n<{l +/l){l+/2).*-(l+/n), 

(fi) ■•*/2n+l ?2n^f* 

The first inequality is due to the fact that consists of some but not 
all of the terms in the expansion of (1 +/i)(l +/ 2 ) ... (1 +/n)* 

Again, with the notation of Art. 3, we have 

S„^"+'=/i +/3 + -/ 2 n+i and = 

Hence the other inequalities follow from Euler’s rule. 
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RESIDUAL FRACTIONS 


5. Properties of p„ and q„. For the fraction 

6 , 62 ^3 

a,+ 02 + 03 + "■a„ + 

by the recurrence formulae Mn-i-^n-i 7 n= -^n(Pn-iyn- 2 “^^n- 2 ?n-i)i 

hence, Mn-l-?n-l7n = ( - ^ 2 (?i 7 o-Mi)* 

Now = ?o = l» 7h = ^i> tlierefore 

- Vn-iqn = ( “ 1 • • • ^n» . W 

and TL" _ = ( _ 1 )n-i .(Bj 

?n ?n-l ?n?n-l 

In the last formula, put n - 1, n - 2, ... 1 in succession for n and add ; 
then since PoIqq-O, we have 

pn , / 1 \n-l ‘ /nv 

9n ?1 ? 1?2 M 3 ?n-ign 

Again, by the recurrence formulae, 

7 ^n?n -2 ~Pn-27n =^n(7^n-l7n-2 “7^n-27n-l) = ( “ *** ^n -1 i 

therefore = ( -1)" .(D) 

7n 7n-2 7n7n-2 


6 . Infinite Continued Fractions. For convenience we repeat 

certain definitions given in H.A.^ XXIY (3). 

If ••• convergents of an infinite continued fraction 

F, the fraction is said to be conrer^e«^ divergent or oscillaioryt according as 
the sequence ^ 2 / 72 * ••• converges^ diverges or oscillates. ^ 

If the sequence converges, the value of F is defined as lim Pn/7ni 
we write F = Y\n\ pjq„. If the sequence does not converge, F has no 
definite value and is to be regarded merely as defining the sequence of 
convergents. If F and F' are equivalent continued fractions, they both 
converge to the same limit, or else both diverge or both oscillate. 


7. Residual Fractions. Consider the fraction 



a,+ ^2 + 



* • • 




m+l 


<^m+l + 


> 


and let 


^ m ^ HI ’b 


m +1 


m+2 


a 


HIM "b ^tn+2 'b 


> 


then is called the mth residual fraction, and the following question 
arises : If it is known that /.< convergent^ under what circuwwtanow can 
WC conclude that F is convergent ? 






FRACTIONS OF THE FIRST CLASS 

Obviously if converges to any value but zero, F is convergent. 
m'>\ and suppose that is convergent, then 

6 | 1 ^mPm—2 


201 

Let 




1 ■t ^m?Tn—1 "t ^m9m-2 


Hence F is convergent, provided that 

1 "t 

Thus the convergence of 2,^ involves the convergence of F in the 
following cases : 

(i) if every a and every h is positive ; 

(ii) if the fit’s and 6’s are rational numbers and 2 ^ is irrational. 

8. Two Main Classes. We shall consider chiefly the forms 


6i b 


'n 


fill + (It) + 


« ■ 


a„ + 


and 


'n 




• • • 


fill “ fil2 


where the a’s and 6’s are positive. These are called fractions of the first 
and second class respectively. In those of the first class every element is 
preceded by the sign +, in those of the second class every element after 

the first is preceded by the sign - . 

Continued Fractions of the First Class 
9. Properties of the Convergents. We consider the fraction 




b, b 


Oj + fil2 + fil3 + 

where the a’s and 6’s are positive. 

(1) The p's and q's are all positive, and if every a^l then and 
irurrease with n. Also, if the a's and b's are positive integers, Pn and 

teTid to infinity with n. 

All this follows from the equation 

Pn - Pn-l = («n “ 1 )Pn-l + KPn-2^ 
and the similar equation connecting the ^’s, 

(2) The even convergents form an increasing sequence, the odd convergents 
form a decreasing sequence, and every even convergent is less than any odd 

convergent. 

For if it follows from equations (B), (D) of Art. 5 that 

- Mn -1 and u„ - «„_2 are of opposite signs. Therefore u„ lies between 

and w„_ 2 - 

Now U 2 <Ui, and consequently W 2 <W 3 <«i; W2<'“4<^3» W 4 <W 5 <W 3 , 

and so on. Hence ... 

«2<W4<'“6<”-<^5<W3<'Wi.^ ^ 
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TESTS OF CONVERGENCE 


(3) A continued fraction of the first class converges or else it oscillates 
between finite limits : it cannot be divergent. 

For it follows from the last set of inequalities that both u^n and « 2 n-i 
tend to finite limits as n—>x . The fraction converges if 

lim = u^n-i, 

otherwise it oscillates between these limits. 


10. Tests of Convergence. (1) If the a’s and 6’s are all positive, 
the continued fraction 


F = 


b, b 


• • • 


ai+ 02 + ®3 + 

is convergent if and onhj if the series i^a„ 7 n-i/^n?n -2 divergent. 

For denoting the nth convergent by u„, by equation (B) of Art. 5, 

= where ... 

Now F is convergent if, and only if, lim W 2 „ = lim Ugn-i* that is if 

fr-l_ *]r ^'r7r-l+^r7r-2 ^ , 

ty. by.gy._2 2 —2 

therefore 


0 . 


fg h ^ ^ hw ^ KinW 

Hence f„->0 if and only if the infinite product 77(1 +On7n-i/^n?n-2) 
divergent, that is if and only if -^fln?n-i/^fi 7 n -2 divergent. 

It should be noticed that the condition stated in this theorem is necessary 
and sufficient for convergence, but in as much as it involves the ^’s, it is of 
little use in practice. 

(2) If the a's and b's are all positive, the con^‘nu€<^/rac/ion F is convergent 
if the series is divergent. 

For 7n-i = an-i7n-2 + ^n-i7n-3>«n-i7n-2» hencc cvcry term of 

is less than tlie corresponding term of i^an 7 n-i/Mii- 2 * 

If, then, the first series diverges, so does the second, and consequently 
F is divergent. 

In particular, F is convergent if the a*s and lis are positive integers and, 
after a certain stage, a„ ^ 

Note. Although ihU condition is sifficicni, it is not necessary, for the convergence 
of F. i''or if F is eonvorgoiit, then a ia divergent; but wo cannot 

concludo from this that i® divergent. 

Tho following test is necessary and suflicient. and does not involve the g’s. 
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(3) A continued fraction of the first class loritten in the form 

/1 + /2 + /3+"' 

is convergent if at least one of the series 

A+/3+ • • • > A+A+A"*"”* 

15 divergent. If both series are convergent ^ then the fraction oscillates 

Proof. Suppose that A+A+A+”- divergent, and let denote the 
nth convergent of F. By Art. 4 we have 

l2n-\'>fl +/3 ••'An —1 and ? 2 n>l- 

Therefore ? 2 n? 2 n-i"^°° and, using equation (B) of Art. 5, 

^2n“^2n—1“ "" l/?2n?2n— 

Hence F is convergent. (Art. 9 (3).) 

Next, suppose that A A A "*" * • * divergent, then it follows as before 
that 

J_1 1 

A+A+A + 

is convergent, and therefore F is convergent. 

Lastly, suppose that both series are convergent, then A+A+A+"* 
convergent, and therefore the infinite product ( 1 +A)(^ "^A)(^ "^A) 
converges to a limit 1. Using the first inequality of Art. 4, 

?r<(i +A)(1+A)-(1 +A)<^ 

and therefore ? 2 n? 2 n-i < H^i^ce 

W2n-l“^2n“l/?2n5'2n-l^l/^ * 

Therefore u^^-u^n-i does not tend to zero and F oscillates. (Art. 9.) 


(4) The question of the convergence of the fraction 

- " • •• > 

01+^2+ + 

where the a’s and 6 ’s are aU positive, can be completely settled by applying 
the conditions of § (3) to the fraction 


where 


A + A+'"A’ 

616365 ... 6„_ia„ 6264 ... 6n„ign 

Jn— hh h 6163 ... 6 „ 


6364 • • • 6^ 
according as n is even or odd. 

Special cases, which cover many instances with which we are concerned, 
are the following. 
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TEST FOR A PARTICULAR TYPE 

(^) U ^n» 'polynomials in n which are positive for n>l and of 

deyrees r, 5 respectively, then the continued fraction ^ 

F = ~^ 

ai+ 02+ '"a„+ •" 

is convergent or oscillates according as s<2(r+l) or 5 > 2 (r + l) 

Let a„-A(n’’ + An’'-i + /iV -2 + ...)^ &n=/x(n^ + A-n«-i + jfcV-2+ ...), 

and let /„ have the same meaning as in the last section. 

Consijring the convergence of f,+f^+f,+ ..., and denoting the nth 
term of this senes by we have 


t 


— — ^ 2 n-l _ ®2n-l ^ 


2n+l 


^n+i /2n+l ^2n+\ ^ 


2n 


Now 


a 


a 


2 n-l 

2n+l 


1 - 0 -' 

2 n 


i+ifi ■r+i: 

2«V 2n/ 4n2 


■-ar-- 


1 + 


1 


2n 


. h / 1 \-i h' 


, 1 


Expanding this in powers of 1/n, we find that 




^2n+i 

Similarly 


w 



0 


1 ^ \ IP 

^ - - +higher powers of 1/n. 


2n+I 


2n 


= 1 + 


n 

s 


^ + higher powers of 1 /n, 


and therefore A. = j + 2r _ ^ ^ ^ 

Hence, by Gauss’s test, the series f,+f^+f, + ... is divergent or con¬ 
vergent, according as (s-2r)/2<l or (s-2r)/2>l. XX. 5 ) 

In just the same way it can be shown that /,-f. is divergent 

or convergen under exactly the same conditions. This completes the 
proof of the theorem. 


of n which are positive for n>l 

lejrac^on 


F = 


• t • 


«l+a2+ (in + 

i'r ZZvl'j “ *'»'»”■' 

/” = A A, <^n 


••• f 


'’i + ‘s <■„ + 

• It Should be noticed that this test Includes the-preceding. 
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where c„, are polynomials in n. Now by Art. 2, (2), we have 

Hence, if r, s are the degrees in n of c„, d„, the ratio of the nth terms 
of the series i^(6En®n-i/^n)^ is finite. 

Therefore 2^(an“Ti-i/^n)^ is divergent if and only if (s-2r)/2<l. 
But F'y and therefore also Fy is convergent if and only if (s-2r)/2<l, 
which proves the statement in question. 


Ex. 1. Examine for convergence 

V 32 6* 

2 + 2 + 2 + *" * 

X X 2x 2x Zx 3a; 




4 


5 

6 


4 a. ® a. 

5 + 7 ■+• 


(i)Here an«n-i/*n=^/(2"" 1)^ therefore E{a^a^_db^)h is divergent and F is 
convergent. 


(ii) Here a„=2rt/(2n + l), 6„ = (2n -1)/2«, therefore a„a„_i/6„- 
is divergent, therefore F is convergent. 

111111 

(iii) Here F is equivalent to ^ ^ 2/2 ^T ^ 2/3^T tT 
3 + 5 + 7 +... ia divergent, therefore F is convergent. 


1 and i;a„a„.i/6„ 
... and the series 


Continued Fractions of the Second Class 


11. The General Continued Fraction of the Second Class. 
This is of the form ^ b„ 

jP — -- ~ } 

where the a’s and 6*s may have any positive values. 


The recurrence formulae are 

Pn ” ®nFn—1 ~ ^nFn—2> ~ ^n^n -1 ~ bn^n~2> 

with the initial values j>o = Oy qo = l, Pi = &i, ?i = cti. 
Proceeding as in Art. 5, we have the following : 

Pn?n-l“J^n-l?n = ^1^2 •" . 

pn Pn~l ^ bib2 •••bn 
?n ?n-l ?n?n-l 

Pn Pn—2 _ ^n^l^2 ^n—1 

?n ?n—2 ?n?n—2 

gn_^l I ^1^2 I ^1^2^3 I I 
9n ?1 ?1?2 ?2?3 ?n-l?n 


(A) 

(B) 

(C) 

(D) 
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PROPERTIES OF RESTRICTED TYPE 

Observe that, in calculating successive convergents by the rules of 

formation, pjqy^ must not be reduced in any way, and each of the numbers 

must retain its own sign ; thus, if and ?„= - 6 , the convergent 

must not be written as (- 5 )/ 6 . 

If the a’s and Ws are integers, the p’s and are integers, positive or 

negative ; their absolute values do not necessarily tend to infinity with n, 

even if F is convergent; nor, if all the y’s tend to infinity with n, is F 
necessarily convergent. 


12. A Test of Convergence. For continued fractions of the 
second class there is no general test of convergence. But if after a 
certain stage all the q’s are positive and b„q„_Jq„<k, where 0 <it<l, 
then the fraction of the second class ^ 

** — ••• ♦••• 

is convergent; but if b„q„_fq„^l, then F is divergent. 

For the series (D) of the preceding article is a series of positive terms 

(“'•)’ = b„q„^ilq„ ; hence the result follows by d’Alembert’s 

test. 

It should be noted that the value of b„q„_^q„ is unaltered by the 
transformation in Art. 2, (2). 


13. The * Restricted » Type. If, in the fraction 

F = ~^ — K 

— • • • ■ »• • « 

the a’s and 6 ’s are positive and a„> 6 „ + l, for all values of n, then 
{ 1 ) the fraction is convergent-, (ii) if = + l for every n, and the 
s^ies 1 +ti + 6 ih 2 +...+hi 62 ... 6 „ + ... converges and has a sum s, then 
F=l~~}/s, hut if the series diverges, then J = l; (iii) 7/ a„> 6 „ + l for 

one or more values of n, then 0 < 7 ’<L 

The truth of these statements depends on the following properties of 

the fraction, when it is supposed that a„> 6 „ + l and that pfq^ is the 
rth convergent. 


(1) The quantities p„ and are positive and increase with n. 

For = and this holds 

if we put n- 1 , n- 2 ,... 2 in succession for n, therefore 


Also, ... ...6a(a,-l)>6A-i ..• 

Therefore Tn>Pn-i and 
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(2) The convergents form an increasing sequence of posit ive numbers. 

For pjq^ = ^nd the ps and q's are positive. 

(3) In § (1) it has been shown that, for every n, 

Tn ~ Pn-i > hh • • • and > bf)^ 


hence, + + .(■^) 

qji ^ 1 + + bib2 + ... + bf)^ • • • &n. 


(4) i/ aj. = bj.-i-l for r^n, the sign = must be taken everywhere in 


the last section, and 

= ^A "•"^1^2 ••• ^n» .(^) 

^^=1 +6i + feA+ ••• +^A ••• .(®) 


(5) // a^ = 6 ;. + l for all values of n, then equations (C), (D) are true for 
all values of n. Hence 

= 1 and pjqr, = 1 - 1 /qn. 

Therefore pjqn^l ~l/s or 1, according as the series for q^ converges 
to a sum s or is divergent. This proves the second part of the theorem. 

( 6 ) Let m be the least value of n for which a^^b^ +1; let -1 = 77 , 

so that 77 > 0 ; also suppose that = where ^ is a constant 

to be chosen later. Then, by § (4), = 1 — for n^m -1.(E) 

Choose k provisionally so that 0<A:<l/g'm-i; then is positive, 

and - v^_i = (a^-l)v^^.^ - b^v^_ 2 = v^m^i + K " ^ 711 - 2 )• 

Thus, v^ ~ ^ 7 )-k + b^q^^^ - b^q^.^) by (E) 

= 77 - k{{a^ - l)qm-i - ^m?tn-2} = ^(iZm “ 

Now q^-= > («n; “ K)qm-l >{’? + !) ?»n-l ; 

hence, J therefore, if we take 0 <k< 7 jl{q^-q^_i), 

we shall have v„j_i>0 and v^>v^_-y. Also 
forallvaluesof 71, therefore v„>v„j_i >0 for n^m. 

Therefore (l-^)?n>7>n for 7 i> 7 n; hence, and, since 

increases with 71 and is positive, it tends to a positive limit less 
than unity. 

This proves the third part of the theorem. 

Note. In the proof usually given of part (iii) (see Chrystal’s Algebra, Vol. 2, p. 611) 
no attention is paid to the main difficulty. It is merely shown that \ 

Now may tend to infinity, and then we could not assign a constant k such that 
p^qr^akKl; and the only conclusion we could make is that F<1. 
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14. Another Type. (1) Consider the fraction 

a®. 

JL «• • ♦ • • j 

where 0<z<l, the as and b's are positive, a 2 n-i^^ 2 n-i + ^ 2 n> 
for all values of n. 

IVr shall prove that the fraction is always convergent and that 

F ^2xs I [I + 2s) or i^<x, 

according as the series ... converges to a sum s or is 

divergent. 


(1) From 
therefore 


the given relations, ~ = (^2 “ 1) ?i ~ ?i ” ^ 2 ^ 

?2>?l>^2?0>^.(^) 


Assume that ? 2 „_ 2 >? 2 n- 3 >^ 2 n- 2 ? 2 n- 4 > 0 , then 

?2n-l “ ®2n-l?2n-2 ~ ^2n-l^?2n-3 ^ (^2n-l + ^2n)?2n-2 ~ ^2n-l?2il-S> 


therefore y,,.! - 62n?2n-2>^2r.-l(?2n-2- ?2n-3)>0.(B) 


therefore ja, - ? 2 -.-i^? 2 n-i “ 62 r.? 2 n- 2>0 .(C) 

Thus ? 2 n>? 2 n-i>^ 2 n? 2 n- 2>0 "> *t follows bj inductiou that all of 
the above relations hold for every n. 

Again, from (B) and (C), ? 2 n-? 2 n-i>^ 2 n-i(? 2 n- 2 -? 2 n- 3 ).(®) 

and by a succession of similar steps 

?2n ~ ?2n-1^^2n-l^ 2r»-3 ^3 (?2"?l).(^) 


Let P„ = 6 A ... Qn = ^ 2^4 ••• ^ 2 ni sinCG 

from (B) and (E), 



^ 2?2fl-l *" ^2n^2n-2> 


!72n ~ ?2n-l^^n ?2n-l ^2n?2n-3^^n> 



whence by addition 

?2n “ ^2n?2ri-2^2P„ and ^nlQn^ ^in-JQn-l^^^nlQn .(®) 

Also ?2 /^iX26i + 62 )/ 62 ; hence we find that y 2 n/ 0 n^ 2 s„ + l, .(H) 

where 5 „ is the sum to n terms of the series 


. ^ 1^3 ■ ^1^3^5 ■ 

62 V4 MA 



(2) It has been proved that every q is positive, therefore Pn/?n 
with « and is positive. (See Art. 11, Equation B.) 

{3) Let v„ = g„ pjx, then t)„ = and Vo=l, 

Uj = - biX^b2t Vj -= (a^ -1)Vi - 
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Thus 

can show that 
Hence 


63 ^ 0 , and by steps exactly similar to those in § ( 1 ) we 

^2n ~ ^2n —1 ^ ^2.n —1 ~ —2^ 0. 

^2n^^2nV2n-2» and SO .(J) 


(4) Thus qzn-Pznl^^Qn^ hence by § (2) and the relation (H), 


Pzn-i 

?2n-l 





1 


1 + 25^ 


Hence, if the series EPJQ^ converges to a sum 5 and l = 2xsl{\-\-2s), 
then Pnlqn'^h and by § (2), Pnjqrr^^^l^ Also if the series is divergent, 
Pnl^n^^ and Pnlqn-^^^^’ This proves the theorem. 


(5) For the particular case in which x = \, a^n--i = Kn-i + Kn^ 
® 2 n “ ^ all values of n, the a’s and 6’s being all positive, we have 




...=25/(1+25) 


or 



and 


according as the series ^ 1/62 + 61 & 3/6264 +... converges to a surn s or is 
divergent. 

Here the sign = replaces ^ or ^ in the previous reckoning. (For 
examples, see Exercise XVI, Exx. 5-8.) 


15. Some Fractions which converge to Irrational Limits. 

(1) If the a's and b*s are positive integers and if a„^ 6 „ for n'^m, where 
mis a given integer^ then the fraction 

T 

• • • • 

Oj + ag + + 

converges to an irrational limit. 


Proof Let Xr = -^ ... ... . Then, since the a’s and 6’s 

+ «r+l + “n + 

are positive integers and, after a certain stage, a„>6„, it follows that 
every is convergent (Art. 10(2)). Also, if x^ is irrational, so is 

Suppose that x^ is rational, andilet where k-^, k^ are positive 

integers. Then, since x^cb^ja^, we have x^<l and k^^k^. 


Also x^ — 


m 


a^ + x 


m+l 


, therefore = . 


Let = k 2 /ki where Arg = b^kg - a^k^, then k^ is a positive integer, 

and since we have k 2 <k^. 

Proceeding in this way, we should arrive at an infinite decreasing 
sequence of positive integers. Since no such sequence exists, x^^ 
consequently Xj must be irrational, 
o 


B«C*A* IX» 
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CONVERGENCE TO IRRATIONAL LIMITS 


(2) If the a's ami b's are positive integers and if + l for n^m, 

(he sign > occurring indejinitehj often, then the fraction 




b. 


'n 


(Z 1 (^2 


• • • 


Gfi 


converges to an irrational limit. 

Proof. Choose anv integer r, such that r^m, then, since the condition 
a^>h,i + 1 holds infinitely many times, it must hold for values of n greater 


than r. Let 


Xr = 


K h 


r+l 


t 

n 


Gf ^r+1 




• • • 


then, by Theorem (iii) of Art. 13, the fractions ••• 

convergent, and their values are positive numbers less than unity. 

Suppose (hat x,„ is rational, and let x^ = A'i/A*(, where l\, Jcq are 
positive integers. Then since we have A:i<A'o. Also 




m 


•^m+1 


therefore a:„+i = Om- —- T. - 

a 1 


m 


Let = A '2 = -Mo* h is a positive integer, 

and since x,„n<i, we have l 2 <lci. 

Continuing thus, we should obtain an infinite decreasing sequence of 
positive integers which is non-existent. Consequently x^ is irrational. 
Again, if Pr/jr i® convergent of x^, 


X. = 


bt bo 


'm-l 


1 Pm—l . 


(?! — flo ^m-1 ?m-l ^vt^m~2 

and since x„, is irrational, so also is x^ unless -l/?t 7 l-l = i^m- 2 /?m- 2 • 
This cannot occur, on account of equation (B) of Art. 11, therefore Xj is 
irrational. 


X X* 


Ex. 1. (yiven that tan x = -— — - 


X 


3 


..., ^ret’C that tt w irrationol. 


1 _ a - 5 _ 2a - 1 - 
If TT is rational, so also is tt/I. Assume that 7Tp = rfs where r, s are integers, and 
lot x = rls, tlien 


rls r^Is^ 


1 = 


I _ ’a- 5- 5-35-55- "* ■ 

Choose m so tliat 2m - l>(r= t l)/5, then for the last continued fraction 
provided that n'^m. Hence this fraction converges to an irrational limit and cannot 
bo equal to unity ; therefore tt cannot be rational. 


EXERCISE XVI 


1. Prove that 

(7 j ^3 

«l+ ^2+ «3 + 


«r, ^ 1 _1_ «n::l 

1-f- Ui-I- a,-(- fi3+ 




• • • 


w, to 
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2. For the fraction 


6, 


Cli + ^2 ^3 + 

Pn b 


, prove that 


Pn-i 

<ln 

ffn-l 

3. Test for convergence : 

12 22 32 


= ®n + 


— + 


_ 

®n-2 + 


®n-i+ + 


• » » 


«2 

a. 


(i) 


(iii) 


(iv) 


2 13.3 2^.4 n^{n + 2) 


1+ 1+ 1+ "* ’ 

X x{x-\-\) x{x + 2) 


<“) 1 + 1 + 

x(x + n - 1) 


1 + 


1 + 


(i) 


(ii) 


1 + 

■ 2 + 

3 + 

• • • 

71 + 

a 

c a 

c 



6 + 

d+ 6+ d+ "■ 

• 


1, 

prove that 



1 

a 

a + 1 

a + 2 

_ 1 

0 - 

a+ 1 - 

a + 2 - 

0 + 3 — 

• • • 

a — 

a 

a + 1 

a + 2 

a • 

-1 

a - 

0 + 1 - 

a + 2 - 

• • • " 

a • 

-2' 


[Follows at once from Art. 13 and Ex. 1.] 

5. If t + m and t-m+1 are positive, prove that the fraction 

t + ?n t — m+1 t + m-hi t-m + 2 i + m + 2 


F = 


• ■ • 


2t + l- 2- 2t + S- 2- 2^ + 5- 

is convergent, and that F=l + m/^ or F=l, according as m<0 or m^O. 

1 2 2 3 3 


6. Prove that 


Hence show that 


3-2-5-2-7- 
1 1 1 2 2 3 3 


• •. 1. 


1-2-3-2-5-2-7- 


... is divergent.* 


7. Prove that 

1-m 2 + m 2 —m Z + m 3-m 


... = 1—m or 1, 


3- 2- 5- 2- 7- 

according as m > 0 or m < 0. Hence show that the fraction 

1 m 1 + 771 1-m 2 + m 2-m 




a • fl 


1+1- 2- 3- 2- 5- 

convergent if 77i>0 and divergent if ttkO. Also if 7?i<0, then F 
m = 0, then F=l.* 

8. Prove that: (i) 


= 0 , 


and that 


(ii) 


1 

2, 

3 

4 

271-1 2n 

1 

3- 

2- 

7- 

2- 

"*471-1- 2- 

1 • 

1 

2 

1 

3 

I 71-1 

1 

1 

3- 

2- 

4- 

2- 

n - 2 - 

2e-3 


and 


• This result is required in the last part of this chapter. 
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SERIES EQUIVALENT TO FRACTION 


9. Given that 

_ X x^ X- 

gX^.g-1 1+3+5+ 271-1 + 

prove tliat any rational power of e is irrational. 


Series and Continued Fractions 

16. Fraction equivalent to a Series. ( 1 ) A continued fraction F 
is said to be equivalent to a series S when, for all values of w, the nth con¬ 
vergent of F is equal to the sum to n terms of S. 

It follows that if S converges to a sum 5, then F converges to the limit s, 

and we write S = F. 

( 2 ) Euler's Transformation. Given a series 

^ — Uj "hM 2 “h ••• *"* * 

it is required to find an equivalent continued fraction. 

Denote the sum to n terms of the series by Take uj\ as the first 

convergent of the fraction, and let 

^2 —Wi/(1 

Xi = 1 - ujsz = «o/ (mi + M 2 ) 

Ml Mg 
^ 1 - Ml + Mg 

In this equation, writing Mg + M^ for Mg, wc have 

Ml M2 + M3 ^ Ml M2 

^ ” 1 - Ml -h Mg + Mg 1 - Ml + Mg - Xg ’ 

, M2 + M3 Mg Mg 

where ---- —;— > 

Mj + Mo + Mg Ml + Mo - Xg + X3 


then 

and 


and therefore 


Hence 


Xo = 


MjMs 

M 2 + M 3 


M 


M 


M,M 


Sg - r 


1«3 


1 - Mj + Mg - Mg + Mg 
In this equation, put M3 + M4 for Mg, therefore 

U, (?<3 + « 4 ) U, 


M 

S 4 = 


1 


M 


tiitig 


l- Mi-l-Mg M2 + M3 + M4 1 - t^i + Mg- M^ + Mg-Xg 


where 


Mg + M4 




M2 + M3 + M4 Mg + Mg-Xg 


and, as before, x^ = 


Mg + tl4 



Ml Mg MiMg MgM4 

1 - Ml + Mg - Mg + Mg - Mg + U4 ’ 


Hence 
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This process can be continued to any extent, and shows that 

Wi4-W2+ — = - 2 -... ^ ^ . A) 

1- Wi + «2- "“a + Wg- + 

am? IS Euler's transformation. 

Equation (A) may also be written in tbe form 

Ml Mj/Mj M3/M2 M„/m„_i 

+ Wo + ... + W- = z ;j- ■. - z-;- ... z-;.. 

1 - 1 + uJUj - 1 + W3/W2 - 1 + uJUn-i 

By changing the signs of Wg, W4, Wg, ... in these equations, we find that 

W -!f2- ^ ^ 

” 1 + W1-W2+ W2-W34- Wn-l-'^n 

Ml M2/M1 M3/M2 M„/m„_i 

1+ I-M2/M1+ 1-U3ju2+ ■”1-m„/m„_i. 


If in (B) and (D) we put w„ = aia 2 a 3 ... a„, it follows that 



“H a-^a^a^ 

+ ... + 

UjUg • • 

. CE,j 







®3 


a„ 



1- 1 

+ «2 “ 

1 +a3 — 

... ^ 

+ a. 


“1” 

+ ... + 

(-1)” 







CEg 






1+ 1 

— O 2 + 

1 “®3 + 

***r 

-a 


(E) 

(F) 


Again, by writing for w„ in (A) and (C), we find that 

WjX + + .. .w„x" 


1 — Wi + WgX — Wg + WgX — “ * W„_1 + ’ 

WjX - +...+(- 1 

WjX WgX W 1 W 3 X Wn- 2 '^n^ 

1 + Wi — + Wg - W3X + ’ * * W„_i — Uy^X * 


,(G) 

(H) 


Ex.l. Express 1-1/e as a continued fraction. 

[We have 1 -l/e=: 1/[1_-1/1£+1/|^-1/[^+.... HSnce, by equation (D), 

11/2 1/3 1/4 __ 1 1 2 3 

1/2+ 2/3+ 2/4 + -* 1+ 1+ 2 + 3 + - *■' 


Ex. 2. 


Jf 3 stands for [l + [2 + |3 + ... + |n, prove that 


„ 123 n-l 3 

^n~2+ 3+4 + "' n “5 + 1* 

and deduce that = 1. 

[In (A), put Wi = l, « 2 =«i» «3=2«2, «4=3Ua. etc.; and show that 1 +iS = l/(l ~F„), 
Cf, also Art. 13.] 
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QUOTIENT OF TWO SERIES 


17 . Quotient of Two Series. Let Wq denote two con¬ 

vergent power series, with sums 5 and s'. If a continued fraction F 
converges to the limit s/s', we say that Wq/vq is equal to F. 

( 1 ) Let «o = l +a]X + a2^^ + *** > t'o = 1 + + •• • > using the h.c.f. 

process, we have 


fjx 

Wo 

^’o 



Wo 

/a/'-t 

XUi 

xi’j 


X/3V2 

xf 2 Ui 



x \ 

. 


1 


A 


/ 


where the constants /j, /j,... are chosen so that the absolute terms of 

■■■ are zero. Since «o> are convergent series, so 

are u„ Vj, Wj. ^2- etc., and we have the equations 

Vo = «o+ **'!> «o=/A + *“i> 

^1 = /2“l + ’b =/3^2 + 


v„ =f2r,»r, + W„ =/2n+lVn+l + a:«n+l- 

Therefore v„/w„ = 1 + «o/«i =/i + etc.; and so we find that 

lx 1 X X 1 X X X 


u 


0 


V. 


1 + ujvi 1 + /i + Vi/«1 1 + /l + A + 


, etc., 


and generally 

?io_ 1 X ^ _ X _ ^ , 

Uo~i+/i+/o+ ’"/ 2 n-l+ 1 +/l + / 2 n+«„/u„+i 

In obtaining these equations Wq, Vj, Vn, «j,... are used as di\dsois, 

it is also assumed that Vq^O. Ify then, x liOrS such a value that Wq-O or 

Vo = 0, no such reckoning is j)ossible. ButifVn~0 or «„ = 0 (n^l), the 

fraction terminates. When Vn = 0 , the last element is x//3n_2 (or 1/1 i 
n = l), and when w„=0, the last element is x//2„_i. 

( 2 ) Thus if Uq, Vq are convergent power series, with sums s, s' dif¬ 
ferent from zero, by using the h.c.f. process we can obtain a set of equations 

of the form 

?/q ^2^ ^n-1^ 

n2+ ”'«n-l+ 2n * 

where is the ratio of two convergent series, leading to the fraction 

/q Ik^x hfiX 
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Disregarding the exceptional case mentioned above, F is an infinite 
continued fraction, and there are three distinct possibilities . 

(i) F may converge to the limit s/s', in which case we say that uJvq 
is equal to F ; (ii) F may converge to a limit different from s/s ; or 
(iii) F may be non-convergent. 

(3) Criterion for Equality. To fiiid a criterion as to ivhether uJvq is or 
is not equal to F, consider the fractions 


p, _ ^m+2^ 




a 


m+l 


+ a 


m+2 




» • 


«n-l+ 2 


F" = 


^m+1^ ^m+2^ 


n 


a 


m+l 


+ a 


7n+2 


+ 


• • 


a^ + 


« « • 


If, for any value of m, it can he shown that F" is convergent and that 
F' = F", then 


u 

V. 


0 








“l+”'«m + -P’' ®1 + 


• • • 


_ T? 

— j: . 


dm + F 


Let PrIQr be the rth convergent of F'\ then 

Pn —2 ^nPn—l "t ^n^Pn —2 Pn —2 


F'- 


Qn ~2 ^nQn —1 "t ^nP^Qn —2 Qn —2 


whence it readily follows that 

P 


r- 


n—2 


Pn-l Pn- 


where 


Qn -2 Qn -2 

Qn -2 




n 


Qn-l' 


Suppose that F" is eonvergent, then Pn-JQn-i-Pn- 2 lQn- 2 ^^< 
therefore F'- provided that l+€„ is never zero. Under 

these circumstances, F' = F" and Uolv 0 = F. 

In order, then, to prove that F converges and is equal to uJvq, it is sufficient 

to show that, for some value of m, F" is convergent, and that, as n->x,, €„ 

always differs from -1 hy a finite quantity. 

In paHicular, if x>0 and a„, b„, z„ are all positive for n>m, then 
provided only that F" is convergent. 

(4) A Special Case. In the preceding, we may take and then, 

if the conditions of § (3) are satisfied, we can find an infinite continued 

fraction F{x) which is equal to Uq. 

But if u —0 for x = Xiy we are not justified in assuming that 0 

without proving that u^ and F(x) are continuous at x-=Xy. 

In general, it will be found that the fraction F(x) found in this way is 
of a simpler character than the fraction equivalent to Wo found by Euler’s 

method. 
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QUOTIf:NT OF SERIES 

Tlie process, however, presents some difficulty in practice ; for in order 
to get the general form of the partial quotients, the remainders in the 
H.c.F. process have to be generalised, as in the example below. In Arts. 17 
and 21, general theorems are given for the transformation of a series and 
a quotient of two series ; and it will be found preferable to substitute in 
these for any special cases that are required. 


Ex. 1. Given that tan~^x = x ~ +x^liy - , tvh€n0< x ^ I, findacontinuedfradian 

for lan~^ x. 

The several remainders in the ii.c.f. process are found to be multiples of 

(-l)"-^n(n + l)...(n + r^2)x2"/(2a + 2r-3)(2n + 2r-l)...(2n + 4r-6), 
= (-1)"-'7i(n+ !)...(»+r-2)x2«/{2n + 2r-l){2n+2r + l)...(2n+4r-3); 


and, once this generalisation has been made, it is easy to show that 
(2r - 1) er/Wr= 4r - 1 + (2r)V/ (r«,./ty+,), = 4r +1 + (2r +1 )»!*/{ (2r +1)Vi/u^n) 

From which it follows immediately that 

(2r)2x2 (2r + I (2r + 2) V (2r + 


(2r-l)»v/w^ = 4r-l + 


4r + l+ 4r + 3+ 4r + 5+ 4r + 7 + 


i.e., 


, , 2V- 3V 4^x2 5*x2 

r,/Wi = 3+- 


5+ 7+ 9+ 11+ **■ * 

and, writing |^+r-2/ 7i - 1 for 7i(n + l)...(n + r-2), and remembering that [0 = 1» 

we have i’i = l -x^/S+x^/5 - .... and Wj = 1/3 - x^/S+ x*/7 -..., from which it follows 
that tan"*x = xi'i, and fi+x2wj = l. 


Hence, 


tan'^x = 


X x2 2*x2 3*x2 4»x> 5*x* 


••• I 


1 + 1+ 3+ 5+ 7+ 9+ 11 + 

where the fraction is continued to infinity, because it is convergent and satisfies the 
criterion for equality given in Art. 16. 


18. Lambert’s Transformation. If a is any real number except 
zero or a negative integery m is a positive integery and 

X 


+ 


^ ^ 1 . (a + m) ' 1 . 2(o + »0(® + »i + l) 


1.2.3(a + w)(a + m + l)(a + m + 2) 


^ • • • ) 


then 


u 


a 


X 


X 


X 


• • • 


lu a + a -f 1 + a + 2 + ff + n + 


•«• 


where x may have any value which does 7iot make or equal to zero. 

It is easy to show that the series converges for all values of x, and 
that = where/„,+i = l/(a + m)(a + m + l). 

In particular, = 


Ul uju^ 1+ uJu. 


Therefore 
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Continuing in tins way and substituting the values of /j, / 2 , . 

1 a:/a(a + l)a:/(a + l)(o + 2) x/(a + n-l)(a + n) 


we get 


u 

* 

u 


0 


1 + 1 + 


1 + 


uju 


n+l> 


and therefore 


u 


a 


X 


X 


X 


Uq a+a + l+a + 2+*” {a-^n)ujun+i' 
We are thus led to the infinite continued fraction 




a 


X 


X 


a+ 0 + 1 + 


• • • 


o + n + 


« » • 


(i) Let x>0. Choose m so that m + o>0, then is positive for n'^m. 


Let 




X 


X 


X 


a + m + l+o + m + 2+ '’'a + m + n + * 
1 1 1 


• • 


(o + m + l)/x +o + m + 2+ {o + m + 3)lx + o + m + 4 + 

Now the series l/(o +wi +2) + l/(o + m + 4) + ... is divergent, therefore 
F' is convergent, and by Art. 7 F converges and is equal to uJuq. 

(ii) Let x<0 and let x=~y, then 


y y 

~ ^ 1 . (o + m) ^ 1.2 (o + m) (o + m + 1) 




a 


y 


y 


y 


O- 0 + 1 - 0 + 2- (a + w)On/w„ 


+1 


and 


Let 




F = 


y 


a 


y 


y 


O— 0 + 1 — 

y 


0 + 71- 


y 


O + Wl + l — O + W + 2— 0 + 7W + W — 


where m is chosen so that a-\-7n'>-y, then F' is convergent by Art. 13. 
Let PflQr be the rth convergent of F', and let 

y . Qn-2 




(o + W + w) Ujn+nl^m+n +1 Qn~l 
By Art, 13 (1), Qr is positive and increases with r, therefore 

0<iQn—2/Qn—l‘^^’ 

Also for r'^nif we have Ur'>^+ 0<w,.+i<l; 

therefore MrK+l >l-y/(® + »')>0. 

Hence (o + m + w) Mm+n/“m+n+i>“ + m + n-y>0 

and 0<e„<yl{a + m + n-y). 

Therefore e„^0, and the conditions of Art. 17 (3) are satisfied, so 
that uJuq=F, 
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19. Tan X and tanhx as Fractions. Putting o = ^ 
stituting for x in the last article, we find that 

1 . , 1/2 x^H 

«„ = cosi, «i = -sinx, and " “ 1 / 2 -3/2- 5/2-' 
provided that neither Ug nor is zero ; and hence 


and sub¬ 


tan x = , - 


X x^ 


X 


1_ 3_ 5 - 


• • 


• ) 


the case in which x is a multiple of n being excluded. 

Again, if a = l and we substitute x-/4 ^ot x, we find that 

7 /p = cosh X, and Mi = sinhx/x; 


hence, 


X x^ x^ 


X- 


tanhx- , 3_^5-...2 „_i+ • 


• » • 


20. Properties of Hypergeometric Series. In a classical memoir 
on this subject Gauss expressed the quotient of two hypergeometric series 

as a continued fraction. 

Gauss’s transformation is given in the next article, and the following 
properties of such series are required. 


Let 


F(a, P, y, x) = l + ^-x + 


olP a(a + I). + 1) 




y 1 • 2y(y +1) 

(\) The series is convergent \{ |xl<l, or if x = l and y>a + Pt or 

x=-l and y + l>a + j3. (See//./I., XX, 7.) 

( 2 ) The reader can easily verify the following equalities: 

f (a, jS + 1 . y +1, --F(ajSy-i;) = xf (a +1, ^ +1, y + 2, s),...(A) 

f(a + l,|3,y + l.l)-F(a, y, x) = ^|^j xii’(a +1,^ + 1,y+ 2,x)....(B) 

(3) Note on the Gamma Function. For positive values of n, the function 
r(n) may be defined by 


F(iO = ( 


oo 


0 


1 


Thus if 11 is positive, so is r(n). Also it can be shown that 

r(» + l) = «r(«) and r(i) = o. 

Hence, if n is a positive integer, r(n)= | « -1. 

Further, it is proved in treatises on the Integral Calculus that if I and n» 

are po.sitivc, n r{l)r(m) /ni 

x'-'(l-x)’"-'dx= . 

Jo 


r(i+w) 


.1. 
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GAUSS’S TRANSFORMATION 


(4) If the series F{<x, jS, y, x) is convergent and cc, y, y-oc are positive, 


V. *) - iWhb) 


(D) 


To prove this, we expand (1 - xt)-^ and integrate term by term, using 
equation (C). It follows that F(cc. /3, y, x) is positive for all values of x 
for which the series is convergent if a., y,y-a. are all positive. 


(5) If the values of the letters are restricted as in § (4), the following 
equalities are an immediate consequence of equation (D) : 

yF(cc, y, x)-(y-oc)F{cc, p + l,y + l,x) =a(l - x)F{cc+l, ^ + 1, y +1. x), 

yF(oc,^.y,x)-{y-p)F{a + l,p,y + l,x)=P{l-x)F(a + l,p + l,y + l,x)- 

By equating coefficients we can show that these equations hold if 
lxl<l or if x = land y>a + ^ + l, or if a:=-l and y>cc + p. 


21. Gauss’s Transformation for the quotient of two 
geometric series. Let 

ajS a(a + l)^(^ + l) 2 , 


Lyper- 


and suppose th.e series to be convergent. Let 

Vr = Ficc + r, P + r,y + 2r,x) and Ur = F{a + r, P + r + l, y + 2r + l, x), 
so that uJv, = F(cc,^ + hy + l.x)IF(a,P,y,x), then Gauss’s transforma- 

tion is 17 7 

Mo 1 ^ , 

1 _ 1 _ ••• 1- vju„ 1-1- 1- M„/u„+i 

(a-hr)(y-i3+r) {p + r){y-cc + r) 

where ^ 2 r+i = + 2r) (y + 2r -t-T)’ (y + 2r-l)(y-I-2r) 

Proof. Keferring to the conditions of Art. 20, (1), it wiU be seen that, 

since Vo is convergent, so also are Mo, Mj, u^ etc Wri mg 
a + n, i3 + «, y + 2n for a, p, y in equation (A), and substituting a + n, 
^ +1, y + 2w +1 for a, y in equation (B), we find that 

U„-V„ = ki„+lXV„+i, and - M„ = * 2 n+ 22 :Mn+l- 

In particular, Mo-«o = M«i. Mi-Mo = ^2^«i> = etc. 

Uo 1 kjX _ 1 k^x k^x _ 1 hixk^ hx ^ 

1-l-l-l-^iK’ 

and so on, to any extent. This proves the transformation. 

Note. The fraction «./v,=^(«. /3 + 1, y + 1, x)/f(a, A y. *) « °ften denoted by 

Q{ctt y» 3:). 
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GAUSS’S CONTINUED FKACTION 


22. Gauss’s Infinite Continued Fraction, 

= /S, y, x) is convergent^ then the fraction 

^ 1 k^x k„x 


If the series 


1_ i_ l_ “l- 


• • • • 


is convergent and uJvq = G; except perhaps when x = l, in which case 
Wo/i’o or way not be equal to G. 

{[) First let -l<x<0 and let x=-yy then 0 < 2 /^l, and 

»'o 1 Ky Ky n . 1 ^'^y ^’^y 

^ ^ cl lill 'Jf . •••- •••• 


Vq 1 + 1 4- 


1 + 


n 


1+1+ 1 + 


where z<^^ = \\lu^ and ^ 2 r+i = Wr/*^r+i- 

By Art. 4 (4), Zj. is positive for sufficiently large values of r ; so also is 
Choose m so that k^ and arc positive for r^ 2 m + l, and consider 


^»_^'2m+l.V^*2m+2?/ ^Zm^ny 


1 + 1 + 


* • • 


1 + 


« • • • 


By Art. 10 (3), this fraction is equivalent to * 


1 1 


1 


/1 + /2+ /n + 


..., where 


h h h 

f — ^ 2rw+1^2m+3 ••• ^2m+2yt-l 

k k k 

^2m+2^2m+4 *•’ ^2m+2n 


^*2m+2^2m44 ••• ^m+2n ^ 


/ _ *4m4‘i.am-fan _ 

2« + l “ 7. 7. 7, • „ * 

^2m4l^2m43 **• '‘2m42n4l U 


Hence, by Art. 10 (3), G' is convergent if at least one of the scries 

/l+/3+/5+"- * /2+/4+/6+-*- 

is divergent. For the first of these, applying the test of Ajt. 16 (3), wo have 

fzn-l ^ 2 m 42 n 4 l (a + W7 + «) (a - ^ + Wl + «) (v + 2m + 2jl - 1) 


/: 


2n4l 


' 2 m 42 n (y + 2/71 + 2n + 1) (/3 + 771 + Ji) (y - a + m + 7i) 

1 


by expanding in powers of l/ 7 i = l +-(2a-2)3“l) + .... 

71 

Hence, / 1+/3 + ... is divergent if 2a-2j3-l<l, or if a<j3 + l. 

Similarly, /a +/4 +... is divergent if 2j5 + l-2a<l, or if a»3. 

Therefore at least one of the series diverges and G' is convergent. Also 
kj. and Zj. are positive for r'^2m +1, hence by Art. 17 (3), G converges and 
is equal to uJvq. 

(ii) Suppose that 0<x<l. It is easily seen that Gauss’s transformation 


may be written 


u 


0 


y l^x lyjc 




l^x 


V 


0 


y- y+1- y + 2- ’"y + 7l-l - (y + »)-n* 


where ^ 2 r =(/3 + r)(y-a + r) and ? 2 r 4 i = (a + »')(y-iS + r). 
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Let 




and consider 


^2m+l^ _ hm+^p'' hm+n^ - . 

y + 2m + 1 — y + 2m + 2 — y + 2m + w — 

Let m be chosen so that for r>2m, and so that 

rrO^-y, a + m +1>0 and j9 + m +1>0. 

Then if P^/Qr is the rth convergent of 

Q^ = y + 2m + l>(jS + m + l)Qo> and = 

Q 2 — (y + 2m + 2)Qi - (j3 + m +1) (y — a + m + l)a:QQ 

> (y + 2m + 2) — (y - a + m + 1) > (a + m + 1) Qi, 

= (y 4- 2m + 3)^2 — (a + wi + l)(y“^ + ^ + l)^Qi 

> (y 4- 2m + 3) §2 ” (y “ ^) ^2 > (^ + + 2) ^ 2 - 


Continuing in this way, we can show that 

Qzn-i^iP + + w)Q 2 n -2 ^nd Q 2 n> (a + m + n) Qzn-iy 

and since Qi is positive, so is every Q. Applying the test of convergence 
of Art. 12, we have to consider the expression 'r)r = hm+r^Qr~ 2 lQr^ 

By the preceding, 

, ^ 271-2 y-a + m + 7i 

V 2 n = hm+2n^ < ^^rn-\-n 

7 ^ ^271-1 ^ y-^ + m + n 

Each of these fractions tends to x as n-^co , hence, after a certain stage, 
7 jj.<.k where x<k<ly therefore (?'is convergent. 

Again, applying the test of Art. 17 (3), we consider the expression 

__ ^ 2 m+r^ _. Qr-2 

“ (y + 2m + r) 22 ,„+r Qr -1 ‘ 

If in equations of Art. 20 (5) we write a + r, ^ + r, y + 2r and 
a + r, j3 + r + l, y + 2r + l respectively for a, p, y, we shall find that 
22 r(y + 2 r)>y-a + r and 2 : 2 r 4 -i(y + 2 r + l)>y-^ + r for r>2m. 

Hence, using the above inequalities, 

^ (p + m-\-n){y-(x + m + n)x 1 

^2n< y-a + m4-?i p + m + n' 

^(a + m + w) (y-/3 + m + n)x^ 1 

^2n+i< y~p + m + n a + m + w’ 

Thus €^<*<1 criterion of Art. 17 (3) holds, so that G is con¬ 

vergent and is equal to Wq/Vq. 
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LOGARITHMIC AND BINOMIAL SERIES 


23. Special Cases. (1) If in Ait. 20 we write a = h ^=0, y = m~l 
where we have 


. , I ^(2 + 1 ) 

Uo = F(U 1, x) = l + —x+ —— 


+ ... 


and = 0, m- 1, x) = l. Hence we can express the series Wg as a con 

tinned fraction. 

(2) The Logarithmic Series. If -l<x^l, we have 

-Iog(l+x) = l -^x + ^x2-...=J’(1,1, 2,-x). 

X Z o 

In Art. 21, let a = l, j3 = 0, y = I, and write -x for x, then 


’'o = -log(l+x), 


and by Art. 22, 


Wo = T-r 


I k^x k^x k\x 




••• y 


where /: 2 r = ^/2(2r + l) and A* 2 r+i = (r+l)/2(2r + I); therefore 


log(l+x) = 


1 1 2 2 3 3 

_x 2^ 2.3'^ 2.3'^2.5^2.5^2.7^ 
1 + 1 + 1 + 1 + 1 + 1 + 1 + 


71X 


X X X 2x 2x 3x 3x 7ix 7\x 
“l+2+3+2+5+2+7+*'*2+2n+l+’"‘ 

When x= -1, the fraction is divergent (see Exercise XVI, Ex. 6). 

(3) The Binomial Series. Assuming that the series is convergent, we 
have 

.. V , m(m-¥\) „ -n, 1 t \ 

(1 -x)-^ = l + WX+ \ ^ ^ x^+...=.y(m, 1, l,x). 


1.2 


x^+ 1, l,x). 


If in Art. 21 we write a = 7H, j3 = 0, y = 0, then v„ = f’(m + 7i, 2n, x) 

for and w„ = jF’(7» + 7j,?i + 1, 2?i+l,x) for ji^O. 

Thus Vo=(l-x)‘"* and Vq is undejiiied. Now and 

therefore we may take Vo = l and ki = t7i. The rest of the k's are given 
by the equations of Art, 21, whence 

A* 2 r = {?'-»0/2(2r-1) and A‘ 2 r+i = (r + m)/2(2r + l). 

Hence, as the series is convergent, we have (except perhaps whenx = l), 

1 - in 1 + 2 - w 2 + 7)1 


(l-x)-”' = - 


1 mx 2.1 2.3 * 2.3 ® 2.5 ® 


1_1_1_ l_ 1- 1- 

1 ?/)x (1 - in)x (1 + 7n)x (2 - (2 + m)x 

r^l~”T= 3^^ 2^ 5- 


« % • • 
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Changing the sign of m, we have 

tnx (1 + m)x (1 — 7n)x (2 + 7)i)x (2 — 7n)x 

the only doubt being as to what happens when x = 1. It follows from 
Ex. XVI, Ex. 7, that in this case the last fraction converges to zero, or is 
divergent according as m>0 or m<0. Thus the last two equations are 

true for all values of w. 


(4) The Exponential Series. Putting x/m for x in § (3), we find that 

x\~^ 1 X (1/m — l)x (1/m + 1)3^ (2/m — l)x 

,^”m/ “1-1- 2- 3- 2 

{{n - l)/m + l}x (n /m-l)x . 

2n-l- 

where Vo = l, v„ = -F(m 4 -w, w, 2w, x/m) for n^l and 

UJ^ = F{m + ny n + 1, 2n +1, x/m). 

Now as m —>00 , lim (1 —xl7n)~^ = B^ ; also 

n X n(n + l) x^ ^ 

n+1 X (re+l)(w + 2) _ x^ . 

hmM„-l + 2 j^^j-^2n + l){2n + 2) [2 

Since the continued fraction in (A) terminates, we may give the numerators 
and denominators of the various elements their limiting values, therefore 

1 a: X X X X _ ^ _ ^ . (C) 

r+ ^3T^5 + "■ 271-1+ 2 vJUn' 

where v„, w„ denote the series in equations (B) and the v’s and w’s are 
connected by ^ 

2(2w+l) ’ ’'"+1 “ ^ " 2(2n + l) . 

It should be noticed that, for sufficiently large values of n, both u„ and 
v„ are positive, for they are the limits of positive functions. 

"fiy applying the test of Art. 17, we can now show that 

1 X X X X X X_ X 

= +2 - 2n-l+ ■■■■ 

[The method of applying the test is indicated in Ex. XVII, 17.] 

By changing the sign of x and inverting, we have also 

X X X X X X _ X 

^ = l + 5^ *** -2+ 271-1- "" 
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EXAMPLES ON EULER’S TRANSFOR>[ATIONS 


EXERCISE XVII 


that 


1. If « is a positive integer or if the scries for (l+z)” is convergent, 


(i) (l + :r)" = 


1 


nx 


1 . (n - l)a; 2(n -2)x 


(ii) 


1 


1- 1+ nx - 2 + (« - l)a: - 3+ («-2)x- 
n 1 . (^i - 1) 2{« -2) 


• • • 


1-71 + 1“ 71+1- 71+1- 


(iu) --- 


71 


1 .(71-1) 2(71-2) 


1+1-71+ 3-71+ 5-71 + 

Verify the last when 7i = 3. 


... = 2” where ti > - 1; 


...=0 where 7i>0. 


2. Prove that: 

1 a: 


(i) = 


2x 


1- l +ar - 2 + a; - 3 + a:- 


(iii) 


2 3 4 


2+3+4+ ' 


= e-2; 


(ii) 


(iv) 


1 2 3 


3- 4- 6- 
1 2 3 


• • • 


2+ 3+ 4 + 


• • • 


e-2 

e-l* 

3-c 

6 - 2 ’ 


3. Prove that: 


(i) log(l + x) = 


X V-x 


22 


32 


1+ 2 — x + 3 — 2x + 4 — 3x + 


(ii) 


12 22 32 


1 


1 + 1+1 + 


• • • 


log 2 


1 


4. Prove that 


sin X 1 


x2 


2.3x* 


4.5x2 


1+ 2.3-X2+ 4.5-X2+ 0.7-X2 + 


• • • 


5. Prove that 


1 


a 


a + 1 a + 71 - 1 


1- a + l- a + 2- a + 7i 
= l+a + a(a + l)+a(a + l)(a + 2) + ... to 7^ + l terms. 

6. Provo that -i- +- +... + ... 

1+1+ 2+ 3+ 71 + 


X 


X 


x» 




is oquivalont to 1-+ — 

x+l (x+l)(x + 2) (x+l)(x + 2)(x + 3) 

Hence show that when x = 2 the value of the fraction is (e*+ l)/2eL 


<1. ,i- .1 f 


{n-\y 


(ii) 


I + 3 + 5 + 

1 \* 2' 


... = 1 


27i -1 + 

{n~\y 


1- 5- 13- ■”2712-271 + 1- 


1 -ZL*. 

■^3*^32 42"^ 12* 

,111 


7T 


6 


8 . 


2 P.3 22.4 772(71 + 2) 


... is equivalent to the series 


1 + 1 + 1 + 1 + 

2/1-3/2 + 4/3-5/4 + .... 

Hence show that the fraction oscillates between log 2 and l + log2 


prove 
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9. If 




prove that 



r+ 71 -1 

n - 

1 

2r+ 71 - 1 






r + 71 - 2 


71-1 2r + 71 - 2 


(i) — 


and Vf — (2r + l)Wr+i = —xv 


r+i > 


(u) 7Jo/wi = 1 - A • • •» where ro = e-* Ui=^{l ~e~^)lx ; 


(ui) e* = l + 


2+ 3- 2+ 5- 
X a; a; a; a; a; a: 


1-2+3- 2+ 5- 2+ 7- 


• • 


10 


flr-l 


r -1 r 

+ (77i-r-l)x + 


^ + 1 (tti- r - l)(77i - r-2) 


2r + l 


2r+ 2 


2 


X* + 



^ M - - 

r-1 


2r-l 




^+1 (?7i-r)(7W-r-1) 


2r + l 




x® + ... , 


prove that (i) Ur-2vj. = {m-hr)xUj-+ij and Vr-(27' + l)W;.+i—-( 771 -r-l)a;Ur+i, 

(ii) ^^^(l+x)"^, ■Ui = {(l+a:)”*-l}/7?7x, 'Ui-{77i-l)xvi = l ; 

771X (77i-l)a:(7?7 + l)x(77i-2)x(m + 2)x 

(m) = — 


3- 


2 + 


5- 


11 . 


{i|- 



prove that 


(i) Vr-{2r + l)Vr+i= Vq = co3 X, and Vi=sina:/x, 


(ii) tan x = xvjui = 


X x^ X® x^ 


1_ 3 - 5_ 7 - 


12 . If Wr = ^*=i 


1 r + 71 - I 

r + 71 - 1 

71-1 

2r+ 71 


X 


"-S =i7,T=i 


7' + 7^~ 1 r + n 

71-1 2r + 7t-l 


x^-S 


prove that (i) Vr-2uj.—xVf.^x* {r +1)% — {2r+ 3)Ur+i“(^ + 

\ 

(ii) Vo = - log (1+^)» Wo=a;-log(l +x)/xS and t;o + xWo = l» 

X 

X X X 2x 2x 3x 3x 

(iii) log (1+x)=xVo/(^o + a^o) = 


• • • • 


1+ 2 + 3 + 2 + 5 + 2 + 7 + 

13. If 0<x<l, show that (6x + 3x2)/(6 + 6x + x2) is an approximation in 
defect to log(l+x) with an error less than x®/180. 

Hence show that log^ 1*1 = 63/661 with an error in defect less than *00000006. 
[The expression is the foiirth convergent to the fraction in Ex. 12 (iii).] 


14. Given that tan-^ x=xJ’(|, 1, f, -x^), show that 

X l^X 2^X Tl^X 


tan”^x = 


1+3+ 5+ 271+1 + 


15. Given that tanh-^ x=x^(-|-, 1, f, x^), prove that 


n^x 


1, 1+x X l^x 22x 

tanh-* = -log j^ = —^ 2 ;^ 




B.C.A. n. 
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PROOF OF EQUALITY 


16. Let F = -, where the signs are alternately positive 

a, - ^2+ 03- «4 + 

and negative. Prove that, if (i) all the ^’s arc positive and (ii) if, after a certain 
stage, a:'<7ri-2?n-3/7n7 n-i<L and (iii) then F is convergent. 

This completes the proof in Art. 23 (4), showing that 

\ X X X X X 

' "f- r+ 


17. Let 0<x<2m-l and let be defined as in Art. 23, then if 


F' = 


X 


X 


X 


X 


X 


2 - 2w+l + 2“ 2771 + 3+ “*2 - (2771 + 271 - l)Wm+n-i/*^m+n* 


F" = 


X 


X 


X 


2 - 2777 + 1 + 2 - 2771 + 271 - 1 + ’ ’ 


show that F” is convergent and is equal to F\ 

[Let FflQj^ be the rth convergent of F", and assume that Qan-* ^^nd 0an_3 are 
positive; then Q 2 n-i~^Q 2 n- 2 '^ ^Q 2 n- 2 * so Q2n-i^2Q2n-2 Q2n-i^^2n-3' 

Also (?2n = (277i + 27i- l)(?2„_i-xQ2n-2>{2(3; + 277)-a:}Q2n_j, 

therefore (?2n>(-c + 4?i)92n_2. Now ^o>0. (?i>0; hence Q„>0. 

(ii) Referring to Ex. 1C, it is obvious that X‘Qn~ 2 Qn~ 2 lQnQn-i‘~*‘^' Also 

x-^ X“ 

^Q 2 nQ 2 n~i^{^ +2.4/x)(l + 3.4/x)... (1 + n . 4/x)'^^’ 

therefore x-'^lQ^nQ^n-i (and similarly tends to zero. There¬ 

fore F" is convergent. 

Again, the conditions of Art. 17 (3) hold, for 

Q._ ^^_ <?2n-3 2771 -1 

(2777 + 271-2(2771 + 271- 1)* 

therefore €2n-*-0; also egn+i is positive. Therefore F' = F''.] 

Next, let 0<y<277i-l, and let 


_ y _L y ?/ _ v 

2+ 2771+ 1 - 2+ 2771 + 3- *"+2771 + 271 - 1 - 2v„j+„/«m+„* 

F"=JL y A _ y _ t. 

2 + 2771 + 1 - 2+ 2771 + 3 + 2771 + 271 - 1 - 2+ *" ‘ 

If P^iQ^ is the rth convergent of F'\ prove that 

(i) Every Q is positive and 

<?2n>('/ + 27()g 

2 n-i* C^an^i/Qan-st C^an+i^{!/4'47l)gin-i* 

(ii) Hence show that F" is convergent and equal to F\ 

[The first part is similar to that in the preceding case. 

For the last part, take 771 so that and are positive for n>0, then 

by equation (D) of Art. 23 (4), when x~ -y, wo have ^rn*n^^m+n 

_ y _^ ?/ 

Qzn 2(y + 27i) 


0 <-€ 


therefore €in+i“^0, etc,] 


CHAPTER XLVIII 


LINEAR TRANSFORMATION 

1. Definitions. Let a set of variables x,y^ ... be connected with a 
new set A, F, ... by the equations 

X = l^X + Wi y + n-^Z + ... , 
y = l2X + m2Y + 712^+ , 
z = l^X + THgF + n^Z +... , 


These equations constitute a linear substitution. The effect of such a 
substitution is a linear transformation, of which the determinant (Zim 2 n 3 ...) 
is the modulus ; this determinant will be denoted by ft. Solving for 
X, F, ... we obtain what is called the inverse substitution, namely 

fj.X — L^x + -^ 2 ?/ + +... , 

ft F = M^x + + ... , 

f£.Z ~ N-yX + iVg?/ + +... , 

.. 

where L^t X are the cofactors of l^, m^, n^., in (ly, m 2 , %). 

The substitution is said to be orthogonal if 

x^->ry^-\-z^+...^X^+Y^ + Z^+... . 

In connection with the hnear transformation of poljmomials the word 
quantic is used to denote a homogeneous polynomial. Quantics of the 
second, third, fourth, ... degrees are called quadratics, cubics, qumtics, ... ; 
quantics in two, three, ... variables are called binary, ternary, ... quantics. 

A function of the coefficients of a quantic u is called an invariant if 
when u is transformed by a linear substitution the same function of the 
new coefficients is equal to the original function multiplied by a power of 
the modulus of transformation. 

Thus the vanishing of an invariant is the condition that the quantic 
possesses some property which is unaffected by linear transformation. 

A covariant is a function of the coefficients of a quantic and also of the 
variables such that, after a linear transformation, the same fimction of 
the new coefficients and variables is equal to the original function multiphed 
by a power of the modulus of transformation. 
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INVARIANTS 


We may also have functions of the coefficients of several quantics which 
possess properties similar to those just described, and which are called 
covariants or invariants according as they do or do not contain the 
variables. Thus ac + a'c - 2bb' is an invariant and (ab')x^ + (ac’)xy + (bc')y^ 
is a covariant of the quadratics ax^ + 2bxy + cy^, a'x^ + 2b'xy + as has 

been shown on pp. 26, 27. 


2. Formation of Invariants. Let the quantic 

M = (a, 6, ...{x, ?/)" 

be transformed into u' = {a , b\ Y)".(A) 

by the substitution x = lX + mYy y~VX-\-7n'Y .(B) 

Let a,/5, ... be the values of xjy for w'hich w = 0 and let a',/3', .*• be 
the corresponding values of XjYy so that 

W + 7n - , -7n+ am' 

a- 77 -^-—> and (x=—j - j 7 ~ .(C) 

» t a + m I—ccl 

Then x - ccy = IX + 7nY - a (VX + m' Y) = (i - cd')X + (m - am') Y 

i.e. x-ay = (l-ccV)(X-cc'Y)y .(D) 

with similar values for x-^y, etc. 

And since u = a(x-ay)(x-Py) ... and u = a'{X-ocY)(X~^’Y ), 

it follows that a' = a{l~aV){l-pi) .(E) 

Now an invariant is unchanged by the substitution x = A' + AY, y-Y: 
it ia thereloTe a function of the differoices a-)3, etc., and we have 

, -;» +am' -m + |8m' {ol~ P){hn ~Vm) 

“ T^' (i-o^rui-pi') .. ’ 

with similar values for P'-y\ etc. 

We are now in a position to discover invariants. 

(1) The Quadratic. From (E), (F) wc get a'-(a'-j8')“=(im')^.a2(a-j3)®. 

Therefore (as proved in Ch. II, 9) ac' -b'^ = (lm')^(ac-b^) .(Q) 

(2) The Cubic, In tlie same way we have 

-y) (y -aHa -^) = (I _ (I > 

hence a'^(i3'-y')2(y'-~a')2(a'-)3')2 = (/m')V(^-y)“(y-a)^(a-j8)^ 

that is to say, = .(H) 

therefore the discriminant J is an invariant. 
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(3) The Quartic. If I =ae- 4:bd + 3c^, J = ace-\- 2hcd - ad^ - - eh^, it is 

shown on pp. 187, 188 of Higher Algebra that, if a, y, 8 are the roots of 
the quartic, and 

p = (^_y)(a-8), Q = (y-a)(j8-S), P = (a-iS)(y-S). 
then the roots of the equation 4^^ — =0 are 

^a[Q-R), ^a{R~P), ^a{P-Q). 

Hence, 2U = a^(P^-■¥+ R^), 432J= -a^(Q ~R){R-P)(P-Q), 

If accented letters refer to u', by equations (E), (F), it is easily seen that 

a'P’ = {ImyaP, a'Q' = (ImfaQ, a'R' = {ImyaR, 
and therefore P = {lm')H^ J’ = (Zm')®«7, 

so that I and J are invariants. 

We draw the following general conclusion. Let L be a symmetric 
function of a, ... of order nr, involving the differences only, so that L is 
a single term or the sum of terms of the form 

h(<x,-pY(y-(xY(P-yy ... ; 

then if all of oc, y, ... occur the same number of times in every term^ a^L is 
an invariant. 


3. Formation of Covariants. Let 

w = (ao, ai, ag, ... yy=aQ{x-oLrj){x~Py){x-yy) ... , 

then (1) If /(a, ...) is a symmetric function of a, jS, ... of order w and 

weight w involving only the differences of a, p, ... and 

.(A) 

y^'' \x-ocy x-py / 

then in general v is a covariant of degree — 2 w in which a^ f{<Xj .,.) is 

the coefficient of the highest power of x. 

But if = then v is equal to a^ f(<x, /3, ...) and is an invariaiit. 

Proof. The function /(a, /S, ...) consists of terms of the form 

c=^m{<x~py(oc~yY{^-yY ... , 
and, since it is of weight w, we have p-\-q-\-r ...=w. 


Now 


(a - P)y 


x~ocy x-Py {x-ay)(x-Py)' 
therefore the part of v arising from the term c is 

„ f ( “-_r_ Y 

"^{{x-<xy){x-pi)] l(x-ay){x-yy)/ ■"* 


C 
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PRACTICAL RULE 


In the denominator of the last expression, the number of times which a 
factor such as x-ay occurs is the same as the number of factors in c 
which contain a. This number cannot exceed ra, the order of /(a, ...). 

Therefore C is equal to a^c multiplied by factors of the form (a: - Ay)*=, 
where ^ is a positive integer or zero. 

Hence v is an integral function. Its degree in x, y is obviously nm-2w^ 
and the coefficient of the highest power of x is •••)■ 

If, however, nw^2wy then f{<x, p, ...). 

Next, let u be transformed by the substitution 

x = lX -\-mYy y-VX + m' T, 

and let accented letters refer to u. Then by equations (C), (E) of Art. 2, 

ol’-P’ a~P 

(X~aY)(X-^'Y)-^-{x-o^y){x-^y)' . 

where = -Vm. Therefore 

C'■0 and v'^fx^Vy 

so that V is a covariant or an invariant. 

The function v can be expressed in terms of the coefficients of u by means 
of the following theorem : 


(2) If af^/iccy Py ...) = <^(ao, a^y a^y ... a„), then 


Wn-l. •" .(C) 

^here (flo, •••» Or)- 

For, by the use of Taylor's Theorem (sec H.A,y p. 305, Ex. 20), it can 
be shown that the equation whose roots arc ay-x, )3y-x, ... is 

(cEq. «i, W2> 1)"=0; 

therefore the equation whose roots arc l/(ay-x), l/(j9y-x),... is 


(Wn, ... 1)” — Oj 


U 



1 


= ... U„Oo), 


hence, ^ 

ay-x py 

whence the result in quest ion. Observe that the coefficient of the leading 
term in v is <f>{aQy aj, ... a„). This is called the source of the covariant. 


(3) For practical purposes, theorem (A) may be stated thus: 

Rule. Express f{ocy py in terms of a-jS, a-y, ... and for oc-p 
write {oi-p)l(x~txy)(x~py)y making similar substitutions for a-y,.... 
The result when multiplied by u® is a covariant or an inrartan/. 

In any particular case it will be seen that the proof depends on equation 
(B) without reference to the general theorem. Instances occur in the next 
three articles. 
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4. The Hessian, Considering the binary quantic, 

w = (ao. 01 ,^ 2 . ••• y)" = ao{x - ay){x - Py) ... 

we have aQ^U{a - = - n^(n - 1 ) (^ 0^2 “ ^x)' 

Let H be defined by —n^{n-\)'K = u‘E — 5 —, .(A) 

then by the preceding, H' = (Zw' — VmYH, 


and 


H = 2 /~^(WnW„_ 2 -=- 2 

y ^n-l 


n -1 


(<Zj, Cf2> 


which is the same as n^(n - 1 ) 2 H = 


(C) 


In this determinant subtract x times the top row from the bottom and 
divide by t/, then subtract x times the right-hand column from the left 
and divide by y. Thus it will be found that 

H= (Oq, aj, ... a„_2 52:, (Uj, ---«n-i 5^:, , .(3) 

(«!. a2> ••• ?/)"-2, (florets. 2/)”“^ 

which is the same as n2(n-l)2H= ^ ^ .(C) 

dx^ ox oy 

dxdy^ ^ ay 2 

The last determinant is called the Hessian of u. 

5. Covariants of the Cubic. For the binary cubic, 

w = (a, h, c, djx, tjf-=a(x-Qty)(x-ptj)(x-yy), 

(i) we have a^E{<x — p)“ = — 18(ac — b^)= — 18H. 

The covariant H is defined by 


-18H = w 2 Z' 


and, by (B) above, 


r a-/3_ 

{{x - aij) (x - Py) f “ “ 

ax-\-by bx + cy . 
bx + cy cx’\'dy 


-P>f{x-yyY, 


(ii) The Cubic Covariant G. Take the equality 

a^(p + y-2<x){y+<x~2p)(oc+p-2y) = 27 {aH - 3a6c + 263) = 276^, 

and observe that a ()3 + y — 2a) = a {(y - a) — (a — p)}. 

f y — a a — B 1 

Let Vn,V 2 , t). be defined by = m ■{ - -r-;-r - - - — - 5 - V 

^ i> 2’ 3 J 1 {{X - yy) (x - ay) {x-ay)(x-fy)) 


i.e., = a{ (y - a) (x - py) - (a - ^) (x - yy)}, 

and similar equations for V 2 and % ; then, by equation (B) of Art. 3, 

v^' = {Im') Vj, V 2 = {lm')v 2 , V 3 = Qm') Vj. 
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COVARIANTS OF QUARTIC 


We therefore define the cubic covariant G by 21 G=ViV 2 V^. 
Also, by Art. 3, (2), G = ( - - SMgZfgMi + 2 w 2 ^), 

wliere «3 = w, W2 = ax^ + 26 xy+ u^^ = ax -\-by. 

(iii) If a', /S', y are the values of xjy given by G—0, then 

(a'a,^y), ya), (y'y> a^) 

are harmonic. 

For if ?Ji=0, then (a'-/3)/(a'-y) = - (a -/S)/(a - y), etc. 


6. Covariants of the Quartic. For the binary quartic, 

u = {a,b,c,d,e^x,y)* = a{x- ay)(x - Py)[x -yy)(x- hy), 
(i) We have a!^E{ix- -48(ac-6^)= -48£r, 
and the covariani H is defined by 


- 48H = u^E 


{ 1 

\(x-ay){x-^y)\ 


= a 22 '(a - (x - yy )2 (x - hjf. 


As in Art. 4, 



ax“ + 2bjy + ctf" 
bx^ 4 * 2cTy 


bx^ + 2cxy -f dy^ 
cx^ + 2 dxy + 


(ii) The Sextic Covariant G. Consider the equality 

a^(jS + y- a-8)(y + a- j8-8)(a + /S-y-8) = 32(aH - 3abc + 26^) = 32fx. 

Let Vi, V 2 , t ’3 be defined by 


_ f /3-a y-8 1 

[{x~py)(x-ay)'^ {x-yy){x~By) f 
= 0 {- a) (x - yy) (x - 8y) + (y - 8) (x - ay) (x - )3y)} 

= a[ (^ + y - a - 8)x2 - 2 (^y - a8)xy + {^y (a + 8) - a8 ()S + y)}y®], 

and similar equations for Vg ^ 5 1 then, by equations (B) of Art. 3, 

={hn)Viy V2'^(lm')v2y v^ = (hn)v^. 

We therefore define the scxtic covariani G by 32G = ViU 2 V 3 . 

By Art. 3, (2), G= -y"^(?VMi-3M4W3?/2 + 2w3®), 

where = w, Wg = + 3hx^y + 3cxy^ + ^ 

n2 = ax‘-{-2bxy+ cy^y u^^ax + bijy 

(in) If y = ly the'points given by G = 0 are the foci of the three involttiions 
determined by the points oty jS, y, 8 taken in pairs. 

For the equation gives the foci of the involution in which the 

points jS, y and a, 8 arc corresponding pairs. (Ex. 17 (ii), on p. 19.) 


DIFFERENTIAL PROPERTIES 
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7. Homographic Transformation, Let w = (a, 6 , ... Jx, 1)” be 
transformed to u = (a by the following process. Write 

x = (lX-\-m)l{VX-\-'mf), and multiply by (VX + m’Y to remove fractions. 

This is called a homographic transformation ; then the coefficients a',b\ ... 
have the same values as in Art. 2, but in this case u is not equal to u'. 

As in Art, 1, a function f(a, b, ...) of the coefficients is an invariant if 

f(a', b\ ...) = (hn-l'm)^f{a, 6, ...). 

Again, a function f(x, a, b, ...) is a covariant if when it is transformed 
by the above substitution and rendered integral it is equal to f{Xy a\ h\ ...) 
divided by some power of lyn' — Vm. Such covariants are obtained by 
putting 2 / = 1 in the previous results. 


8 , Some Properties of Covariants and Invariants. Let 

w = (ao, ... a„5x, y)^ = aQ(x-ccy)(x-Py)... ; 
then we have the following properties. 


(1) To interchange Oq and a^y a^ and o„_i, a^ and ctc.^ in an 

invariant 1 is to multiply it by (-1)'^. To make these interchanges in a 
covariant v, at the same time interchanging x and y, is to multiply it by (- 1 )“. 

For the substitution x=Y, y = X, of which the modulus is -1, 
changes u into (a„, a„_i, ... a^^X, Y)”. 

Let I = <j>{aQ, tti, ... a„), then since 1 is an invariant, 

^n-l> ••• ®o) “ ( “ 1)*^ ^(®0> ••• ®n)* 

Let v = 0(ao, tti, ... a„, x, y), then since u is a covariant, 

«n-l> ••• = 

(2) If v^ibo.bi, ,..b^lx,y)^ is a covariant, the coefficients of terms 
equidistant from the beginning and end are connected as follows : 

If br = F{aQ,ai,.,.an), then 6 ,n_^ = ( - ««-!» •■• Oo)- 

This is an immediate consequence of the last theorem. 


( 3 ) Any invariant I satisfies the equations, DI = 0, D'l = 0, .(A) 


dv 


dv 


and any covariant v satisfies ^ = F>v, ^ ^ ^ 

where D, D' are defined by 

d ^ d ^ d d 

D = Aq —h 2(ij ^ _ “h 3(^2 H". • • na^^ 


(B) 


day 

d 


da 


da. 




9 9 5 

Z)'=nai:^ + (n-l)a2 —+ (n-2)a3^ +... +a 


da, 


day 


da. 
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COEFFICIENTS OF COVARIANTS 


We give a proof of the second theorem : that of the first is similar. 

Consider the substitution x = X + hY, y=Y, of which the modulus (u) 

is unity. This transforms u into 

K. ^1, ^2. y)^, 

where Aj=aj+aQ/t^ A 2 = a^-h2aj^h etc. 

Let ■v = ,p{aa,a^,a^,...a„,x,y), then since v is a covariant and /i = l, 
>p{aa, A„ A^, ... A„, X, Y) =i/i(aj, Uj, a^, ... a„, x, y). 

If A,,A 2 ,... have the above values and X = x-hy, Y = y, the last 
equation holds for all'values of h. Let the left-hand side be expanded in 
powers of h. By the extension of Taylor’s theorem, the coefficient of h is 


a 


dv 


+ 2<ij 


dv 




dv dv 


da, ' da^ 

Equating this to zero, wo have the first equation in question. The second 
follows from the first on account of theorem (A). 

(4) The coefficients of the covariant v^{b„b^, ...b^lx,y)”> satisfy the 
equations 

Db, = 0 , Db, = b„ Z)h, = 2^,... Db„ = b„_^, (C) 

D'bo = mbi, D'b^ = {m-l)b^, D\ = {m-2)b3,... ■D'6„ = 0, (D) 

hence, « = + + + ^2)'V’"-V+ .(E) 

For we have 


dv 


y^ = ym{bg,b^,...b^_^^x, y) 


m -1 


= mb^'-hj + m(m-\ )6,x"-y + . 

and Dv = Db„x”' + mPb^x'^-hj + ~ ^ '> Db.,x”'-hf -+...; 


of corresponding terms in these 


the others follow in the same way 


1 • 

and since = the coefficients 

expansions are equal. 

Ihis proves the first set of equations : 

from the equation x~ = D‘v 

('^) coefficient of a covariant v is given^ the other coeffeients may be 

calculated by using equations (C), (D). 

Again, since (coefficient of the leading term in a covarianiis 

a function of the differences of 
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Ex. 1. The cubic covariant G of the cubic (a, 6 , c, djja;, yY is 

( 6 o, 62 , 635 a:, y)\ 

where b^ = aH - 3a6c + 2b^, b^^abd + b^c - 2ac\ 

63 = - d^a + 3dcb ~ 2 c®, ^2 = “ + 2db^. 

By Art. 5, 6 o=a®d —3ct6c + 26®, and using equations (D) above, 

= 36 (2£Ki - 36c) + 2c ( - 3ac + 66 ^) + d{ - 3a6); 

,*. 61 = a 6 d + 6 ®c - 2 ac®. 

Again, 63 is of weight 3, therefore 63 is derived from -63 and b^ from -61 by 
interchanging a, d and 6 , c. 

Ex. 2. For the quariic {a, 6 , c, tf, ej^x, y)* the sextic covariant G is 

b^x^ + 6iX®y + b^x^y^ + ... + b^y^, 

60 =aH - Zabc + 26®, 6 ^ = a^e + 2abd - 9ao® + 66 ®c, 

62 = 5a6c - 15aa? +1062<f, 63 = - 10 a<f® + 106®e, 

and 63 , 65 , 64 are derived from — 63 , — 6 ^, — 62 by interchanging a, e and 6 , d. 

(6) Every invariant of a covariant is an invariant of the original quantic. 
This follows directly from the definitions, and the formal proof is left to 
the reader. 

9. Identities connecting Covariants. The covariant of which 
<f>{a-Qi a^y ... afl is the leading coefficient is ...uo). 

If, however, ^(ao, a^, ... a„) is an invariant, then 

^n—li •• • ^ 0 ) “ ^ (®0» • * * ®n)* 

We draw the following conclusion: Corresponding to any identical 
relation connecting symmetric functions of a, ... which involve the dif¬ 
ferences only, there exists a relation connecting the corresponding covariants 
or invariants and the quantic itself. 

Ex. 1. For the cubic w = {a, 6 , c, dfi^Xy y)® prove the identity 

G® + 4H®=«M. 

The leading coefficients of G, H are Qy H and 

G® + 4/f® = a2J (see H.A.y p. 179). 

If in this identity we substitute « 3 , u^, u^ for a, 6 , c, <f, then Gy Hy Ay a become 

(-?/)-®G, (-y)-®H, (-y)-M, u respectively, whence the result in question. 

It should be noticed that in all such cases the factor ( -y)“"^ disappears, for all 
terms in the given identity must be of the same weight. 

Ex. 2, For the quariic w = (a, 6 , c, d, e^x, y)* prove that 

G2 4-4H®=w2H/-w®J. 

This follows in the same way from the identity 

0^ + 4dl^=a^{HI~aJ) {see H.A.y p. 188). 
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METHODS OF FINDING COVARIANTS 


10. A System of Two Quantics. Let 

u-(a, b, ...ix,y)^ = a{x-ccyy)(x-ct.jf) ... (x-ccmy) 

v^(a\b\ y)^ = a'{x-^, y)(x-^^y) ... (x~P„y) 

then (1) the resultant of u = 0, v = 0 is an invariant. 

For suppose that w, v are transformed to 

U = (A, B, ...IX, Y)^^A (X-oiT;Y)(X~oLfY) , 
V = (A\ B\ ... ^X, Yr^A'{X-^,’Y){X~pfY) ... , 



by the substitution x = XX-\-ixY, y=XX+y,'Y. 

Let R, R' be the resultants of u = 0, v = 0, and U = 0, F = 0 respec¬ 
tively, so that 


72 = aV'"i7(a, - p,), R' - ^M'”*77(a/ - ft'). 
Now, as in Art. 9 (1), on p. 26, 

A = an(\-<x,X'), ^' = a'77(A-ftA'), 


and 


> («r-ft) 

rs “ 


(A-a,A')(A-ftA')* 

Moreover, the product 77(a^' - ft') contains mn factors, of which n 
involve a/ and m involve ft'. Therefore 



and consequently 


(A/i'-A'/x)™"77(a,.-ft) 
77(A-a,A')”7J(A-ftA')- 


Tg'^lA/x'-A'^)”*”/?, 

so that R is an invariant. 



We now consider methods of finding covariants and invariants of (he 
system w, v. 


(2) We can extend the rule of Art. 3, (3), so as to find covariants of 
the system w, v as follows : suppose that /(a,, ag, ... ft, ft,...) is a 
function such that 


(i) it is symmetric with regard to each of the sets a 2 ,... and 
^ 1 , ft, ... and of orders nr, w' in a^, ao, ... and ft, ft,... respec¬ 
tively ; 


(ii) it involves only the differences of ag ... ft, ft ... . 
Rule. For every difference such as a^-ft substitute 

i<^r-Ps)l{^~<^ry){^-PsU)- 


The result when multiplied by is a covariant or invariaid, and »n 

the former case the coefficient of the highest power of x is 


a a ^ f{cc^, ctn ... ft, ft ...). 
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Ex. 1. For the quaniics u, v find the covariant corresponding to 
prove that it can be written in the form 

du dv da dv 


J= 


dx dy dy dx 


Applying the rule, the covariant is 


uvU 


O^r-Ps 


which is equal to 


uv 


(2 — 2 ~^- 2 -^]. 

\ x^-a^y ^-psV ^-^sV 


Taking logarithms and differentiating equations (A) with regard to x and y, we have 

1 1 du VI ccf 


1 

udx x-(Xj.y* udy 


\dU y, 


x-o^rV 

with two similar equations. Whence the result in question follows at once. This 
CO variant J is called the Jacobian of w, v. 

(3) If 6, ...Jx, 2 /)« v = {a\b\ and we substitute 

a + ha'y h + kh\ ... for a, h in any invariant 1 of w, then the coefficient of 
every power of k in the result is an invariant. By the extension of Taylor’s 
theorem, the coefficient of kJ is 

1 5 L/ ^ Vr 

[r(“ db^'") 

9 9 

B.ence if the operation + is performed any number of times 

on I, the result is an invariant of w, v. 

Thus ac — b^ is an invariant of ax^ + 2fex + c, o'x^ + 26'x + c' and 


( 


a' ^ + h' ~)(ac- b^) = a'c - 26'6 + c’a ; 

da db oc 


therefore the last expression is an invariant 


11. Some General Theorems. (1) If variables x\y\... are 
transformed according to the same rules as x, y, ... , the two sets of 
variables are said to be cogredient. Thus if 

x = lX +mY, y^l'X +m'Yt 
x' = lX' + mY', y'^rX'^m'Y\ 

then x', y' are cogredient with x, y. From these equations we have 

x^kx' = l{X +kT)-^ m{Y + kY% 
y + ky’ = V{X + kX') + m'(Y ^-kY’). 

Hence if the quantic u^f{x,y) is transformed into U=F{X,Y) by 
the above substitution, then f{x-\-kx\y‘^ky') is transformed into 
F{X-{-kX'yY + kY'), so that these expressions are identically equal. 
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THE HESSIAN 


Equating the coefficients of we have, by Taylor’s theorem, 




dij) 


'A 

dX 


^ \r 

'n) 


Hence if (^x’ ~+ij' u is regarded as a quantic in x, y', then any of 
its invariants is a covariant of u. 

/ 9 9 ^ 

For example, [x'^^ + y' ^j = + u,,y'\ 


where stand for 


9^14 d‘^u 


"vv-^^2, 

therefore Uj.^Uyy - Uj.y^ is a covariant of w, for it is an invariant of the 
right-hand side regarded as a quadratic in x\ y’ (cf. Art. 9, p. 26). 
Similar reasoning proves that if u is a quantic in x, y, 2 , ... and 

where x', y', z', ... are cogredient with x,y,z,..., then if v is regarded as 
a quantic in x , y , 2 ', ... , any of its invariants is a covariant ofu. 

For example, if w is a quantic in x, y, 2 , 

iz) “ = + 2u,,y’z' 

+ 2w^^V-f-2u^y; 

therefore the determinant 


'^tjy U,jg 


^zz 


IS a covanant of u, for it is an invariant of the right-hand side regarded as 

a quadratic in i', y', z’ (Art. 15, p. 35). This determinant is caUed the 
Hessian. 

(2) Let the quantic u be transformed to U by the substitution 

x = LY + my, y = Z'Z + wT. 

If fji = ltn' - Im, we have 


Therefore 


fiX -m'x- 7ny, fiY= -Vx-}-ly. 


du 

dx 

du 

dy 


^ ^ dY 

5-Y 5x ^ 5 dx 

dU dY 
dX dy^dY dy 


dU m' dU V 

dX\ 

W m dlJ I 
dX' ix'^Fy'Ji 
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Hence C |-i^ +~ 4) . t‘ 




showing that, apart from the factor ju,, the symbols 
with x, y. 


dy' dx 


are cogredient 


d d 

It follows that if ^ y substituted for x, y in a quantic u or in 

any of its covariantSy we obtain an operator which if applied to u or to any 
covariant of u produces a covariant or an invariant. If the operator is applied 
to another quantic u' we obtain a covariant or an invariant of w, u'. 

Ez.\. Lei u = {a, by Cy dl^Xy yYf u' — {a'yb\c'yd'^XyyYy and suppose that these 
are transformed to U=^{Ay By C, DjX, Yfy U' = (A'y B\ 0% D'^Xy Y)\ 

0 0 

Substituting /x ^ ^ have by the preceding, 




dX)' 


Applying these operators to u\ U' respectively, we have 

tSp.^{ad' - a'd - 3 (6c' - b'c)} = 6{AD' -A'D- Z{BC' - B'C)}y 
showing that ad' - a'd - 3 (6c' - 6'c) is an invariant. 

12. The Jacobian. (1) The following notation is used : 
Let UyVyWy ... be k functions of k variables x^y^Zy ... , then 

y d{Uy V, Wy ...) 

J= Uj. Uy Ug ... ='T} - V 

.. . .. d{x,y,z,...) 


J= 

Wx 

Uy 

u^ ... 


^x 

Vy 

... 


Wx 

Wy 

Wz ... 

.. stand 

for 

du 

di' 

du 

dy’- 


where ... stand for . The function J is called the 

ox dy 

Jacobian of u, v, wj, ... (with regard to x, y, z, ... ). 

In the next three sections we consider two fxmctions of two variables, 
and by similar reasoning we can show that corresponding theorems hold 
for k functions of k variables (I: = 3, 4, ... ). 

(2) If Uy V are functions of Xy y, and x, y are functions of X, F, then 

d(UyV)_ d(UyV) d(Xy Y) 

d{x,y)~d(X,Y) d{x,y) ' 

For the right-hand side is equal to 

U^j Wy * ^x> '^X^x "b U^Xy -|- Wy Yy W^, Uy , 

‘^Xi ‘^Y '^X^x + '^Y^xf + 

which is the left-hand side. 


^X> Vy 
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(3) In particular, if we put w = x, v = y and observe that 
follows that 

d(x,y) d{X,Y) , 


d{x, y) 
d(x, y) 


= l,it 


d{X,Y) d(x,y) 


= 1 . 


(4) Again, if x = lX + mY, y = l'X-\-m'Y, then 

1 f V ^ v) ,, , ,, vd(w,u) 

«(a, F) d(XyY) d(x,yy 

so that the Jacobian is a covariant. 

(5) If ^t,v,w, ... are k quaniics in k variables x,y,z, ... , then any 
solution of the system w = 0, tj = 0, m; = 0, ... otherthan x = 0, y^O, z = 0 ,... 
also satisfies the equation J = 0, and if u,v,w,... are of the same degree, 

it also satisfies the equations ^ = 0, ^ = 0, ^ = 0. 

ox ay oz 

We shall prove this for the case in which ^* = 3, similar reasoning apply¬ 
ing in all cases. Let u,v,w be quantics of degrees ni.ng, ng in x,y,z, 
then by Euler s theorem of homogeneous functions, 

xu^ + yuy + zu^ = n^u, xv^ + yvy + zv. = /ur, xw^ + yw^ + zw,,^n^w ; 
therefore xJ-^7iitiU^ + 7i2vVx-^n^wW^y .(A) 

and two similar equations, where ... are the cofactors of «,, ... 

in J. 

Hence if u, v, w arc all zero, so also are xJ, yj, zJ, whence the first 
part of the theorem. 

Next let w, v, w be all of degree n. Differentiating equation (A) with 
regard to x, 


dJ , ( dU^ 

X ^ +«/ = n u 
ox \ dx 




therefore 


dJ ( dV^ dV^ dW 

x-^ = h( + v~ + w — 


dx 


dx 


dx 


■)+(n-\)J, 


with two similar equations, and the second part of the theorem follows. 


13. The Hessian. (1) If u is a quantic in Z: variables x, y, 2 , 
the Hessian is defined as the Jacobian of t/^, with regard to 

x,y,Zy ..., that is to say, it is equal to 

d{aj., Uy, i/'j, ...)_ • 

rf(x, y, 2 , ..,) Uy^ Uyy Uy, ... 

••• 
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(2) The Hessian is a covariant or, in the case of the quadratic, an 
invariant. 

We shall prove this for the case in which w is a function of two variables, 
X, y, using a method which applies in all cases. 

Let u be transformed to U by the substitution 

x^lX-\-mY, y = VX + m' Y, 

and let y. = Im' — Vm, then 


d(Ux, UY)_d(Ux, Uy) d(x,^j) _ d(Ux, Uy) 

— u - 


(A) 


d(X,Y) d(x,y) d(X,Y) ^ d(x,y) 

where in the second and third expressions Ux, Uy are supposed to be 
expressed in terms of x, y. Now 

du dx du dy 


Ux = 


+ 


dx dX dy dX 


= lu^ + l'u 


y) 


therefore 


j.. du dx du du 

dx dY dy dY * 


V > 


d(Uj,, Uy) 

^ ^yx ) 

lUg.y+ VUyy 


1, v 

• 

'^xxy ^xy 

d(x, y) 

-H niUyj., 

mUggy + m'Uyy 


m, m’ 


^xyy '^yy 


Hence, by (A), 

diTIx^Uy) 2 d(u^,Uy) 
d(X, Y) ■ d(x, y) 

which proves the theorem. 


14. Canonical Forms. The question arises as to what is the 
simplest form to which a quantic can be brought by linear transforma¬ 
tion, Any such form must contain explicitly or implicitly as many 
constants as the quantic. For instance, if u is a binary cubic, the form 

+ Y^, 

where X^^lx^-my, Y = l'x + m'y contains the requisite number of con¬ 
stants. It has been shown {H.A., p. 182) that in general u can be so 
expressed, and this is taken as the canonical form of the cubic. 

The exceptional case is when u contains a square factor; it can then be 
expressed in the form X^Y. 


15. TheQuartic. (\) If u is a binary quartic, and we assume that 

w = + 6 AZ 2 72^.74^ 

where X^lx-\-my, Y = Vx-\-m'y, it will be seen that, by equating coeffi¬ 
cients, we have five equations to determine I, m, V, A. But it may 
happen that these equations are inconsistent. 

Q B.C.A. n. 
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REDUCTION OF QUARTIC 


(2) Any quartic u which does not contain a cube factor can be expressed in 
the form 

+ .(A) 

and in general this can be done in three ways. 

For if u have no factor which is a perfect cube, we may assume that 
u = vv' where v, v' are quadratic functions with no common factor. We 
can then determine the constants, so that 

where ^ = lx + my, ri = l'x-\-m'y, and then 

u^A^^ + (A-\-B)^'^ + Bri\ 

By writing A*i = X, B^t] = Y^ we can now express u in the required 
form, which is called the canonical form of the quartic. 

In general, the transformation can be effected in three different ways, 
corresponding to the three ways of expressing u as the product of quadratic 
factors. In practice we proceed as follows : 

(3) Reduction of the Quartic to its Canonical Form. Consider the 
problem of reducing any quartic u to the form 

by the substitution x = + miy, y = V^-\- wi'i;. 

We have seven constants at our disposal w’hich are to satisfy five 


equations, so Nve may assume that 

hn - Vm = 1.(B) 

Since I and J arc invariants of w, we have 

ae + 3c“ = 7, ace-c^ = J, .(C) 

and, eliminating ae, it follows that c is one root of the equation 

it^-It + J = 0 .(D) 

Moreover, if H is the Hessian of w, 

H = + {ae - 3c“)f^^ + cerj^y . (E) 

and u = a^^+ 

therefore H - rw = {ae - 9c-) . (F) 


Hence, if t^ is a root of (D), then is a perfect square and rj 

are factors of its square root. We can thus determine ij so that equation 
(B) is satisfied, and then a, e are easily found (as in the next example). 
Finally, if = ^/c7j~=Y^y we have 

u = .Y-* + 6 ^ A’- Y2 + YY 

•Jae 

Note. The modulus of transformation from x, y to X, F is 1/^-^. 
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Ex. 1. Reduce 2x* + Sz^y + 4xy^ + ISy* to the form + Gc^^r]^ + erj*. 

Here k = (2,2,0, 1 , 

/ = 2.13-4.2.1 = 18, J= 2 2 0 =-54. 

2 0 1 
0 1 13 

Let the modulus of transformation be unity^ then 

ae + 3c2 = 18, ace- 0 ^=-54, 2c=* - 9c - 27=0. 

We may therefore take c=3, ae= -9. 

Again, H = 2a:^ + 4xy 2x? + y^ ; 

2 ^ 2 + 2/3 2zy + lZy^ 

therefore -H = (4, - 1 , -5, -13, Ijja:, y)*, 

and 3« - H = 10 (a:^ + 2o:^y - Zz^y^ - 4xy^ + 4y*) = 10 (a: + 2y)^ {x - yf. 

Let f = a: + 2y, {-Z)r)=z-yy where (-3) is introduced to make the modulus 
unity; then u = a^*+ 18^Tf + e7j*t where a, e are constants such that ac=- 9 . 

To find a, put a: = l, y = l, and we have ^ = 3, 77 = 0 . Therefore 27=a.3*; 
thus a=|, e=-27 and Su={z-{-2y)* + G{z-\-2y)^{z-y)^-{z-i/)*. 

(4) The Three Canonical Forms. Equation (D) of § (3) may be written 

4^^ - (ae + 3c^) t + ace - = 0, 

the roots of which are <i = c, <2 = i(-c + '/oe), ij^U-c-s/'ae) .(Q) 


Also 


H = cX^ + cY\ 

sjae 


dc 9c^ 

whence we can easily find that H - t^u ——=- X^Y^y 

si ae 

IL~t^u = I ( 3 c - s/^e) (Z 2 - y2)2, H - igw = | ( 3 c + (X^ + y2)2.(H) 

Again, from equations (G), 3 c + Vac = 3 ^i +<2-^3= 

3 c-\/ae = 3 ^j-i 2 + ^3 —2(^1“ ^2)* s/ae = t^~t^y 

Hence if {X^, Yj), (Xg, y2), (Xg, Xg) are the X, y’s of the canonical 
forms corresponding to t^y <3 respectively, then 


H-^,« = 4^X,2y,2= -r(X22+ y22)2 = ^(Xg2- y 32 ) 2 , 

H-= r- 7^2)2 +Y,^r, 

K-t,u=- q{X,^ + Y,^)^ =p(X,^ - 7 , 2)2 = 4 P 3 Z32732, 


. ...(K) 


where 


P fg, J — ^3 ~ ^1, T — t^— 

Note. The modulus of transformation from a:, y to Xj, is l/j»yp 



I 
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SEXTIC COVARIAXT OF QUARTIC 


; i 


(5) Symmetrical Resolution of the Quartic u. The expression 

'W = {f2~ /-j) + (^3 - + (^1 “ 

(tvhere the radicals may have either sigti) is the square of a linear factor of u 
(Cayley). 

With the notation of the last section, 

w = 2-J^rX,Y, + qJr{X'‘-Y,^)+ rJ^q{X,'‘ + Y,2) 
==Jqr{{J-r + Jq)Xi^ + 2JpXiYi + {J-r~Jq)Y^’^}. 

Now ( Jp)^ -{J -r + Jq) (J -r- Jq) =p + q + r = 0. 

Therefore the expression in the brackets { } is the square of a linear 
function of x, y, and its square root is a factor of w, for w vanishes if u= 0 . 


Ex. 1. Prove that, whatever signs the radicals may have^ the expression 


^lisf ih “h) ■*' + Ti.y{(2 — (3) 

is a factor of u. 

This follows from tho preceding or directly by sho^ring that the rationalised form 
of tho equation 

” ^1) +n /(^3 “ fi)} + - (31 = 0 




Xj^Yi^+Yi* = 0. 


( 6 ) The Sextic covariant G. (i) Referring to Ex. 2, p. 235, it will he 
seen that for the form + ctj"*, 

np — 

\ ae 

Or with the notation of § 4, 

- y, 2 )(x, 2 + y, 2 );.(D 

therefore by equations (K) of § 4, 

G2= -64;)7rX,217x717X3217= -i(li~i,u)(R-t^u)(R-t^u). (M) 


(ii) Again, we have 32G = UiV 2 i ’3 where 

vja = (^ + y - a - S)x2 - 2(j8y - a8)xy + {jSy (a + 8) - aS(^ + y)}y\ 

Vg, V 3 having similar values. 

Since H - t^u and are both factors of G^, and the coefBcient of x* 
in is -Hat^y which is equal to -■^“(j 8 + y-a- 8)2 (see 

p. 191 (L)), it follows that 

V-= -16(H-/i«)= -64^"AV-y,2, .;.(N) 

with similar equations. Hence it follows that 

('2 - hW + {t-i - liW + {>i - tiW = 0 - 


( 0 ) 





[ 


f 


I 


I' 

i 

I 

ii 

[J^ 
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Also, it follows from Cayley’s Theorem in § (5), that 

(^2 “ ^3)^1 "t (^3 “ (^1 “ ^2)^'! .(^) 

is the square of a hnear factor of u. 

Again, since ^1 + ^2 + ^3 =0> if follows from (N) that 

+ ^ 2 ^ + ^ 3 ^ = -48H.(Q) 


(iii) TAe ^^ = 0 , V 2 = 0, —0 are mutually harmonic. 

For by § (4) these equations are equivalent to 

ZiFi=0, X^^-Y^^ = 0, Zi2+7^2^0, 

which are mutually harmonic. 


EXERCISE XVIII 

1. Show that a cubic u can be brought to the form ax^-\-dy^ by a linear 
transformation of which the modulus is 1, and then 

H=aJxy, G = ad{ax^— dy^)t A=a~d^. 

Hence show that + 4H® = ^w*, thus obtaining another proof of Art. 8, Ex. 1. 

[J is the resultant of ax^ = 0, dy^ = Q and 

G = ( - \Y{a{ax^ + dy^Y-Z{ax^ + dy^)ax- . ax-\-2{ax^Y)‘'\ 

2. For the cubics u, u\ prove that 

aa'{{oL-oL'){p-^'){y~y) + {a.-p'){^-y'){y-ct') + {<x-y'){p-a.'){y-p')) 
is an invariant, and that it is equal to 

3 {ad' — a'd - 3 {he' - h'c)}. 

3. For the quartic, prove that 

H = (oc - 6®) z* + 2 {ad - he) x^y + (ae + 2hd - Sc^) x-y^ 

+ 2 (6c - ad) xy^ + (ce - d^)y^. 

4. From equation (0) on the opposite page, deduce the identity 

G^ + 4H^=- w® J, 


5. For the quartic w, prove that 

du 0H du 0H _ 
dx dy dy dx 

[The left-hand side is a covariant, so it is only necessary to compare the 
leading coefficients on both sides.] 


6 . If the quartic u can be expressed as the sum of two fourth powers, then H 
is a perfect square and J=0. 

7. For the quartic w, if J=0 prove that u can be brought to one of the forms 
X*+Y* or X^Y. 


8 . (i) Show that any quartic u can be brought to one of the forms 

aX* + 6eX^Y^-\-eY*, 4hX^Y 

by a linear transformation of which the modulus is unity, (ii) For the first form 
show that 7=ac-f3c% «7=ace-c®, A=ae{ae — 9e^)^. (iii) Hence show that in 
all cases 

d=/»-27</2. 


k 
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9. Find a linear substitution which will reduce the equation a:* + 12x-6=0 
to the form y*+/y" + ?- 0 , showing that one such substitution is 

y ““ 1 

where a, 6 are the roots of a:® - 3a: - 2 = 0(a > 6 ), this reducing the equation to 

(11 -3Vl7)y* +127/2 +(11+ 3^17) =0. 


10. Using the formulae 

uf \ 1 1 1 \ , 

Vi = - - 5 - +- 5 " , etc., 

y\x-pY x-yij x-ay x-hyj 

prove that iV *- 16(/2 - ^ 3 )^, 

v^^^v,^ = 2a‘^{{p-yY{x-ayY{x-hyY+{a.-hY[x-^yY{x 
and deduce equations (0), (Q) on pages 244, 245. 


-yyf). 


11 . Evaluate the determinant 

« 

y-a —S /3y —otS j3y(a + 8) - a8(j3 + y) , 

/■ a—jS—8 ya —/38 ya(j3+8) — j88(y+ a) 

a + j3 — y — 8 a/3 —y8 a^(y + 8) — y8(a + j8) 

proving that it is equal to 

-2{p- y)(y - a)(a - p){a - 8)(^ - 8)(y - 8). 

[If r, = a,a :2 + 2biXy + Ciy-f etc., the determinant in question is equal to 
- ( 01 ^ 2 ^ 3 )- Now Vj, Vg, V 3 are transformed into 

4<s/r(AV-l'A 4s/g(Zi«+7i») 

respectively by a substitution of modulus l/\(p. Therefore by Ex. 21, 
on p. 39, 

-{ai82C3) = (v/p)». 2.42-^ = 2.4«pgr.] 

sip 


CHAPTEK XLIX 


HOMOGRAPHIC TRANSFORMATIONS 


1. Homographic Transformation of a Function of Two 
Variables. (1) Let a pair of variables a;, y be connected with another 
pair Xy Y by the equations 


a^X + y + Cj 
^ ^ a^X + b^Y + C3’ 

Solving for X, T, we find that 



A-^x + A^-\-Aq 
C iX + G^ -\-C^ 


flgX+62 y+C2 
CEgX + &3 y + C3 


BxX + B^y + ^3 

G-^x + G^ + G^ 


(A) 

(B) 


where A^j ... are the cofactors of a^, ... in the determinant 

The change of variables from a:, y to X, Y is called a homographic i/rans- 
formationy and ( 0162 C 3 ) is called the determinant of transformation. It 
is assumed that ( 0 ^ 162 ^ 3 ) 9 ^ so that none of the above fractions can be of 
the form 0 / 0 . 


(2) Let {Xy y)y (X, Y) be the coordinates of points py P in different 
planes or in the same plane, the variables being connected as in § ( 1 ), 
then Py P are called corresponding points. 

If {piy Pi)y {p 2 j p 2 )t ••• are pairs of corresponding points, the cor¬ 
responding figures p ^2 • • * » -^ 1-^2 • • • homographic. 

(3) If (Xy y) is any point on the line G-^x + G^ + C 3 = 0 , at least one of 
the two, Xy Yy is infinite, and we say that the point (X, y) is at infinity. 
So also any point on the line a^X + 63 y + Cg = 0 corresponds to a point 
(Xy y) at infinity. 


(4) It is clear that corresponding curves are of the same degree. In par¬ 
ticular, a straight line corresponds to a straight line. Thus the line 

lx-\-my + n=0 

corresponds to the line 

Z {a^X + y + Cj) + m {a 2 X + 62 y ^ 2 ) ^ 'thfY C 3 ) — 0, 
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ANHARMONIC RELATIONS 


In order that the last statement may be universally true, we require 
the following convention ; The 'points at infinity in any plane are to he 
reyarded as lying on a straight line called the line at infinity in that plane. 

It then follows from § (3) that the lines 

Ug-Y + 63 T + Cg — 0, OjX + + O3 = 0, .fC) 

respectively correspond to the lines at infinity in the first and second 
planes, and they are called the vanishing lines. 

With this understanding, (here is a complete one-to-one correspondence 
between the points^ and also between the straight lines in two homographic 
figures. 

(5) Anhaxmonic Relations. 

(i) To a pencil of four concurreiit lines corresponds a pencil of four con- 
enrrent lines equi-cross with the first. 

For if the equations to the first four lines are 

a-Z*i/S = 0, a-A* 2/3 = 0, oc-k^p = Oy oc-k^p — Ot 

then those of the second four are 

a'-A*i/3'=0, a'-A*2i3' = 0 , a'-A 3 i 8 '= 0 , oc'-k^P'=0, 

where a'= 0 , /3'=0 are the lines corresponding to a = 0, ^ = 0. Thus 
^ 3 ^ 4 ) is a cross-ratio of each pencil, and the theorem follows. 

(ii) To a range of four collinear points corresponds a range of four collinear 
points equi-cross \vith the first. 

For if Pj, poy 7 ) 3 , p^ are collinear points, the corresponding points 
Pv -^4 collinear. Also, if 7 , Q are corresponding points, 

QPi)y are pairs of corresponding lines, and, by the preceding, 

(PlP2y PsPa) ~^(Plp2> PsPa) “ ^ 3 ^ 4 ) “ ^ 2 ^a)' 

(6) Two homographic figures in the same plane have three common or 
self-corresponding points^ which are often called the double points. 

For if the figures are referred to the same axes, the common points are 
found by putting W = a:, Y in equations (A), and, in general, the 
resulting equations have three solutions. A special case is considered 
later. 

(7) If two homographic figures are referred to triangles of reference in 
their own planes, the equations of transformation are of the form 

x:y:z = a,X^hJ^c^Z\ a.X -\-hJ-¥c^Z\ a^X + bj + C3Z.(D) 

( 8 ) The equations of transformation involve eight independent constants, 
hence the homographic relation is determined if tee know four pairs of cor- 
responding points or four pairs of corresponding straight Imes, 
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Ex. 1. Given four pairs of corresponding points (?^i. Pi), {P 2 »P 2 )» etc.y it is required 
to find the equations of transformation. 

Let abc be the diagonal triangle of the quadrilateral PiP2P3pi> Pi* Pi 

be, ca respectively in the ratios m : n, n : 1. Let capital letters have similar mean¬ 
ings for the figure 



If (x, y, z), (X, Y, Z) are the areal coordinates of corresponding points p, P referred 
to the triangles abc, ABC, the required equeUions are 

lx : my : nz=LX : MY : NZ. 

For if ap meets be in a', we have ba'ja'c ^zjy ; hence 


a{ppi, bc) = (a'pi, hc)=- 


I m nz 
I n ~my' 


Similarly A{PPi, BQ)-'XZ\MY. Now a, A are corresponding points, being the 
intersections of corresponding lines : so also are b, B and c, C. 

Therefore a{jpp^,bc)-A{PP^, BC) and nzlmy=NZjMY, etc. 


Ex. 2. Let A, B, C be the three common points of two homographic figures in the same 
plane, arid let p^. Pi be a pair of corresponding points. If ABC is taken as the triangle 
of reference, the equations of transformation are 

. ^1^1 • ylvi • = ^f^i* 

where (xj, y^, Zi), (Xi, 7i, Z^) are the coordinates of p^, P^. 

For if (p, P) is any pair of corresponding points, A{ppx, BC) = A{PP^, BC), and 
the proof can be completed as in Ex. 1. 


2. Perspective. The'methods of projection and plane perspective 
are special cases of homographic transformation. 

(1) Projection. Takes two planes a, a meeting in the line Oy and a point 
y external to both planes: 7 is called the vertex and Oy the axis of pro¬ 
jection. 

Any line through 7 meets a, a in corresponding points p, P. Any figure 
described by P and the corresponding figure described by P are said to be 
in perspectivCi and each is called the projection of the other. 
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PLANE PERSPECTIVE 


To a straight line I in a corresponds a straight line L in cr', which is the 
intersection of the plane through V and I with a. Thus corresponding 
straight lines meet on the axis Oy. 

Let the planes through V parallel to ct, a cut o-', a respectively in Il'tjj” 
then these lines correspond to the lines at infinity in the planes a, a 
respectively and are the vanishing lines. 

Let the plane through V perpendicular to Oy cut o-, a in Ox, OX respec¬ 
tively, and let (x, y), {X, Y) be the coordinates of any two corresponding 
points p, P referred to Ox, Oy and OZ, Oy as axes. Suppose also that 
/, j are the points where the vanishing lines cut Ox, OX, and let 0/ = a 
and7F = 6. 



The plane through VI and p meets cr' in a line pn parallel to Ox (Fig. 50) 
and cuts a in the line In, which therefore intersects Vp in P. Hence, if 
PN, drawn parallel to XO, cuts Oy in N, the triangles Pnp, PIV are 
similar, and so are PnN, InO ; therefore 


7ip Pn Nn NP ^ x y-Y X 

IV~ 1P~0N~0I-NP’ 


Hence the homographic relation is 


hX 


x = 


a-X 


^ f 


y= 


aY 

a~X 


or X « 


ax 


x+y 


y= 




x + 6 


(A) 


(2) Plane Perspective, (i) Suppose that the plane a (Fig. 50) rotates 
about Oy until it coincides with the plane o'. One of the two ways in 
which this can happen is depicted in Fig. 51. The figures described by p 
and P are now said to be in plane perspective, V being the vertex and Oy 
the axis of perspective. As before, IP and yj' are the vanishing lines, their 
equations being A'-a=0 and x + h = 0. Also, during the rotation, Y lies 
in the plane OxX, and when Ox, OX coincide, V is on Ox, 






DOUBLE POINTS 


251 


Given a point p of the first figure, the corresponding point P is the inter¬ 
section of In and VP. The equations of transformation are the same as 
before. Also corresponding lines meet on the axis 0^, for their equations 
may be taken as lx + my-¥n = 0 and lhX-¥maY + n(a — X) — (). 

It follows that j, N, p are collinear, for j corresponds to the point at 
infinity on OX, and so PX, pj are corresponding lines and meet on the 
axis ; this also follows from Fig. 50, for there y, X, p lie on the line where 
the planes xOy, jNp intersect. 

(ii) If the vertex is taken as origin and the equations to the vanishing lines 
are x = a, X = 6 , the homographic relation is 


aX 






and the equation to the axis of perspective is x = a + 6. 



X Op In a j ^ y 

For, in Fig. 52, = = X~Y' 

(iii) The double points of the system are the vertex and every point on the 
axis of perspective. 

For the double points are to be found by putting X=x and F = y in 

equations (B), and are given by x(x-b)=ax, y(x-b)=ay, whence 
a: = 0 , y = 0 or x = a + 6 , ?/having any value. 

(iv) Homographic figures in the same plane, which are such that the straight 
lines joining every pair of corresponding points pass through a fixed point, 
are in plane perspective. 

For, taking the fixed point as origin and X-6=0 as the equation to 
a vanishing line, it is obvious that equations (A) of Art. 1 must be of 
the form (B) in this section. 

This statement may conveniently be taken as a definition of plane 
perspective ; the fundamental property that corresponding lines meet on a 
fixed line following at once from equations (B). 





EQUIVALENT LINEAR TRANSFORMATION 


(v) The relation between two figures in perspective is determined if 
we know : 


{a) The vertex 0, the axis and two corresponding points (which must 
be collinear with 0). 

(b) Or three pairs of corresponding points, (a, A), {b, B), (c. 0), which 
must be such that the lines aA, bB^ cC are concurrent. 

The point of concurrence is the vertex, and the pairs of lines {be, BC), 

(ca, CA), (ab, AB) meet on a line which is the axis of perspective. In 

the case of plane perspective, the collinearity of these points depends on 
Desargues’ theorem. (See Ex. XIX.) 

It follows that ike equations of transformation involve five independent 

constants. For five conditions are required to determine the elements in 
(a) or (6). 


(vi) In a plane perspective, suppose that the vertex 0, the axis and two 
corresponding points q, Q are given. Let OqQ meet the axis in q', and let 

p = {Oq, Qq), then if x^, are the coordinates of 0 and the equation to 
the axis is lx + my + nz = 0, then the equations of transformation are 

X _ y _ z 

Xoilx + my + m) - kx yoilx + my + nz) ~ ky z„{lx + my + nz)-k-z’ 

f^- = pilro + >r»Jo + nZo). 

For let p, P be any two corresponding 

points, and let OjiP meet the axis in p', 

the coordinates of p, p‘, P being (x, y, z), 

(x, y', z'), (X, Y, Z). 

Then since q>q, PQ, p'q' are concurrent, 

(Op, Pp') = (Oq, Qq') = p-^ and, since 

0, p, P, p' are collinear, we have 



axis 


and 

where 

Therefore 


X Xx^+pjc, ^—^l/o+py, Z = \z0+fiz, 

x=X'xQ+p.'x, ?/'= A'j/d z' = X\+p.'z, 
XIp = PpjOP and X'jp.' =p'pjOp'. 


Also lx +»iy' + M 2 ' = 0, for p' is on the axis, therefore 

A (Ixq + 7}}yQ + 7iZq) -hp {Ix + my + nz) = 0. 

Hence J^ + »»J + nz X_ x, Ix + my + m 

P P lxa + my„ + nZo p p lxo +my^ + nz^'^^’ 

with similar equations, and the result in question follows at once. 


CIRCULAR POLNTS AT INFINITY 253 


Note, (i) If Oq' is perpendicular to the axis and q is at infinity, with the notation 
of Art. 2, (2), (ii), we have Oq'=a + by OQ=b and p = OQlOq' = bf{a + b). 

(ii) Using Cartesian coordinates, if yo) is the vertex and lx + 7nt/ + n = 0 is the 
equation to the axis, the equations of transformation can be derived from the preceding 
by putting z=Zq = 1. 


Ex, 1. The relations connecting two figures in plane perspective may be written in the 
form * 

(r - l)X _ ( m'-m ) Y_ (n'-n)Z 
I'x + my + nz Ix + m'y + nz Ix + my + n'z* 

where lx + my + nz=0 is the equation to the axis and the triangle of reference ABC is 
chosen'so that none of its sides passes through the vertex. 

If C is at the vertex, the equations are 


X Y {n'-n)Z 
X y lx-\- my + n'z ’ 



This follows from equations (B) by dividing the numerators and denominators of 
the first, second and third fractions by y^, z© respectively and writing I - klxQ = l', 
etc. Here it is assumed that none of x^, y^, Zq is zero. In the second case aro = 0, 
2 / 0 = 0 , etc. 


3. The Circular Points at Infinity. The equation to any circle is 

x^ + y^ + 2gx + 2 /?/ + c = 0, 

and, applying the transformation x = bXI(a — X), y=aYI{a-X), the 
resulting equation is b^X^ + + 2{bgX + afY)(a-X) c{a - X)^ = 0. 

Hence the curve corresponding to the circle meets the vanishing line 
X = a in the points (a, ± ib), and the circle meets the line at infinity in 
the corresponding points, which are the same for all values of g, /, c. 

Thus all circles in a given plane meet the line at infinity in two fixed pointSy 
which lie on the lines y= -Aiix and are called the circular points at infinity. 

4. Metrical Properties of Two Homographic Figures. 

We suppose that a small letter and the corresponding capital represent 
corresponding points in two figures, and that the coordinates of two such 
points are connected by the equations 



a.^X + 62 T + C2 

.(A) 

^~a3Z + 637 + C3’ 

y a3X + b3Y + C3’ . 

which are the same as 



A^x + A,y + A3 

Cix + C32/+ C3 ’ 

B^x + + B3 

C-Yt + C^y + C3, * 

.(B) 


where ... are the cofactors of a^, 6^, ... in the determinant 

(afi)^cfl. The coefficients in these equations are assumed to be real numbers. 

* This matter is discussed and the result is stated wrongly in Salmon’s Higher Plane Curves, 
second edition, p. 286 . 
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METRICAL PROPERTIES 


(1) Let c, c be the points at infinity in the first figure on the lines y = ix, 
y = - LX respectively, and D, D' the points at infinity in the second figure 
on the lines Y = tXf Y = ~ lX respectively. 



Let 5 , hy g be the points of intersection of cd and c'd\ cd' and c'd, cc' 
and dd' respectively. Let sh meet dd\ cc' in e,/. 

The figure thus constructed has remarkable properties: 

(i) The joints s, A, 5, H are real —for c, c' are conjugate imaginary 
points : so also are d, d', it being assumed that the transformation is real. 
Hence cd, c'd' and cd'y c'd are conjugate imaginary lines which meet 
in real points s, h. The corresponding points 5, H are also real. 

(ii) The vanishing lines dd'y CC' bisect shy SH at right angles. For (shy ef) 
is a harmonic range and/is at infinity, therefore sh is bisected at e. Also 

) is a harmonic pencil and c, c' are the circular points at infinity, 
therefore eg is at right angles to ef (Ex. II, 4). 

(iii) If py P are any two corresponding points and Lhsp^cty Lfhp=^y 

^HSP = tx y lEHP — p y the angles being weas^iired in the positive sense in 
each figurCy then 

a' = ?«7r + a, p'^nn-p. 

For we have 

S(PHy DD')^$(phy dd') = s(phy cc')y 
and therefore, as in Ex. II, 4, 

cos 2 a' +1 sin 2 a' = cos 2 a +1 sin 2 a and a' = mn + a. 

Also H(PSy DD') = h(pSy dd')=h(psy c'c). 

Now if hsy HS are turned through the angles tt + jS, 7 r + /3', they will 
fall along hpy HP respectively, therefore 

cos 2)9'+ t sin 2^'= cos 2/3-4 sin 2)3 and P'^nn-p. 
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Hence the following construction. To find the point P corresponding to 
a given point p: make angles HSL^ EHM equal to a and tt - respec¬ 
tively, then SLy HM meet in P. 




Thus, in Fig. 56, angles marked alike are equal. 

Theorem (ii) is an immediate consequence of this construction, for if p 
is on the perpendicular bisector of sh, then P is at infinity. 

(2) To find the straight line corresponding to a given straight line. 

Let e, F be the mid-points of sh^ SH. In the line sh take s\ h! so that 
s'e — eh! = SF. In the line SH take S\ H' so that S'F = FH' =^se. 



Let the given line meet the perpendiculars to sh through s\ h' in p, q. 

Through S\ H* draw perpendiculars to SH. Along the first set off S'P 
equal to s'p and in the opposite sense. Along the second set ofi H'Q equal 
to h'q and in the same sense. Then PQ corresponds to pq. 

For the triangles SS'Pj ss'p are congruent, and so are S'HP^ s'hp ; thus 
lPSS' = Lpss' and lS'HP= Lphs. Hence P corresponds to j?, and 
similarly it can be shown that Q corresponds to q. 

It is usual to call s'p, S’P and Nq^ H'Q the isotropic lines, and it follows 
that they are pairs of corresponding lines. 

(3) Any two homographic figures can he placed in perspective, and this can 
he done in four different ways. 

For if the second figure is placed so that S falls on s and SH is along sh 
or sh produced through s, the figures will be in perspective. Or if the 
second figure is ‘ turned over ’ and then placed so that H falls on h and HS 
is along hs or hs produced through h, the figures will be in perspective. 
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QUADRILATERALS IN PERSPECTIVE 


If the figures are in the same plane and are referred to the same axes, 
the second figure can be placed in perspective with the first by a translation 
in which S is made to fall on s and a rotation about S through an angle 9 
such that tan 6=(a^C^ - 

For when the figures are in perspective, the vanishing lines are parallel. 

(4) It follows that every geometrical theorem which results from the general 
homographic transformation can be proved by the method of projection or 
plane perspective. 

Another important conclusion is that any two quadrilaterals abed, ABCD, 

can be placed in perspective. For we can determine two homographic 

figures in which (a, A), (b,B), (c, C), (d,D) are pairs of corresponding 
points. 

(5) The coordinates of s, h, S, H may be found as follows : In Fig. 54 
at ewe have x = I, y=^il where /->oo ; at Z), X = l, Y = tl, and there¬ 
fore at d 


X = (ttj + t 6 i)/(a 3 + 163 ), y = (a^ + 1 & 2)/(03 + ^^ 3 )* 
Hence the equation to cd is 


^ y 

1 £ 


1 

«3 + i^3 
0 


= 0 , 


which reduces to 


63X + a^-a 2 -bi~ L(a^x - b^y + b^) =0. 

The equation to cd' is obtained from this by changing the sign of t, 


hence the point s is given by 

flgX - b^?j = — tgj b^x + agy = 02 + 6^.(A) 

Similarly, at the point h, 

a^x + 63^ = aj + 60, V - «3y = - «2 + .(B) 

At the point S, 

C,X-C^Y^A,^ So, C^X + CJ^B, + A^ .(C) 

At the point //, 

c^x +C2 y=^ 1+a, C2X - Cl y = - +^2.W 
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EXERCISE XIX 


1. If the axis of perspective is taken as the axis of y and the coordinates of 
the vertex are p + q, r, show that the equations of transformation are of the 
form 




rX-qY 
X-q ‘ 


2. In a plane perspective, the vertex 0, the axis and two corresponding 
points a, A are given. If the line OaA meets the axis in a', the vertex is taken 
as the origin, and the equation to the axis is lx + 7 ny-\-n = 0, the equations of 
transformation are 


where 




pn 

lx-\-7ny + n{\ -p) * 


p = (0a, Aa'). 


3. K the equations of transformation are 

x==aXl{X~b), y=aYl{X-b), 

show that the points s, S are at the vertex 0, and that A, H are respectively the 

points {2a, 0), (26, 0). Hence explain the constructions indicated below and 
verify in a more elementary way. 




(i) Given p, to find P, In Fig. 59, LhHP = LHhp, 

(ii) Given a line pq, to find the corresponding line PQ. In Fig. 60, 

s'0=03'=b-a, 0h' = 0H'=b + a. 

See Art. 4 (1) and (2). 

4. In a plane perspective, the points d' corresponding to the circular points 
at infinity (D, D') are given. Consequently the vertex V is the point of inter¬ 
section of dD, d'D' and any line parallel to dd' may be taken as axis. 

Also show that if the coordinates of d, d' are (p, a±tj8) the coordinates of V 
are (p — a) and that the transformation is real. 

5. Show that the linear transformation given by the equation 

x'=Xx + Xo{lx + my + nz), y'=Xy-\-yo{lx+my + nz), z'=Xz + Zo{lx + my-\^nz), 

where A is any number, is the general perspective transformation, with vertex 
at (a;oyo3o)- Deduce Desargues* Theorem. 

[Prove that the joins of corresponding points pass through (a:^, y^, z ^): then 
apply the equations to two triangles ABCy A'B'C', taking ABC as the triangle 
of reference.] 

B 


B.C.A. n. 
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TRANSFORMATION OF TWO CONICS 


6 . AH conics which pass through two given points {dy d') can be transformed 
simultaneously into circles by plane perspective. Find a transformation which 
will convert any conic of the system 

ax^ + 2hxy + by^ + {x ~p){Xx + yy + v) = 0 

into a circle, where A, /i, v have any values, and give the transformed equation. 

[The points d, d' must correspond to D, the circular points at infinity. The 
coordinates of d, d' are (p, a±t^), where a±ip are the roots of 

by^ + 2hpy 4- ap- = 0, 

and, by Ex. 4, V is the point {p - a). 

Also we may take Oy, which is parallel to dd\ as the axis of perspective. 
Hence, by Ex. 1, the required transformation is 

x=pXl{X + y = {aX pY)f{X p)t 


where 


a=-phjb and p= ^s'ab - h-. pjb. 


Also 


az* + 2hxy + by- = b 



= /3MA2+y2)/(X + ^)* 


and z-p=-p/3/(X + ^), 

hence the transformed equation is 

p{X^-+Y^)-p{XpX + y(oLX + pY)‘hy{X-\-p)} = 0. 


7. Two conics having double contact can be transformed into concentric 
circles by plane perspective. Taking the equations of the conics as 

ax^ + 2hxy + by- = X{x - p)-, ax- + 2hxy + by- = A'(a: -p)*, 

find the necessary transformation and the resulting equations. 

[The transformation is the same as in Ex. 6, and the transformed equations are 

X^+Y^:=Xp\ X2+ys = A'pM 


8 . Show that the conics ax* + 6 y”=l, y^ — mx can bo transformed into circles 
by real plane perspective, and that if a, 6, m are all positive, the equations of 
transformation are z=pX/(X + g), y = yI7(X4 -^), where p is the negative 
root of az^ + bmx -1 = 0 and - mp. 


9. If a, 6, a', 6' are positive and a>a\ show that the conics 

ax--\-by-=ly a'z--6y=l 

can be transformed into circles by real plane perspective, and that the equations 
of transformation are x=pXf(X + q)f y = QYI(X + q) where 

{b b')p- = {a ~ a')q^ = ab' •¥ a'b. 

10. The homographic relation for two figures in the same plane and referred 
to the same axes is 

z = (4A-2y)/5(5’ + l), y = (3X+16y + 5)/6{y + l). 

Find the coordinates of 5, 5, A, IJ and specify a displacement of the second figxire 
which will put it in pcmpective with the first. 


11. For areal coordinates, a circular point at infinity is given by 

z : y : z = ae -^^: be^-^ : -c. 

[The circular points at oo are given by 

a=yc + 6^;z+C'zy=0, z + y + 2 = 0 .] 
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12. It is required to place two given four-point figures abcdy A BCD in per¬ 
spective. 

Let p, g, P, Q be the points of intersection of (ad, he), (bd, ca), (AD, BC) 
respectively. 

The four pairs (a. A), (b, B), (c,C), (d, D) determine homographic figures in 
which (p, P), (q, Q) are pairs of corresponding points. Let the vanishing line of 
the first figure meet be, ca, ah in. a^, bi, c^ ; then 

(aip,bc) = (coP, BC), and so — 

J)C 

This determines a-^, and b^ can be found in the same way. 

On Ciffi, draw segments of circles containing angles equal to CBA, ACB 
respectively, and let the arcs meet in s. 

Taking s as the vertex of perspective, draw B'C' parallel to sa^, so that 
B'C^BC and C'are on 56 , 5 c respectively. Draw parallel to to 
meet 5 a in A'. 

Let P', be the intersections of (sp, B'C'), (sq',C'A'), and let A'P', B'Q' 
meet in D'. 

Then A'B'C'D' is equal in aU respects to ABCD. 

For it is easy to show that if 5 is taken as vertex and any line parallel to aj)^c^ 
as axis of perspective, the figure corresponding to ahed is similar to ABCD, 


13. Given four pairs of corresponding points (a. A), (b, B), (c, C), (d, D) of 
two homographic figures, it is required to find the points s, h, S, H. 

The point $ is that found in Ex. 12, and h is the reflection of 5 in the line 


If the vanishing line in the second figure meets BC, CA, AB in a^, 61 , Cj, we 

a^B a^c 

have (00 p, be) = (a^P, BC), and so . 

CL^O 

If segments of circles are drawn on c^a^, to contain angles equal to 
eba, acb, on both sides of the arcs meet in S, U, 


14. Any circle of the coaxal system with 5 , ^ as limiting points corresponds 
to a circle of the coaxal system with S, H as limiting points. 

[A conic through c, c', d, d' (Figs. 54, 55) corresponds to a conic through 
C, C', D, D', and both of these are circles.] 


15. In two homographic figures, there are circles in the one figure which 
correspond to circles in the other. Each set of circles form a coaxal system with 
e, h ov 8, H as limiting points. 

Any conic in the first figure with foci at s and h corresponds to a conic with 
foci at 8 and H, 

[For the lines 5C, sc' correspond to 8D, 8D' (Figs. 54, 55), and sc, sc' touch 
the conic in the first figure, etc.] 


MISCELLANEOUS EXERCISES 


1. If (a:j, Zi), (aTg, ^ 2 ) are solutions of 

^ y -3— * 

prove that ^ ^ , 

^1^2+yi2/2 + 2i22=0. 

2. Show that if ^_ ^(«-fe) + a a-hx , 

, n(a-6) + 6 » aZ^t equal to the sum of the 

...™ „„„ ^ ^ 

■ If ff, b. c are the sides of a triangle of area J, prove that 

(^-C)2 ^2 ^2 j =-16J«. 

a- (c-a)2 c“ 1 

a" (a -by 1 

i 1 1 0 

4. If four positive quantities are rcstrictpH in Kott^ ^ 

squares 8c\ no one of them ean exceed (^3 + I)c!^ ^ 

by the sing'le'relation ” Positive numbers each greater than a, connected 
Bhowthat 

2 / 12 / 2^3 •■•!/„< (a + 6)«. 

6. l+^(*+l) + ^“(I+ai+;c^) + ...tonterms 

= (*-^")(l-=s"+‘)/{(l-a:)(l-*•)}. 

7. If in the series a„ + ~x + ~ > 

|£ + 12 ■'■ • • ■ connected by the relation 


for n>3. sW that the series is convergent when 

8. Show that (i) the series whose nth term is i_ I— _L • 

v^gont; (ii, its sum to infinity is |-log2i tlZ 

differs from its sum to infinity by less than —. 

4n * 

a P'^f>ei°divSdediytXaighf «to which 

parallel and no three meet in a point ^ Provided that no two are 

10. Prove that the Z’*!" sinh in+ 

is being assumed positive, and that the Lm ^ I » !<«-“. where « 

11. ProT,th,l 

0 + c.r + cjir +... + c^j;fi^ 

^0 ^2 /'I 

+ ”_^ /i . 1 1 ] \ 
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a„=v(a 6 ) (V^ + V&)^ + (V<^-V 6 )»> 

is/a + - {^a - ^b)^ ’ 


1 -J-17 /« » T-- , etc., 

+ ^opQ 1 + a, ’ 


^+«oPo 

15. Prove that if 


+ (hPi * where 

A=ao + fli +... 


then 


“2 “l“ 1, MjMi=2i32_2^ M3a5=224"-1, ... , 

^‘. + u,=u,u„ u, + u, = u,u,. u, + u,=u,u„ u,+u, = u,u„ ... . 


2z * • 

16. If where Z=X + iY, z=x + iy and 

, -1<X<I, y>o, \Z\>\, 

s ow at the point z is within the area bounded by arcs of the three circles 

a:2 + (y_2)2= ±3a;, x'^ + y'‘ = \, 

each of which touches the other two. 

circIeTlnd’i“e ttrclrcfe' 2 J + 2 ^Sf " “ 

17. If «_ = i _ ?(”-! ) , »(re-l)(n-2)(»-3) 

[2 [4-•••> 

2, ^.. -2) I ”(«-l)(w-2)(re-3)(7t-4) 

l£ [5 ^ ■■■ ’ 

where ra is a positive integer, show that 

V + «„»=2«=2K,2„_, + u„t;„_0. 

4 A A ^ 


18. If a: is large, prove that 

^ A ^ 


then' if 22 is a homogeneous polynomial in :r and y of degree n, 

(i) xu^ + pUj^r=znu. 

(u) am^-^yu^ = (n~l)u^, 

I ^XV ^a: I W14 , ^ _ _ 


“^zv '^w '^v 


i'^XS^VV 


n-V 


% 0 


20. Show that the series — — £l a. • .. 

and that its sum is [3 17 [11 “ convergent for all values of z ; 

^ (cosh $ sin $ — smh $ cos 6) where 0=zfsj2. 

21. There are n different counters arranged in a row. Prove that r. t, 

of new arrangements which can >ia maA^ ♦ i. . l^he number 

”sr' 7,» “ 4 «»bi”S¥.aSg SS 

eously moved, is —-1, where „ + ^=l and „;8=-L 
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22. Find the cubic equation whose roots are a, p, y, where 

a + ^ + y = a, + a3^03_j. 

tt„ denotes a" + ^ + yn, express in terms of « « onH 

a. 6.^c, and prove that „„ is the coefficient of in the-^paUon ffi ^’oXr^ 

_ 3-203: + 1 (a® - 6*) ^2 

r- 03: +1 (a2 - 62) - 3afe2 + 2c3)a:3 * 

23. If 6 + d=a + c, show that 


1 


+ 


ac 


bd b{b+l)d{d+l) 


^ a(g + I)...(a + n- I)c(c + l)... (c + n-1) 

6(6 + 1)... (6 + n)d(d+ 1)... (d + n) 

g(Q-f 1)... (g + n). c(c+l)... (c+n) 


=^ri- 

bd-ac[_ 


- *(* + l)-(6 + n).<f(d + l)...(d + n) 

* denotes the determinant of n rows, 

2 cos 0 1 0 0 

1 2 cos 5 1 0 

0 1 2 cos $ 1 

^ ® 12 cos $ ... 





• ■ • 


• • ■ 


show that +-2co3W„_, + d„_, = 0 ; hence prove that 

+ = sin (m + 1) 5/sin 0. 

divTsibb “’ + *’ + '‘ “ 

26. Prove that 


where 


cosh z cosh f/= 1 _L ^cQsh2a _ r*" cosh 2na 

^ I ft ^ ~ 4* 

[2 +•••. 

tanha = y/x and r>= 3 :»-y«. 


I.S, ssLria™ r• 


Six) 


(x - a)’'<f,(x) x-a (x~a)' 


^1 , ^8, A 


n _^<(iix) 


prove that 


j _/(«) , . 


{X - a)’'^ ,l>(x)’ 

= ![— M\ 


thTSio";* “ differentiaUon. 

^( 2 ;) 


<j>(x) 

Next, differentiate r times, and then put a:=a.] 

28. If r»=a» + 6» + c» and , 

fu +c ana prove that 


<I>(X) 


r+ 0 

c + io 

^+6 1+2 


and 


0 + 16 ^ 1 + tc 
r + c 


[Show that (r-a)(r+a)=(6 + ,c)(6-,c): hence, 2 =^®=.!L:£ eto.l 

r+a 6-ic* 
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,v^^‘ .? log log n, log log log 71, ... are denoted by A( 7 i), \^(n) X^(n) 

then, if we omit certain terms so that aU the logarithms are real, the ories ’ ’ 


nX{n){\^n)}P * "" nX{n)X^n){X^n)]P ’ '*■ 

are convergent if ^?>1 and divergent if 

Ca'ichy’s condensation test; a is any positive integer, the hrst series 
IS convergent or divergent as £v„ is convergent or divergent, where 


«n = 


a 


n 


a”A(a"){A2(a”)}P* 

take a>e, so that loga>l, and show that v^<l/{n{\ogn)^]. 

take a = 2, so that loga<l, and show that v^>l/{n{\ogn)^} 
ihe second series can now be discussed in a similar way.] 

satofy^he^'equatioas ^ 

x^-hij^-^z^-\-kxyz=0 and lx-hm^-hnz = 0, 
show that + 7/, 2/^3 + = 0. 

31. Prove that 

eith!; six balls, each of which is known to be black or white 

one black ^d^ on® “ be 

t^h»t ^ 1 , ^ a,re replaced and two others are drawn. Show 

that the chance of their being both black is 19/75. 

thf n.™ W of “ 2 ,; • • a™ are distinct prime numbera other than unity, 

the number of solutions m mtegeis (mcluding unity) of the equation ^ 

Show also that the number of solutions in which at least one of the a:’s is unity is 

j (ra-1)'" (71-2)’" im 1 


|1 


anfpoSfvTSri!^ 

i:(-l)"-_t:±_=-2 or 1, 


k — n 1271 — A; 


^ integer and the summation is taken 

tor all values of n such that 

of =L“f arranged in a certain order, show that the number 

no cif i '^**1 the condition that 

other ^ contam any two things which were originally contiguous to each 

i(’i-2)(7i-3)(7i-4). 


-j I 

perpendicular straight Ihiea. 


Il+z 

V 1-z 
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37. Prove that, if a: is rea], 

38, Find values of if any exist, such that if 

nr^ 1- VI u ^0106 

(ii) in GeLeWeai ProgS^' Arithmetical Piogmssion, 

Verify that these are hTgeomttried proWls^” -^=4493 are 1882, 3540, 1120. 
a value of r less than uls such that^ ^ “ "" modulus 4493 ; and obtain 

1120= 3540/-= 1882r* (mod 4493) 

40. Show that if n = 3, a + 6 + c is a factor of 

a” 6" c" 
a b c 

and that if a > 3, a + 6 + c is not a factor. ^ 

Sion for the number°ofways^?n'thiche''^'*ri players. Find anexpres- 

be dealt to a particular player Ind^ho''''.^. particular suit may 

42. Find 


pn—oc _ 


43. Prove that the most general solution in positive integers of the equation 


is given by 


X y Z 


x=P(p + q)r 
y = <l(P + q)r 

where p, q, r are integers. ^ 

Deduce the general solution in integers of the equation 


-i + i-l 

a:* tf 2«‘ 

44. Assuming that if 0c« <r-i r 

converges or diverges to zero a"cwdinv a?'/ -“™) 

(i) if Z"* a is a div ^ or diverges, show that 

tlien E-j- is divergent; 

(ii) if n ' ” 

' 1 - ^r .8 a convergent series of positive terms and 

A„'-a„ + a„^.,+a,^, + ..., 


then is divergent, 
are used as digK eachTwSs*!'pSifet^^ 


I 


I 



I 


) 


J 
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the series whose terms are the reciprocals of the numbers 
ve^genr° expressed m the ordmaiy scale without using 0 as a digit is con- 

riS a 1 ttf ” 

47. If 71 is a positive integer and 

.U . ^n(*)=^" + 2a:'‘-i + 3:r«-2+..’ + na: + ji + l, 

prove that ’ 

W Jn{^) = {^-lY<l>n-z{oc)y (ii) <l>n{^) = {x+\)^^ij^_2){x^)+\n + l, 

't>n (^) + ip^i („_3) (x‘) + i(n + l)a: + n + ], 

according as ti is even or odd. 

Hence prove that 

/t2(x) = {x^x*-l)y + 2(x*~ip + 3(x^-l)‘ + 6(z-l)K 

contains 13 balls, of which 4 are white and 9 black. If a baU is 
drawn ^ tunes successively and replaced after each draiving, show that the 
chance that no two successive drawings shaU have given whiteIjalls is 

16.12’--(-3)’- 


15.13’- 


49. If Z= 


Z— I 


^ ^ ^, show that, when z lies above the real axis, Z will lie within 

^ ^ move as z travels 

along the real axis from -ooto+oo? oraveis 

For all values of n, I>„ and g„ are two positive numbers, such that 
Pn 2 {Pn~i+ 9 'n^i)f and Pnqn = k^, where A; is a positive constant. Show that if 
Po, 2„ are the first pair of such a sequence of numbers, and if p7>l then 
Pn-.i>Pn>^>in>9.n--v and that if p„=l;(l+ 2A„), then A„<Ao^". 

51. Show that the necessary and sufficient condition for the equation 

a:”-aa: + 6=0 

to have more than one real root is 

(A double root is to count as two, and a and h are positive.) 

52. The equations to three straight lines are l.-ai + m y+ 7 i .=0, (i = l 2 3) • 

and Ni is the cofactor of n,. in >./ j . r, z, o;, 


h 

h 



Til 


Wa 

rrh 

^3 


Prove that the n^ssary and sufficient condition for the origin to lie in one of 

the acute angles between the lines i=l,2 isthat + aud tLT 

He inside the triangle formed by the three fines, the necess^ar^ 
n sufficient conditions are that WgiVa, have the same sign, ^ 

53. If F(:r)=l + JL^ +- 

prove that 


a: 2a;(a: + l) 3a:(a; + l)(a; + 2) 
F(x)-F{x+l) = ljx\ 


4-... to 00 , 
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54, In the game of whist, the last card of the nack of +u j i 

to himself is a trump. Show that the chance tha?he ^ 

Show also that the average number of trumps held by the dealer is 3^. 

55. To find solutions in integers of the equation 

the sSr2^ = ^® “<1 !' = “• Also obtain 

x = lk{k+\)~2, y = 2k + \, z=^k{k-i-l) + 2, 

x = k^ + k^l, 2 / = 2 i-+l, z = k^-\-k-\-\, 

X = 2k^~\, y = 2k, z=2kK 

(iii) Or, take any value of z such that 2 *+l is the nrodiipf nf 

p™..ot.hcf.™ 4.+ ,.o,.,I,o..ch.p„<,u„., ;LE V ihg £ IdiS" 

{a^ + b^){p^ + ^ 2 ) = {ap + bqy + (a^ - bp)\ 

+ 1 ^ can be expressed as the sum of two squares in at least one way other than 

(iv) Find all the solutions when 2 = 23 and 2 = 68 . 

<^ii=aib,-a,i^, ,,j = i.5, 

show by consideration of the determinant 

«3 «3 a, 

bi 6 a 63 64 

0 Oa Ga O 4 

, , 0 6 j 6 , bt 

or othenv.se, that c.»C 3 , + c.,c„ + c„c„= 0 . 

Show further that, if neither c., nor c,. is zero, 

tTc'l '■»'-.is + C 2 .C 35 + e 3 .C 33 = 0 , and c„c„ + c, 3 c„ + c 3 ,c 3 ,= 0 . 

^•ir + Cjs +C 35 » + c 432 = o, and CijCi^q- 03,035 + 043043 = 0 . 

57 . The point {X, ,j) is transformed into (x', y') by the equations 

a:'=a:cosa + y 8 ina + a, y'=isin a-y cos a + 6 . 

the too® transformed into itself, vi 

(y -16) cos ia = (X - |a) sin ia, 

a 1 a cos aa + 6 sin Jo! = 0 , the transformation is a reflection in this toe, 

58. Prove that the result of eliminating x between 

ax» + 6 x + c = 0 and a:‘ + x‘ + x< + x’ + x« + x+l =0 

/ . <i . T ih _ _ ^ 


IS 


59. Show that 


{a’ + 6’ + 0 ^ - 7a6c(6> - ac)*} (a + 6 + c)-i = 0. 


1 


r + 


1 


« + l a: + 2 


+ ... + 


1 


71 


+ 




x + 71 x + n ^ + n)(x + n~~lj 

n(n-l)(n- 2 ) 


+ 


3 (a: + n)(a: + n-l)(x + n-2) 


terms. 
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60. (1) Show that if r is an odd integer 

l’' + 2*‘ + 3''+...+71** is divisible by 1+ 2 + 3 + ...+ 7 i. 

(2) If/(a) = 1+a: + x2 +...+a:®“^, prove that 

f{a) ./{6) . ... is divisible by f{p) .f{q) ./(r) . ... , 

if a, 6 ... is divisible by p . g . r , ; where a^h ... are integers and py q, r ... 

are primes; the number of factors in the product a .b ... being not necessarily 
the same as that in the product p •q .r . 

61. Express as the product of prime factors: 1110111, 1112111, 1113111* 
1115111*, 1119111, 1001011, 1010011*, 9135683*, 9135689**, 123454321*. 

[For the numbers marked * try method, and for those marked ** use 

KfM.] 

62. If Oj, positive and 

flj + + . . . + Cfyj ^ 1 , 

prove that 1 +J__l_... _|_ Ji ^ . 

Ui dz 

and that if x is greater than any of the numbers Oj, Og, ... a„, then 

1,1 1 n 

-1-+ ... H-^ ---, 

X~d^ X-dz X-d^ 1, 

a;-~ (ai + 02 + ...+a,,) 
n 

63. Two queens are placed at random on a chess board ; prove that the chance 
they cannot take one another is ff. 


64. Show that the relation independent of A, which is satisfied by the roots of 

az^ + 63 + c + A (a'z^ + 6'3 + c') = 0, 

where Zj, Zg are the roots, and a = 6c'-6'c, p=ca'-c% y=ab' ~a'b. 

Deduce that, if a, 6, c, a', 6', c' are real numbers, the roots are real for all real 
values of A, provided that p^ — ya is negative ; but that when p^ — yoc is positive, 
there are real values of A for which the roots are imaginary, and that the points 
representing them in the Argand diagram lie on the circle 

/-.■ py , 




65. If the roots of t^-2t + 2=0 are a, p, show that 

(x-h a)^ - (x-h P)^ Bmntft 

- 7 :—^ = . ^ i where cot©=a: + l. 

a- p sm'* ^ ^ 

I 

66. Prove that if 2 : is the nth root of a, the error involved in taking x for the 
(n + g) th root of a is 


ga? logg a; r _ 
n + q 1 


g loge a: 
2(n + g) 


approx 


where (? log^ a;)/(n + g') is small. 
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67. If ^ ®2 fli 

1+1+ 1+a: ^ 1+ ‘l 4 -fZ«* fractions are 

assumed to be convergent, prove that ^ 

'"tere is the rth convergent of a: ^ 

Hence deduce that a:(l +y)=pjq^^. 

68. Prove that if u„ ^ L when a ^ oo , then 


lirq 
n— 


l^^i + + ■. .+n^Uj^ L 


n*‘+> r+1' 

and that, if is a convergent series of positive decreasing terms, then 

Jjjjj Hmi + 2rUi + S’- Ua + ■. ■ + Tfu. „ . . 

n->® =0. »■ being positive. 

69. If sm-‘ 2 = a + 1 ^, where «, ^ are real, show that 

a = 2na + ^ and j8=log(2i,y3), 

where ti ia an integer. 

ofip'?™ “““r .t'i'Sb'j* :r?'‘ 

long and 6 yards wide. ’ ® rectangular room 8 yarih 

equation haf two ImagtaaJ^'^Toots*^ 0 M~ne 2 ^ t' ^ ^ ‘1^ 

between 9 and 10, and findThe latter to 3 dfeiri Sa-T 

71. Show that the equation whoso roots are 

a + A u>c, + o,% <u>a + to% w*cc + <op. a.’a + <o*fl 
Where w = cos 2a/5 +1 sin2a/5, is P +w p. 

*^^5aj9x* + 6cc*^a;-(a^ + j5*)=0 

Deduce that the quintic, 

“»^ + 5“i*‘ + 10a,a:> + 10a3a;» + 5aa, + a 0 

can be completely solved if ite coefficients satisfy the relations’: 

- SfloO^a, + 20^9 =0, 

[Remove the second term and equate coefficients ] 

72. Di.™ „h., . I. ^ ^ 

nz 

70 , w+l 

/O. ii a, y, ... are the roots of 

show that +?,*"-« -... + (- l)"p„=o, 

(i)Ifn=3, /7.(v«±v^±Vy)=V-4p,. 

a,.(./.±VJ±Vy±VS±./,) 

(Th. Xe' 
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74. If a, h, c are complex numbers (a^O, bc^l), show that, by the trans¬ 
formation 

Z/ = a -, 

z + c 


circles in the z plane are transformed into circles and straight lines in the w plane. 

Find the condition that the interior of | z | = 1 should be transformed into the 
mterior of \ Z \ = 1, 


75. Find the chance that in a well-shuffled pack, of 52 cards two kings are 
contiguous. 


76. ABC is a triangle in which the lengths of BC, CA, AB are respectively 
4, 2, 3 units. A circle is drawn with centre A and 1 unit radius. If r, r' are the 
d^tances of any point on the circle from B, C respectively, show that the values 
of at the points P, P' where r + r' is a minimum or a maximum, and at Q, Q' 
where r'-r or r-r' have their greatest values, are the roots of 

4:z* - 155x3 + 2116a:2_ 11865x4-23040=0. 

Find the roots of this equation to 5 places of decimals. Also show that the 
corresponding values of r' are given by 

(r')^=r^r^ ~ 13)V(r* - 192 4-72)*. 

Draw a diagram amd mark the points P, P', Q, Q\ 


77, Show that 


111111 


is equal to 


a4- b+ c4- a4- 64 - C4- 


... to 371 terms 


604-1 


0604-04-04- (060 4-o 4-6 4 -c) 4 - {0604-04-64-0)4- 


... to 71 terms. 


78. By considering the auxiliary function f(x)-Xg(x), prove that, if a'lx) 

m-fM /(f) 

g{b)-g{a) g'{^) 

for some value of f between a and 6. 

Also show that, for another 

(ii) /(g)-/(^) f'(i) 

by considering the function [/(x) -/(a)][^(6) -g{x)], 

79. If is the simpl^t solution in positive integers of the equation 

X - ivy*=1, where is an integer which is not a perfect square, and if x^, is 

the solution obtained in the usual manner by raising x^ -f y^sfW to the rth nower 
show that ^ * 

is iiid6p6ii(i6iit of tixQ V8»lu6 of ft j ^ And n boiiig intogors. 

80. Show that and are convergent if0<r<l. 
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81. Show that if 


A (•*;)= 


, z® 

1 + - H_4. 

3! 6! ’ 

r* r’ 

^ + 4 ] + 7 -, + -. 

z8 


then /„ {a; + 2 ,) =/„ (I)/, (j,) +f^ (y) +/,(a:)/. (y). 

82. Find in determinant form the discriminant of the equation 

ax* + 4:bx^ + 6cx^ + idx + e = 0 , 

coefficient “f the 

83, If a: + iy = tan |(m + £i;)^ show that 

x^ + 7j^ = l~-2xcotu= -l + 2y coth u ; 

and^that « is the angle between the Unes joining the point (x. y) to the points 

K^i’i - “"taining n balls, each equaUy likely to be white or black 

a M ,s draTO wh.ch turns out to be white ; this is repfficed and anoter 

toZr , M “Z ^ ball is Zplaid Ld 

nother baU is drawn, prove that the chance that this is a black ball k 

85. (1) Sum to infinity the series whose nth term is _ 

(n+ l)*(n + 2)* ’ 

(2) Show that the limiting value of 

1 1 1 


2‘"(2*-1)'^3«>(3>-1).n*"!/!*-!)’ 

when « is infinite, is zero ; and that the series 

7 = np«n 1 


+ ... 4* 


p ?2 ^ “ '--nvergens ana equal to J when n is infinite 


^^Se.^Find all the solutions of x>+1^0 (modp) when p is a prime of the form 
87. If ot„ aj,... are the roots of x’' + nax-b = 0, show that 

(“i-aa)(ai-Ota) ... (aj - a„) = n+ a). 

Form the equation whose roots are a,”-i a ,v n-i *k *. *k 

product of the squared differences of the roots of the'tot equa“ont 


88. If 


= I -^ - 1)(» -2){« - 3) 

[2 + 14 


!> 


, ^ n(n-l)ln-2Un-3il«-A) 

[3 |5 - — , 

where n is a positive integer, show that ^ 

= + = and «„ = 1+e,+ 
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89. If n is a positive integer, 

^ n^{n^ - 1) (n^ - 1) {n-- 2) 

71-f-l ^(71 + l)(n4-2) (7i + l)(7i + 2)(n + 3) 

'*'(n + l)(n + 2)(n + 3)(7H-4) n + 1’ 


90. If F = 


a 


a. 


, , ... and Fn = — is the 7ith convergent, then 

61 + 62 + 63 + " 

3F dF 

{F — ^n~i)^7i—i =(F — Fn—2)^n~2 • 

da^ a6„ 


91. In the sequence 

1112 12 3 m-l 

1’ 2’ 3’ 3’ ’m’ m* m' * "* ’ 

prove that the 71 th fraction is a/6, where 6 is the greatest integer in 

f+ is/8n - 15, where n>l, 

and a = n-lb^-h%b~2. 


92. If 2 , z' are complex, show that 

I i{z + 2') 1>| |, 

provided that the origin lies inside the rectangular hyperbola whose foci are 
represented by 2 , z'. 


93. Prove that 

1- 3- 5- ■"271 +"^ 2 "^3■*■ ■■■ ■'■71+1 • 


94. Show, without using the trigonometrical or the exponential fimctions, that 
if yi and functions of z, such that 

yi"=-yi, 2/i(0)=0, yi'{0) = l, 

yz"=~y%> 2 / 2 ( 0 ) = !, 3 / 2 '( 0 )= o , 

then 2 /i' = 2 / 2 » 2 / 2 '=- 2 /i. and 2 /i 2 + y 2 ®=l, 

and y^ (a + 6 ) = (a) y^ ( 6 ) + 3/2 (a) ( 6 ). 


95. If 


show that 


z = 


y= 


a+ 6+ c+ a+ 6+ c + 
1111 11 
c + 6 + a+ c+ 6 + a + 


a;y = 


(p^-h2q)~ (p^ + 2^) - + %) - 

where ^=a6c + a + c —6, g = (a6 + l)(6c + l). 


• 9 


[See Ex. 77.] 


96. Show that there are no two square numbers of which the sum and differ¬ 
ence are both squares. 

[If z^-\-y^=p* and z^~y^—q^, prove that z, p, q are odd, y=:2mn, and 
a:® = (m®)=* + (2n2)® : hence z—r^-{-s\ m‘^=r^-s\ n^=rs, and r, 5, r + s, r-s, 
are all squares, with r + fi<a;* + y®j and so on indefinitely.] 
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97. Deduce from Ex. 96, or use a similar method to prove, the following 

theorems enunciated by Fermat. ® 

(i) The sum or difference of two fourth powers cannot be either a square or 
twice a square, trivial cases excepted. 

(ii) No triangular number, hi{n + l), except unity, is a fourth power. 

(iii) The area of a primitive triangle, i.e. one whose sides can be expressed bv 
rational numbers, cannot be expressed as the square of a rational number. 

98. Prove that, if n is a positive integer, 

[Use [«/|^-l=r(r4-l)...(r + n-l)/(7i + l)(,j4.2)...{7t + r-l.] 

99. A peraon, A, subscribed to a football pool. In all there were 50,000 sub¬ 
scribers at Is. each ; and the whole proceeds were to be divided equally (after 
deductmg 15 per cent.) among those subscribers who correctly forecast three 
games resultmg m draws from amongst 54 games to be played on a certain 
Saturday. A found from the Sunday newspaper that he had succeeded in select- 

matches had resulted in draws. 

What is .-I’s expectation after seeing the paper? 

100. Show that 

where 0 is some number between - 1 and 1. 

101. If z, j/, z are positive integers such that 

x- + Zi/-^y^=z% 

If is prime to q, show that 

P^~q\ 2pq + q^ and p^-\-pq-\-q^ 

p=?(ro/3r“°" ^ ^ °“iy 

are^fi-fpd" x’' + ax’' * + 6a:"-> +...+ i- = o all tho coefficients except a 

Sal roo'ts 7 ^ ® ^ ^enoral cause the equation to have 

JpoSStler.'^^ “ 

(i) If/(n)-^a, then 

(ii) If {/(n)}^^6(>0). then 

Hence show that, provided a >0, (i) is true for all posiUve rational values of k. 


104. Show that 


1 1 1 




1+ 3 f- 5+ c' + \' 

(e=-T)/°cl'+‘l)‘or tenlfl°" than 200 which is nearest to 

105. Find eight solutions in positive integers of the equation 

2a:“ - tel/+ 3i/» - 4a: + 8i/+17 = 0. 

Find also the general solution in integers of z’=97y + 22. 
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106. If/(a:) IS positive for all positive values of x, and continually decreases as 
X increases, show that 


n 


■ 2 -/( 1) + I /(^) dx < </( 1) + I Jx dx. 

Deduce an approximation to the sum of the first million terms of the series 

(1) 1+S + 5+7 + -" . (ii) 1+^+^+^ + .... 

V2 n/3 

107. a?!, Xj, , x„ ; «!, aa, ... , a„ are two systems of positive numbers with 
the same sum. Show that, the a’s being individually fixed and the x’s variable 

x.P 


z >—1 


+ 


X P 
P~1 


4- ... 4- 




a 


n 


1 ^ 


where p (not necessarily integral) is greater than 1, is least when 


n 


'n> 


80 that 


^ p 






± _L I ^ r I , 

P-1 + ^^P-1+ +0^2 + •••+«„ 


- a2 

Deduce that, if aj, a 2 » ••• » are any positive numbers whatsoever, then 


2>-l 


+ 


ao^ aJP 


v—\ 


4* ... 4- 


n 


(fli 4-fla I" • • • 4- 


ai--‘ aa--" (a, 4-ag 4-... 4-a„)P-i ‘ 

By taking show that with a suitable choice of a„ the above gives 

1 1 

EA^B^ < 

where q is determined by the relation 

—I — = 1. 
p q 

108. Prove that sin 7r/14 is a root of 

8y3 - 4y 2 - 4y 4-1 = 0, 

and express the other roots as trigonometrical functions. 

109. Prove that if n is a positive integer, the solution of 

x4-i(x4-y“l)(x4-y-2)=n 

in positive integral values of x, y is possible in one and only one way. 

110. Prove by considerations connected with limits of indetermination that. 

if ' 

“1<A<1 and a„^i4-Aa„^a as n-^-oo, then a„-»-a/(l 4-A). 

Prove also that if A=—1, a„->QO, and if A = l, may tend to or 
oscillate. 


Ill, If 2, 3, 5, ..., p, are all the prime numbers in ascending order and 

/(n) denotes l 4 -- + - + ...+i, prove that 

Z 6 n 



and show that the infinite series rt4-x4-p4-...4-h... is divergent. 

2 o 5 p 


Prove that the sum of the reciprocals of all numbers which have no repeated 
prime factor is divergent, but that the sum of the reciprocals of all numbers 
which have no unrepeated prime factor is convergent. 

s 





274 


MISCELLANEOUS 


112. If + is real, and principal values only are considered, 

{a + = 

113. Show that the congruence z^=a (mod 2^), where a is odd, has exactly one 
solution if p is an odd prime. Find the number of solutions when p = 2. 

114. Show that the number 7 is a quadratic non-residue of all primes of the 
fonns 28/: ±5, 28/; ±11, 28/: ±13, and a quadratic residue of all other primes. 

115. If an event happens at random on an average once in time a, the chance of 
its not happening in a given period 6 is c “ . 


116. Two men, A and play a game, and the winner plays C ; then the winner 
of the second game plays the remaining player ; and so on. Any player is con¬ 
sidered to have won when he has beaten the other two. K in each game it is an 
even chance which player wins, show that C’s chance of winning is 

117. I layers Pj, Pji ••• equal skill, play a game consecutively in 

pairs as PiPj, PjPa* ... P^_,P„j, P^Pi, ..., and any player who wins two 
consecutive games wins the match. Prove that 


(i) the chance that the match is won at the rth game is 
(ii) If^Jr the chance that P^ wins the match, then 


.2 


m—r 


also 


^(2"‘-l)2‘^2^-l| 
Pr+i=Pr-4Pr-i if r<m. 


r- 1 


P\~Pm -iPin—X’ 

(iii) Verify that Pi±7>2+p3 + "-show that when 
the values of p^... are as below. 




771 


Pz* 

P3. 

P4. 


3 

12. 

20, 

17 

-p~ 


4 

32, 

76, 

68, 

49 

— ±LV 

5 

80, 

288, 

268, 

196, 

129±31» 


118. If —67/„_|-4 w„_ 2, and 7 /i = 14, find 

Also show that tlie integral part of (3 ± s'5)" ± 1 is divisible by 2”. 


119. Prove 

if m and 7i are 


that + 

m m-l m-7i + l 27n-?i±r 

positive integers, 77i> «, 


and deduce that, 


r27rt-H±11” 

“ L «-f. 1 J * 

120. Two vessels 4 and P, arc of equal capacity. A is full of water. B half- 
lull of wine. B is hllcd up from A, and then A from P, the contents being well 
stirred each time. Tins double operation is performed 7 i times. Prove that the 
proportion of water to wine in A is then 


2 + (lr to 

121. Prov e that the ra tionali/cd equivalent of the equation 
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EXERCISE I 

PAGE 

4. 5. {2-1)/(z-2)=3(^-1)/(Z-2). 

EXERCISE III 

36. 1. a=-l. 6=-2, A =4, B = 3, A' = S, B'=-2. 


EXERCISE IV 

55. 1. (i) 1-s/2<a:< 1+v/2 ; (ii) (iii) -l<a:<l. 

2. ll{l-x){l-y). 

56. 6. |xl<l, |a: + 2 /|<l; suni = (l -x-y)-\ 

9. (iv) 0-10516. 


EXERCISE VIII 


101. 7. (1, 1), (2, 4), (oj, a>5), (a>^ co). 


s/2 


8. a; = l-iU/6 + l)(l-ts/3), t/ = 1+ ^(s/6 + l)(t+ s/3), 

J2 

x = l+i(^/6-l)(l-t^/3), 2/ = l+^{^/6-l)(t + ^/3), 

and two other solutions by %vritmg -1 for t. 

102. 14. (ztl» T 1 > zt2), ( ii"* T-l). 16. ( — 1,1), ( — 1,3), (§, ^) 

17. (1,2). 18. (-^, -'^), (2, -i, -5), (-i, -5, 2), (-5, 2, 


EXERCISE IX 

117. 1. (i)l/6; (u)7/9. 2. (i) 1/4; (u) 2/3. 3. 1/2. 

4. 216/19. 5. 3/11. 6. 108/109. 

118. 10. 13. 

EXERCISE X 

135. 2. (50, 7), (48, 7), (15, 4). 3. (261, 25) ; 218/125. 

5. (i) (2, 1), (50. 31); (u) (3, 2), (29, 18); (iii) (5, 2), (12, 5). 

6. (25, 1), (623, 25); (7775,312); (25+ 21)/18 gives one period. 

8. (i) a:=Ra®-a + 2), y=i(cE-l); (ii) (a2 + a + 2), y=i(a + l). 
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EXERCISE XI 

PAGE 

151. 1. ±20, ±31, ±16. 2. ±38, ±25, ±42. 

3. ±28. ±57, ±47, ±71, ±38. 4. ±19, ±30, ±27, ±52, ±77. 

5. ±20, ±91, ±.37. 6 . ±71, ± 66 , ±83. 

7. ±889, ±02.3, ±569, ±631. 8 . ±2641, ±1973, ±245, ±4917. 

152. 9. ±23. 10. ±7, ±15. 11. ±14, ±41. 

12. ±17, ±37. 13. ±73, ±101. 

14. ±41, ±151, ±201, ±311. 15. ±32, ±45, ±241, ±318. 

17. 8±731, -9±73l. 18. 3±711, -16±711. 

19. 4±851, -13±851, -16±851, -13±851. 

20. a: = 291±2, J/ = 17412±231±1 ; a: = 29l±3, i/ = 1741= ±351 ±2. 

21. x = 311-3, y = 2171=-.53l±3 : x = 311 ±9, i/ = 2171=± 1151 ± 15. 

22. ±120, ±130. 23. ±7, ± 8 . 

30. x = 131±6, 2 / = 131=±121±1 ; ( 6 , 1), (7, 2), (19, 26), (20, 29). 

31. x = 231±6, !/ = 23l=±12l±l ; ( 6 , 1), (17, 12). (29, 36), (40, 69). 

32. x = 971±33, y = 971=±661± 11 ; (33, 11). (64, 42). (130, 174), (161, 267). 

33. x = 3«, i/ = 3«-5; (12, 1), (30, 37), (33, 46). 

34. x = 7?<, y = 7v-3; (14, 4), (28, 32), (35, 53). 

36. I43i=±54fc±5, 143i-=±70t± 10 ; (27, 5), (38, 10), (105, 77), 

(116,94). 

37. x=1531:±25, !/ = 153yl=±.501r±4 ; 
x = 1531:±43, y = 153A=±861-± 12. 

38. x = 791±27, y = 791=±401±9. 39. x = 831 ±20, y = 831= ±401 ±5. 

EXERCISE XII 

166. 1. (i)(17. 11), (23,7); (ii) (5, 13), (17. 7); 

(iii) (17. 19), (35. 1) ; (iv) (43, 1), (37, 7). 

3. (19, 4), (59, 16), (851, 236), (2971, 824). 

4. (i) (377, 70) ; (ii) (387, 59). 5. (1, 1), (13. 5). 

6 . (7, 1). (3.5, 13). 7. (15, 2). (78, 29). 8 . (7, 1), (31, 7). 

9. (20,3). (1177,270). 10. (7, 1). (119, 21). 

11. (8, 1), (17, 4). 12. (27, 5), (099, 149). 

167. 15. (i) (2, 3), ( 1 , 2) ; (ii) ( 10 , 4), ( 5 , 1 ); 

(iii) (3, 36), (4, 13), (5, 7), ( 8 , 1) ; (iv) (3, 3); 

(V) (3. 2), (4, 2) ; (vi) ( 5 , 2). (5, 1) ; 

(vii) (2, 9), (2, 1); (viii)(I,3). 

16. (i) (5, 10), (84, 219) ; (ii) (9, 2), (72, 12). 

EXERCISE XIII 

172. 2. (i) 6, 8, 23 ; (ii) 49. 3 . 10 , 16, 18, 37. 

4. (i) 7 ; (ii) 4, 6, 9 ; (iii) 2, 10, 19 ; (iv) ±21, ±23. 


5. 2, 34. 
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EXERCISE XIV 

2. (v) X = 2a:®H-a:® + 4x-*-x^ + 4a;- + a: + 2, Y = x^ + x^ + x. 

3. X = 2x^ -hx"^ + 5x^ + '7x^ -\-4x* + 7x^ + 5x^ -\-x + 2. 

Y =x'^ + x^ ^-x^ + 2x* -\-x^ -i-x^ -\-x. 

EXERCISE XV 

1 . 172 + 162 . 

2. (i) 3161=562 + 52 = 442 + 352 = 29 . 109 ; 

(ii) 6109 = 782 + 52 = 752 + 222 = 41 . 149 ; 

(iii) 28013 = 1632 + 382 = 1572 + 582 = 109.257. 

3. (8, 11), (12, 17). 9. 512 + 202,432 + 2 . 242 , 632 - 2 . 222 , 2 . 852 - 1072 . 

11. 232+ 182+ 152+ 52. 12. 912 + 412 + 62 + 32. 

13, 812 + 422 + 412 + 12. 

14. (27, 5, 4), (25, 12, 1), (25, 9, 8), (24, 13, 5), (23, 15, 4), (17, 16, 15), 
(20, 17, 9), (20, 19, 3). 

16. 23.89. 18. 5.397.2113. 

20. Residues, 3, -22. -31, 41 ; factors, 61, 491. 22. 59, 509. 

EXERCISE XVI 

211, 3. (i) Converges ; (ii) oscillates ; (iii) converges ; (iv) converges when 

a, 6, c, d are positive. 


PAGE 

185. 


195. 


MISCELLANEOUS 


262. 22. a:2-Ga;2+i(a2-62)a;_|(a3-3a62 + 2c2)=0. 

u„ - au„_i + 1 - (a^ - -1 (a= - 3a6“ + 2c ’)«„_3 = 0. 

864. 38. (i) 83 or 415 ; (ii) 23. 39. 508. 


42. (l-:r)->-[l+A_J.]iog(i_a:) + 


31 5 8 

+ t:—:: + 


36x 6a;2 Sx® 


43. u*~v*, 2uv(u^‘hv^), 2uv(u^ — v^). 
45. (i) 698896; (u) 511225. 

265. 49. Round circumference of unit circle. 


266. 55. (ii) a; = 49, 15, 1 ; y = 50, 18, 1 : 2 : = 29, 13, 7, 1 ; 2 / = 31, 17, 13, 11. 

(iv) a: = 23, 19 ; y=l, 13 : a: = 68, 65, 64, 55 ; 2 / = l, 20, 23, 40. 

267. 61.3.37.73.137; 7. IP. 13. 101; 3’. 337.367 ; 1051.1061; 

3.7’. 23.331; 11.17.53.101; 3P. 1051 ; 2003.4561; 

2027.4507 ; 41’ . 271’. 


268. 70. 9 yds. 2 in. (9 056). 

72. 0 < 2 < 1 , convergent; - 1 < 2 < 0 , convergent; 2 = 1, divergent; 
2 = -1, oscillates. 

I 2 I > 1, divergent; | z | < 1, absolutely convergent. 

1 2 I = 1, convergent but not absolutely convergent. 
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269. 74. |aj = l, |6 1 = |c|, |o6|>l. 

75 

5525' 

76. 6-76032, 4-51605, 13-55035, 13-92318. 

270. 82. ac - b~ ad -be ae- bd 

ad - be ac - c* be- cd = 0. 

ac ~ bd be - cd ce- d^ 

The double root is given by {2JII -3aJ){ax-\-b) + Gl = 0. 

85. (i)0. 86. 36“, l+f6(6 ±l), mod (352 + 1). 

272. 99. 46s. 4d. 102. n. 104.—. 

151 

105. (6, 5), (11, 5), (9, 11), (26, 11). (34,51), (121, 51), (334, 151). (46, 151). 

273. 106. ; 2000, roughly. 

274. 113. See p. 143. 

118. w„ = J (3 + v/5)" + 2 (3 - s/5)” ; the integral part of (3 + V5)” +1 = 2 m„. 
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TT, irrationality of, 210 
calculation of value of, 66 
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Points of inflexion. 30 
Poristic systems of equations. 103 
Power series, differentiation of. 64 
integration of, 66 
multiplication of, 64 
reversion of, 49 
quotient of two, 48 
substitution, 46 

Primitive roots, fundamental theorem, 

table of roots and indices, 170 
Probability of causes, 105 


Quadratic reciprocity, 147 
residues, 137 et seq. 
surds, types of, 121-124 
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Quadrilaterals in perspective, 256 
Quantics, systems of two, 236 
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of two power series, 48 

Resultant of two quadratics, 21 
Resultant {/Q, 95 
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Reversion of power series, 49 
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Runs of luck, no 

Self-conjugate triangle, 20 
Sextic covariant, 236, 244 
Substitution of power series, 46 
Sum of four squares, 189 et seq. 
of th4eo squares, 189-191 
of two squares, 186-188 
of rth powers of roots, 48 
of series, 271/r^ 67 

Sylvester’s method for eliminatiom 98 
Symbols E and J in infinite series, 64 
Symraetrio functions, method of, 95 
Systems of poristic equations, 103 
of quadratics, 21 


laylor s theorem, special case, 66 
Testimony, value of. 108 
Three quadratics, 38 


Uniform convergence, 69 et seq. 
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